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Pure Mathematics 


Coordinate 
Geometry 


CARTESIAN COORDINATES 


The position of a point in a plane can be given by an ordered pair of numbers, written as 
(x,y). These are called the Cartesian coordinates of the point. (The name comes from the 
French mathematician Rene Descartes (1596 — 1650)). The coordinates measure the 
displacement (+ or —) of the point from two perpendicular axes, the y-axis (Oy) and the 
x-axis (Ox), where.O is the origin, 

For example, in Fig.1.1, the coordinates of point A are (4,3) and the coordinates of 
point B are (3,4), 4 is the x-coordinate of A and 3 is its y-coordinate. (The x-coordinate 
is sometimes called the abscissa and the y-coordinate the ordinate). 


Fig.1.1 


The x-coordinate is always stated first. As you can see, (4,3) is not the same point as 
(3,4). Now state the coordinates of the points C, D, E, F and G in Fig. 1.1. 


MIDPOINT OF TWO POINTS 


On graph paper, plot the points A(2,3) and B(8,7). Can you write down the coordinates 
of the midpoint of AB? Can you see how these are related to the coordinates of A and B? 
(Remember that the midpoint is Aalfway between A and B). 

We can find a formula for the midpoint of AB. We could use different letters for 
coordinates such as (a,b), (c,d), etc. but it is neater to use suffixes attached to x and y for 
specific points. So we write the coordinates of A as (x,,y,) and B as (x,,y,). 


Let the coordinates of the midpoint M be (x,,,y,,) (Fig. 1.2). AC and ME are parallel 
to the x-axis. MD and BC are parallel to the y-axis. 


Fig. 1.2 


Then AD = DC so x, — x, = x, τας (i) 
and EC = BE soy, -y, =y,-Yy (ii) 


From (i), 2x,, =x, + x,, and 
from (ii), 2y, = y, Ἐν 
+x ¥ 


Therefore, x,, = Cy + and y= — 


ἐν, 


2 


Midpoint of (x,,y,) and (x,y,) ts (= Ξ ἢ x Ags) 


e 


The coordinates of the midpoint are the averages of the two x-coordinates and of the 
two y-coordinates of the points. 


Example 1 


(a) Find the midpoint of (i) (3,4) and (5,2) (ii) (-2,-1) and (4,-4). 
(Ὁ) If (-2,1) is the midpoint of AB, where A is (-3,2), find the coordinates of B. 


(a) (ὦ The midpoint is (24° , 4*2) = (4,3). 


(ii) The midpoint is (334, a4) = (1,-24). 


(Ὁ) If (x,,¥,) are the coordinates of B, then —2 is the average of --3Ξ3 and x,, 
3 τὰς 
2 
Hence x, Ξ --Ἰ. 
Similarly y, = 0. 
Therefore the coordinates of B are (—1,0). 


so (-2) = 


Exercise 1.1 (Answers on page 606.) 


1 State the coordinates of the midpoints of: 


(a) (0,4) and (3,-2) (Ὁ) (—4,-2) and (-2,6) 

(c) (4,-2) and (-6,9) (d) (0,4) and (4,0) 

(ὁ) (4-1) and (-5,-2) (f) (5,-3) and (-5,3) 

(g) (p,2p) and (3p,—4p) (h) (a + 2b,b -- a) and (a -- 2b,3a + b) 
ὦ @a-4)and(a+26+a) Gj) (*44, δ- 6) and (25?, a+) 


2 A(1,5) and B(7,-9) are two points. AB is divided into four equal parts at C, D and E. 
Find the coordinates of C, D and E. 


3 AG, | 4), B(-5,-3) and C(7,-2) are the vertices of triangle ABC. What are the 
coordinates of M, the midpoint of BC and of Q, the midpoint of AM? 

4 The midpoint of PQ is (2,3). If the coordinates of P are (—1,4), find the coordinates 
of Q. 

5 A is (a,3) and B is (4,5). If the midpoint of AB is (3,5), find the values of a and b. 


6 The points A and B are (a,-4) and (—3,b) respectively. If the midpoint of AB is (-2,3), 
find the values of a and b. 


7 Lis the point (~3,-2) and M is the point (5,4). N is the midpoint of LM. State the 
coordinates of N. P is the midpoint of NQ and the coordinates of P are (23,4). Find 
the coordinates of Q. 


8 ABCD is a parallelogram. A is the point (2,5), B is the point (8,8) and the diagonals 
intersect at (33,23). What are the coordinates of C and D? 


9 The coordinates of A and B are (-9,3) and (-3,4) respectively. B is the midpoint of AC 
and C is the midpoint of AD. Find the coordinates of C and of D. 


10 A is the point (--1,4), B is the point (5, --2) and C is the point (-4,-5). If D is the 
midpoint of AB and E the midpoint of DC, find the coordinates of D and E and show 
that AE is parallel to the y-axis. 


11 The coordinates of A and C are (—6,—3) and (—1,1) respectively. 
(a) If C is the midpoint of AB, find the coordinates of B. 
(b) BF is divided into three equal parts at D and E. If the coordinates of E are (6-1), 
find the coordinates of D and F. 


12 The points (x,,y,), (¥¥,), (,,¥,) and (x,,y,), in that order form a parallelogram ABCD. 
Show that x, +x, =x, +x, andy, +y,=y, + y,. 


13 ABCD is a quadrilateral where A is (1,7), B is (4,3), C is (-1,-3) and D is (—4,5). Is 
ABCD a parallelogram? If not, state new coordinates for B so that ABCD will be a 
parallelogram. 


14 The points A(—1,4), B(4,10), C(6,—5) and D(—2,-8) form a quadrilateral ABCD. P, Q, 
R and S are the midpoints of the sides AB, BC, CD and DA respectively. Prove that 
PQRS is a parallelogram. 


DISTANCE BETWEEN TWO POINTS 
What is the length of AB in Fig.1.3? 


Fig. 1.3 


If we draw AC parallel to the x-axis and CB parallel to the y-axis, then AC = 3 -- (-1) = 
4 units and BC = | — (—2) = 3 units. 

By Pythagoras’ Theorem, AB? = AC? + BC? = 16 + 9 = 25 units’. 

Hence the length of AB = V25 = 5 units. 

We can generalize this to find a formula for the distance between any two given points. 


Take A(x,,y,) and B(x,,y,) to be the two points (Fig.1.4). Fig. 1.4 
Now AC = x, — x, and BC=y,—y,. 

Then AB? = AC? + BC? = (,- 4% +0, -y,). 
So the formula for the distance between the 
points (x,,y,) and (x,,y,) is: 


Distance = V (x, — 4% +0, - 0 ahs 


Note: Take care with the subtractions if either A 
or both of the coordinates are negative. (x,.¥,) 


Example 2 


Find the distance between 
(a) (7,13) and (2,1), 
(b) (2,-3) and (-3,4). 


(a) Distance = V(7 -- 2)? + (13 -- 1 = V25 + 144 = V169 = 13 units. 
(b) Distance = Υ2.-- (.3}}} + [-3 — 4° = ¥25 + 49 = V74 = 8.6 units. 


Note that this could also be done as: 


distance = V [-3 -- 2) + [4 -- {-3}}} = V25 + 49 units as before. 


The coordinates can be subtracted in either order as the results are the same after 
squaring. Verify this for part (a). 


Example 3 


The vertices of a triangle ABC are A(—2,5), B(4,4) and C(S5,-2). 
(a) Which is the longest side? 

(b) Is the triangle right-angled? 

{c) What type of triangle is ABC? 


We need only find the squares of the lengths of the sides. 
AB? = [-2 -- 4}? + [5 — 4? = 37 units? 

BC? = [4 -- 5} + [4 -- (-2)P = 37 units? 

CA? = [5 — (-2) + [-2 -- 5F = 98 units? 

(a) AC is the longest side. 


(Ὁ) AC? # AB? + BC’ so the triangle is not right-angled. 
(c) AB? = BC’ so the triangle is isosceles. 


Example 4 


The vertices of a triangle ABC are Α(1,3), B(5,11) and C(9,5). Find the lengths of the 
medians. 


You will recall that a median is a line from a vertex to the midpoint of the opposite 
side. 

The midpoint of BC is (7,8). 
Hence the length of the median from B(5, 11) 
Ais V6'+5?= V61 -- 7.8 units. 

Now find the lengths of the other 

two medians. 

You should find that they are 

7 units and V40 units. 


y 


Example 5 


The vertices of a triangle are A(—2,3), B(3 5) and C(0,-6) (Fig.1 5). Ὁ is the midpoint 
of AB and E is the midpoint of BC. Show that DE =; AC. 


It is simpler to work with squares of distances, 
so we find DE? and AC?. 
Ὁ is (5,4) and E is (1}, - 4). 
Then DE? = (3-13) +(4+ 47 =14 8 = 8 
AC? = (-2 -- 0)? + (3 + 6)? = 85 
Hence DE? = } AC? which means that DE = } AC. 


Exercise 1.2 (Answers on page 606.) 


1 Find the distance between the following pairs of points. [Where necessary give your 
answer correct to 2 significant figures.] 


(a) (1,2), (4,6) (b) (-1,-3), (2,1) 

(Ὁ (-4,-5), (1,7) (d) (0,—3), (4,0) 

(e) (-1,-3), (-2,-5) (f) (2,1), (4,2) 

(g) (-5,0), (-7,-4) (h) (-5,-2), (0-3) 

(i) (4,0), (0,a) Ὁ (a,a + δ). (a — b,b) 


2 Acircle has centre at (1,2). One point on its circumference is (—3,—1). 
What is the radius of the circle? 


3 The vertices of a triangle are A(—4,—2), B(4,2) and C(2,6). 
(a) Is the triangle right-angled? 
(b) If a circle is drawn round this triangle, what are the coordinates of its centre? 
(c) Hence find the radius of this circle. 


4 The vertices of triangle ABC are A(—1,3), B(2,7) and C(6,4). 
(a) Find the squares of the lengths of the sides. 
(b) Hence state completely what type of triangle ABC is. 
(c) Find the area of the triangle. 


5 The vertices of triangle PQR are P(3,4), Q(5,8) and R(7,4). 
(a) What kind of triangle is PQR? 
(b) State the coordinates of the midpoint S of side PR. 
(c) Find the length of QS and deduce the area of the triangle PQR. 


6 The vertices of triangle ABC are A(-—4,4), B(2,6) and C(0,-6). Find the lengths of the 
three medians of the triangle. 


7 A(-6,3), B(2,5) and C(0,-5) form a triangle. D is the midpoint of BC. 
(a) State the coordinates of D. 
(b) Find the values of AC?, AB?, AD? and DC’. 
(c) Hence show that AC? + AB? = 2(AD? + DC”). 


8 The vertices of triangle ABC are A(2,3), B(4,5) and C(8—2). P and Q are the 
midpoints of AB and BC respectively. 
(a) State the coordinates of P and Q. 
(b) Find the values of PQ? and AC?. 
{c) What fraction of AC is PQ? 


9 Circle C, has centre (—3,4) and radius 2 units. Circle C, has centre (1,7) and radius 3 
units. Find the distance between the two centres and hence show that the circles touch 
each other. 


10 The centre of a circle is (—1,3) and its radius is 10 units. The centre of a second circle 
is (2,7) and its radius is 5 units. Show that the two circles touch each other and make 
a sketch showing the positions of the circles. 


11 The vertices of triangle PQR are P(2,5), Q(4,3) and R(—2,—3). If S is the midpoint of 
PR, show that triangle PSQ is isosceles. 


12 A circle has its centre at the origin and its radius is 3 units. P(x,y) is any point on 
the circumference. State an equation in x and y which is true for all possible positions 
of P. 


13 A(-3,2) and B(4,3) are two fixed points. The point P(x,y) moves so that it is always 
equidistant from A and B (i.e. AP = PB). 
(a) Describe the locus of P . 
(Ὁ) Show that (x + 3)} + (y -- 2)? = αὶ -- 4)? τὺ -- 3). 
(c) Simplify this equation. (The result is called the equation of the locus of P). 


AREAS OF RECTILINEAR FIGURES (Optional) 


A rectilinear figure has straight line sides. 
The following method will be found useful 
but it is not essential in this Syllabus. It 
gives a quick way of finding the area of 
such a figure using the coordinates of the 
vertices, written in a certain way. We will 
start with a triangle with one vertex at the 
origin O (Fig. 1.7). The other vertices are 
A(x,,y,) and B(x,,y,). Then the area of 
AOAB = area of AOBC + area of 
trapezium CDAB -- area of AODA. Verify 
that this is 


= τὰ», FY, + XY, ταν — HY, πὰρ 


= sayy, παρὸ 

So, for example, the area of ΔΟΑΒ, 
where A is (6,3) and B is (4,5) will be 
56 x 5 — 3 x 4) = 9. The vertices were 
taken in the order O - A - B, i.e. 
anticlockwise. If we take them in the order 
O-B-A, i.e. clockwise, the result would 
be -9 (check this). We now extend this 
to AABC (Fig. 1.8). Then the area of 
AABC = AOAB - AOAC - AOCB 
(taking each triangle anticlockwise) 

= lay, -4y,)- 16),-29) - ταν; παρῇ 
a τα; + XY, + OY, ταν, — XY, — Hy) 

This result can be easily calculated by arranging the coordinate pairs as columns of a 
matrix, repeating the first pair at the end: 


\' 
" 
ὶ 


Ye XY, 3 xy, 
Find the products shown. The area = δ της sum of the DOWNWARD « products -- the 
sum of the UPWARD @ products]. ~ 
This gives sly, + xy, + ¥y,) — Gy, + yy, + 4y,)]- 
Check that this is the formula given above. 
For example, the area of the triangle shown in Fig. 1.6 will be 


-18 -ἴὸ 0 
a - 5 a 
1 Dee ἡ Area =4[(0+9 + 12)-(-18-10 + 0}} 
2 
5 3 “6 = 24+ units? 
So Sg Sa 


This method can be extended to give the area of a polygon, provided the vertices are taken 
in order anticlockwise. 

For example, the area of the quadrilateral whose vertices are (4,3), (-2,-3), (-1,2) and 
(3,-1) is given by 


-3 —4 ~9 4 
4 1% 2f 34 4” 
1 Draw a sketch to make sure the 
2 3 vertices are taken in order. 
2 “3 ~1 3 
x 8 a 3 a 2 εν 9 


Write the pairs as before repeating the first one at the end. Then the area = 
(Δ +34+2+9)-(-3-4-9 4)] = 21 units? 


Optional Exercise 


Find the areas of the figures whose vertices are 

(a) (0,0), (3,7), (5,1) (b) (-1,-2), (-2,3), (4,4) 

(c) (4,2), (0,-8), (5,11) (d) (5,3), (2,5), (10,-1), (-6,3) 
(e) (-2,4), (3,1), 1,5), (6,-3) 


GRADIENT OR SLOPE OF A STRAIGHT LINE 


The rest of this Chapter deals with the coordinate geometry of straight lines. An important 
concept is the gradient or slope of a line. This is a measure of the steepness of the line 
relative to the x-axis. It corresponds to the slope of a path or road which we measure 
relative to the horizontal. Mathematically, if A and B are any two points on a line 
(Fig. 1.9) then the gradient is the value of the ratio 


vertical rise (or fall) | 9 so in going from A to B. 
-ϑί 


horizontal distance x 


9 


Fig. 1.9 


The x-step and the y-step must be taken parallel to the x-axis and the y-axis respectively 
and either may be positive, negative or zero. 

Then, as we shall see, a gradient can be zero, or a positive or negative number. In a special 
case, it may have no value. 


Example 6 
Find the gradient of the line through (-2,-3) and (3,5) as shown in Fig. 1.10. 


(3,5) 


Fig. 1.10 


Gradient = 5:53 = : . ἃ positive gradient. 


3-(-2) 
If the coordinates are taken in the reverse order, then the gradient is a5 = + 


= ὃ , giving the same value. The gradient is usually left as a fraction. 


Example 7 


What is the gradient of the line through the points 
(-2.5) and (4,-2) (Fig. 1.11)? 


Gradient = ast? = - ἢ , ἃ negative gradient. 


Hence, if the coordinates of A and B are (x,,y,) and (x,,y,) respectively, as in Fig. 1.12, 
then the gradient of AB is ΝΙΝ , or alternatively a 


(The coordinates must be subtracted i in the same στάσι). Βίχ,,ν,) 


A(x,.¥,) 


Fig. 1.12 


Gradient of line through (x,,y,) and (x,y,) = ae 
ae 


As the steepness of a straight line is clearly the same at all points on the line, we can take 
any two points on it to calculate its gradient. 


Example 8 


State the gradients of the following lines: 
(a) through (-2,3) and (5,3), 
(δ) through (3-4) and (3,2). 


3-3 ὦ. 
5-(-2) ~ = 20 


As we see in Fig. 1.13, the line is parallel 
to the x-axis. 


(a) Gradient = 


(3-4) 
The gradient of any line parallel to the x-axis is zero. 


Fig. 1.13 


(Ὁ) Gradient = 2 = δ which is undefined as 
division by zero is not possible. 
From Fig. 1.11, we see that the line is parallel to the y-axis. 


The gradient οἵ any line-parallel to the y-axis is undefined, 


Angle of Slope 
In Fig. 1.14, the slope or gradient of the line AB is 
zee = BE = tan ZBAC. 


x-slep 
But ZBAC = θ where θ is the angle between the line 
and the positive x-axis. So the gradient = tan 0. 


6 is called the angle of slope and 0° < 6 < 180° (Fig. 1.15). 


Fig. 1.14 


11 


γ 


θ-:0 zero gradient 
9 @< 90° 
positive gradient 


Fig. 1.15 


If 6 = 0°, tan 6 = 0; gradient = 0. The line is parallel to the x-axis. 


If 0° «θ < 90°, @ is an acute angle; tan θ is positive and the gradient is positive. The line 
slopes upwards from left to right. Ξὰ 


If 6 = 90°, tan θ and the gradient are undefined. The line is parallel to the y-axis. 


If 90° < 8 < 180°, 6 is an obtuse angle; tan θ is negative and the gradient is negative. The 
line slopes downwards from left to right. ~_, 


PARALLEL LINES y Fig. 1.16 


In Fig. 1.16, the lines AB and CD are parallel. Then 
the angle of slope of each line is 8. Hence they have 
the same gradient. 


Parallel lines have equal gradients. 


Lines with equal gradients are parallel. 


Example 9 


A(2,3), B(5,7), C(0,-1) and D(-3,-5) are four points. 
(a) Which of the lines AB, BC, CA and DA are parallel? 
(b) What type of quadrilateral is ABCD? 


(a) The gradients of AB, BC,CA and DA are 5, 8 ,2.and 8 respectively. Hence BC 


3.5: 
is parallel to DA. 


(b) As it has 2 parallel sides, ABCD is a trapezium. 


Example 10 


Two lines are drawn from A(—I —3), one to Β(4,2) and the other to C(—4,2). What are 
their angles of slope? 


1 = tan 8, so 6 = 45°. 
tan 8, so @ = 121°. 


COLLINEAR POINTS 


Do the points A(-3,-5), B(0,—1) and C(3,3) lie in a straight line, i.e. are they collinear? 
If they are, then the gradient of AB must be the same as that of BC or AC, as these will 
be segments of the same line. 


Gradient of AB = ; and gradient of BC = 3. (Check gradient of AC). 
Hence the three points are collinear. 


Example 11 


If C(p,q) is a point on the line AB, where A is (-2,1) and B is (3,2), find a relationship 
between p and q. 


The three points are collinear. 


Hence the gradient of AC = the gradient of AB. 


Got οἵ 
Then oir “3° 


Now verify that this gives 5g — p = 7, which is the relationship required. 


Exercise 1.3 (Answers on page 606.) 
1 State the gradient of the line through the following pairs of points: 


(a) (2,3), (1,5) (b) (0,3), (3,0) (c) (2,2), (5,5) 
(d) (-3,-9), (1-1) (e) (1,4), (-3,4) (ἢ (3,-4), 3,-D 
(g) (-1,-2), (-2,-4) (h) (4,0), (3,-2) (ὦ (@,0), (0,-a) 
Gi) (a,b), (a) (Ὁ (p.p*), (9.9") 


2 A(-4,-2), B(5,-2), C(0,3) and D(1,0) are four points. State the gradients of (a) AB, 
(b) CD, (c) AC and (d) BD. 


3 Which of the lines through the following pairs of points are parallel? 
(a) (-1,3), (4,5) (0) (3,-2), (5,1) (c) (4,-3), (-1) 
(4) (-7,4), (2.4) (6) (0,-4), (2,-1) (ἢ (a,b - 1), (a+ 5.5 + 1) 
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4 Find the angle of slope of the line through the following pairs of points: 
(a) (-2,-1), (3,4) (b) (-2,-1), (2,-5) (c) (1,3), (3,7) 


5 Are the points (-7,5), (-5,8) and (1,17) collinear? 


6 A(-6,-3), B(-2,8), C(0,5) and D(2,2) are four points. 
(a) Show that B, C and Ὁ are collinear. 
(Ὁ) P, Qand R are the midpoints of AB, AC and AD respectively. Show that P, Q and 
R are also collinear. 


7 If the point (a,b) lies on the line joining (—2,3) and (2,1), find a relationship between 
a and ἢ. 


8 If the points (—2,—3), (3,5) and (13,p) are collinear, find the value of p. 


9 The coordinates of a point are given as (f -- 1, 21 + 1). Show that the points where 
t= 0, 1 and 2 are collinear. 


10 (a) If the line joining the points (2,4) and (5,-2) is parallel to the line joining (-1,-2) 
and (p,6) find the value of p. 
(b) The line joining (—1,-4) and (a,0) is parallel to the line joining (a,1) to (11,3). 
Find the value of a. 


11 (a) Show that the points (2,—4), (5,0) and (8,4) are collinear. 
(Ὁ) The point (d,d — 2) also lies on this line. Find the value of ὦ. 


12 If the points (—3,—2), (-1, a — 2) and (a, 7) are collinear, find the two possible values 
of a. 


PERPENDICULAR LINES 


The vertices of triangle ABC are A(-4, --2), B(4, 2) and C(2, 6). Verify that this triangle 
is right-angled. Which two sides are perpendicular? Now state the gradients of these 
sides. If you multiply the two gradients, what result do you obtain? 

The result is surprising so we investigate it further. Given the points A(-5, -4), 
B(-2, 3) and C(-16, 9) show by using Pythagoras’ theorem that AB and BC are 
perpendicular. Now find the product of their gradients. We can show that this result is true 
in general excluding undefined or zero gradients. 

In Fig. 1.17, AB is a line with gradient m, and CD a line with gradient m,. The lines 
intersect at right angles at T. The small triangle PQR shows that m, = τῇ : 


Fig. 1.17 


Now imagine that line AB is rotated through 90° about T to lie along CD. Then triangle 
PQR takes a new position P’Q’R’. 


This shows that m, = 2, as a and b are now both positive. 


Then mm, =— ξ Χ 5 Ξ --Ἰ and this will be true for any pair of perpendicular lines (except 
for lines parallel to the x- or the y-axis). 
If m,, m, are the gradients of two perpendicular lines, 
1 
then m,m, = -1 or m, a (m, # 0, m, # 0). 


Conversely, if m, and m, are the gradients of two lines (m, # 0, m, # 0) and 
m,m, = —1, then the lines are perpendicular. 


Example 12 


The vertices of triangle ABC are A(—2,-4), B(2,-1) and C(5,-S). 
(a) Show that the triangle is right-angled. 
(b) State the gradient of the altitude through B. 


(a) This could be done using the Pythagoras’ Theorem but here we use gradients. 
The gradients of AB, BC and CA are 3, -- 4 and -- + respectively. 
As 3 χε Ξ ) =-1, AB is perpendicular to BC. Hence the triangle is right-angled 
(ΖΒ = 90°). 


(Ὁ) The altitude through B will be perpendicular to AC. Hence its gradient 


=-+ =7. 


Exercise 1.4 (Answers on page 607.) 


1 Which of the lines through these pairs of points are perpendicular? 
(a) (-4,-2), (-1,0) (Ὁ) (0,-5), (4,-2) (0) (-2,1), (1,5) 
(d) (-1,-4), (2-8) (e) (1,2), (5,4) (ἢ (-2,3), (-2,7) 
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2 State the gradient of a line which is (a) parallel, (b) perpendicular, to AB where 
(i) A is (3,-2), B is (0,4) (ii) A is (0,-1), B is (2,1) 
(ili) A is (-3,-3), B is (2,4) {iv) A is (-4,1), B is (3,0) 


3 Is the triangle formed by the points (—3,2), (0,4) and (4,—2) right-angled? 


4 Find the gradient of a line perpendicular to the longest side of the triangle formed by 
A(-3,4), B(5,2) and C(0,—3). 
5 (a) Show that the triangle formed by A(—2,-3), B(2,5) and C(10,1) is right-angled 
and isosceles. 
(b) State the gradients of the three altitudes. 


6 Find the angle of slope of a line with gradient 
lar to it. 


and that of another line perpendicu- 


Nie 


7 Find the gradient of a line perpendicular to the line joining the points (a,3a) and 
(2a,-a). 


8 CD is the perpendicular bisector of the line joining A(2,3) and B(5,7). 
(a) State (i) the coordinates of the point where CD intersects AB and (ii) the gradient 
of CD. 
(b) If the point (p,q) lies on CD, find a relationship between p and q. 


9 (a) Show that the point (7,1) lies on the perpendicular bisector of the line joining 
(2,4) and (4,6). 
(0) The point (a,4) also lies on this bisector. Find the value τῷ... 


10 A semicircle with centre O (the origin) and radius 5 units, meets Ox at A and B and 
the positive y-axis at C. 
(a) State the coordinates of A, B and C. 
(Ὁ) If a point (x,y) lies on the semicircle, show that x° + y? = 25. 
(c) Verify that the point P(—3,4) lies on the semicircle and show by using gradients 
that ZAPB = 90°. 


11 Α(-1.-2), B(4,1) and C(6,—3) are three points and AB is perpendicular to BC. 
(a) State, in terms of d, the gradients of AB and BC. 
(0) Hence show that (b + 1)(b — 6) = —12. 
(c) Now find the two possible values of b. 


EQUATION OF A STRAIGHT LINE y Fig. 1.18 


The point P(x,y) lies on the line through A(—2,3) and B(4,-1) 
(Fig. 1.18). Can we find a relationship between x and y? 42:3) 


(Note that we use the coordinates (x,y) as P is any point on P(x.y) 
the line). δ - 
Since the three points are collinear, the gradient of AP = Bi4.-1) 
gradient of AB. 

-3 4 2 
he er a5 


ie. 3(y — 3) —2(x + 2) or 3y + 2x = 5. 


This relationship is called the equation of the line through A and Β. 

If the coordinates (x,y) of a point are substituted in the equation and both sides are 
equal, then the point lies on the line. We say the coordinates satisfy the equation. 
Conversely, if the point lies on the line, its coordinates must satisfy the equation. 

For example, the point (3,-5) lies on the line 2x + 3y = -9 because 2 x 3 + 3 x (-5) 
=~9. The coordinates (3,—5) satisfy the equation. 

The point (2,3) does not lie on the line because 2 x 2+ 3x 34-9. The coordinates 
(2,3) do not satisfy the equation. 

Such an equation is called a linear equation, as it is the equation of a straight line, Its 
general form is ax + by = c where a, b and c are constants. For example, 2x — 3y = 1, 
y =3x—5 are linear equations. Note that y = 2 (no x term) or 2x + 1 = 0 (no y term) are 
also linear equations. 


We now look at various forms of a linear equation and how to find them. The position 
of a line can be fixed in two ways. 


1 Given one point A(x,,y,) on the line and its gradient m. 


If P(x,y) is any point on the line (Fig. 1.19), then its gradient is 9». =m. 


x- χὶ 


gradient m 


Fig. 1.19 


So the equation of the line is 


yoy, =m(x-x,) one-point, gradient form 
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Example 13 


(a) What is the equation of the line through (3,-1) with gradient 2 ? 
(b) Does the point (2,3) lie on this line? 
(c) Find the coordinates of the points where this line cuts the axes. 


(a) Using the one-point, gradient form, the equation of the line 
is y- (-1) = ξ (x- 3) ie. 30 + 1) = Ax-3) 
which simplifies to 3y = 2x -- 9 or 3y — 2x = -9. 


Substituting in the equation, 3 x 3-2 x 2=5. But 5 #9 so the coordinates do not 
satisfy the equation and hence the point (2,3) does not lie on the line. 


The y-coordinate of any point on the x-axis is 0. 
Substitute y = 0 in the equation of the line. 


Then 0 = 2x -- 9 giving x = 44. The line cuts the x-axis at (44,0). 


Similarly, to find where the line cuts the y-axis, put x = 0 in the equation. Verify 
that this gives the point (0,3). 


1 Given two points A(x,,y,) and B(x,,y,) 
Let P(x,y) be any point on the line (Fig. 1.20). 


Fig. 1.20 


y-y, 


Then by gradients, —— = ἈΞ. 
' 


ας ταὶ 


Rewriting this in a more symmetrical form, the equation of the line is 


γον eee, two-point form 
YA ee (note the order of the terms) 


Example 14 
Find the equation of the line through (2,-3) and (-1,4). 
It does not matter which point is taken as (x,,y,). Take (2,—3). 


Using the two-point form, the equation is 3—= = ᾿ sad, 


y+3 x-2 


ie. —— = — 


7 -3 


Now remove the fractions to get -3(y + 3) = 7α -- 2), which simplifies to 3y + 7x = 5. 


Lines Parallel to the x- or y-axis 
Equations for these lines are special cases. 


Example 15 


Find the equation of the line through 

(a) (-3,2) αμα (5,2), 

(δ) (3,-1) and (3,5). 

(a) If we use the two-point form, we get a == which is not defined. We can 
see however that the line is parallel to the x-axis (Fig. 1.21). Every point of the line 
will have coordinates of the form (x,2) so its equation will be y = 2 as y is always 
= 2, whatever the value of x. 


(b) Similarly this line is parallel to the y-axis. Every point will have coordinates of the 
form (3,y). So the equation is x = 3. Hence, if k is a constant, then 


y =k is the equation of a line parallel to the x-axis 


x = k is the equation of a line parallel to the y-axis 
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Exercise 1.5 (Answers on page 607.) 


1 Find, in its simplest form, the equation of the line 
(a) through (2,3) with gradient 1 
(Ὁ) through (—1,-1) with gradient 


(c) through (1,3) with gradient — 


(d) through (1,0) and (-2,3) 

(e) through (0,1) and (-1,3) 

(Ὁ through (3,-2) and (7,-2) 

(g) through (—2,4) parallel to the y-axis 

(h) through (1,2) and parallel to a line with gradient 2 

(i) through (—3,—1) and perpendicular to a line with gradient — : 
(j) through (—1,2) and (—1,7) 

(k) through (0,—3) and (0,5) 


4 
1 
5 


2 Find the coordinates of the points where each of the lines in Question | cut the axes. 
3 A line cuts the x-axis at (3,0) and the y-axis at (0,2). Find the equation of the line. 


4 P(0,9) and Q(6,0) are two points. A line is drawn from the origin perpendicular to PQ. 
Find the equation of this line. 


5 Find the equations of the lines through (—1,—4) which are (a) parallel and (Ὁ) perpen- 
dicular to another line with gradient — 2. 


6 The gradient of a line is 2 and it cuts the y-axis at (0,3). Find its equation and the 
coordinates of the point where it cuts the x-axis. 


7 Find the equations of the sides of triangle ABC where A is (—2,3), B is (0,5) and C is 
(3,-1). 
8 The points A(4,4), B(-2,0) and C(6,-2) form a triangle. 


(a) Find the equations of the medians of this triangle. 
(b) If AD is an altitude of the triangle, find the equation of AD. 


9 From the point (2,5), a perpendicular is drawn to the line joining (—1,—4) and (5,2). 
Find the equation of this perpendicular. 


10 ABCD is a parallelogram where A is (2,-1), B is (6,2) and C is (11,—2). 
(a) State the coordinates of the midpoint of AC. 
(b) Hence find the coordinates of D. 
(c) Find the equations of the diagonals of the parallelogram. 


11 A(-1,2) and C(3,4) are opposite vertices of a rhombus ABCD. Find 
(a) the coordinates of the point where the diagonals intersect, 
(b) the gradient of AC, 
(c) the equation of the diagonal BD. 
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GRADIENT-INTERCEPT FORM 


Suppose the equation of a line is 2x — 3y = 5. 
How can we find its gradient? 

To do this we convert the equation to a 
special form — the gradient-intercept form. 
Fig. 1.22 shows a line with gradient m which 
cuts the y-axis at C(Q,c). ¢ is called the 
y-intercept of the line. Let P(x,y) be any point 
on this line. Then the gradient of the line = 


ae oe 
2=£ =msoy—c=mx. 


gradient-intercept form 


Hence, if an equation is written in this form, the gradient is given by the coefficient of x 
and the y-intercept by the constant term. 

To verify this, suppose the equation of line is y = 2x -- 3 (gradient-intercept form). This 
line cuts the y-axis where x = 0, so y = -3 (the constant term). The points (2,1) and (5,7) 


lie on the line (check this). The gradient is 3 = 2 which is the coefficient of x. 


Example 16 
Find the gradients of the lines (a) 2x -- 3y = 5, (b) 2y + x = -4. 
(a) Convert to the gradient-intercept form, y = mx + c: 

-3y =-2x +5 


Then y= 3x-% (dividing by -3) 


1: 1 
gradient y-intercept 


So the gradient is A (and the y-intercept is — Ξ ). 
(Ὁ) 2ν ἐχξ- ie. γε-χ-450γ"-ἦχ- 2 


The gradient is +4. 


It is useful to practise this conversion, i.e. making y the subject of the equation. 
The gradient is then obtained quickly. 
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Equations of Parallel and Perpendicular Lines 


Example 17 


Find the equations of the lines through the point (1,2) which are 
(a) parallel, (b) perpendicular, to the line 2x — 3y = 4. 


(a) The gradient of the line 2x -- 3y = 4 is 2 So the gradient of any parallel line is also 
gra 3 


3 . Hence its equation will be y = $x +c. 


To find c, we substitute the coordinates (1,2) in the equation as (1,2) lies on the 


line. Then 2 = 3 +c giving c = 3. 


The equation is y = ix+ 3 ie. 3y = 2x + 4. 


(b) The gradient of any perpendicular line will be οὶ SO its equation is y = 3x +c. 
Substitute (1,2) to find c and verify that the required equation is 2y = —3x + 7. 


Exercise 1.6 (Answers on page 607.) 
1 State the gradients of the following lines: 


(a) x+y=2 (b) x-y=-l (c) y-2x=3 

(d) 2x+y=1 (e) 3x+2y=6 (Ὁ 5x-2y=5 
(g) y=4 (h) x-2y=0 (Ὁ 2x+3y=1 
(j) 2x-3y=4 (k) 4x = 3y-2 (l) 5x-2y=10 
(m)t-y=t (n) py+x=2p (0) ax+by=1 


2 Find the equation of the line which is 
(a) parallel to x -- y = 1 and passes through (2,3) 
(b) parallel to 2x + y = 3 and passes through (0,1) 
(c) perpendicular to 2x + y = 0 and passes through (—1,—2) 
(d) perpendicular to 3x + y = 5 and passes through (-2,~1) 
(e) parallel to y = 4 and passes through (0,1) 
(Ὁ perpendicular to x — 3y = 1 and passes through (-3,0) 
(g) perpendicular to x = 2 and passes through (—2,3) 


3 Find the equations of the lines parallel and perpendicular to 
(a) x + y =3 passing through (—1,2) 
(Ὁ) 21 -- ν Ξ 4 passing through (0,3) 
(c) ἀχ ὁ 3y = 1 passing through (0,-2) 
(d) x-3y = 1 passing through (-1,—1) 


4 A line is drawn through the point (—1,2) parallel to the line y + 5x = 2. Find its equation 
and that of the perpendicular line through the same point. 


5 The side BC of a triangle ABC lies on the line 2x — 3y = 4. A is the point (2,3). Find 
the equation of the altitude through A. 


INTERSECTION OF LINES 


At what point do the lines 2x — 3y = -7 and 3x + 8y = 2 intersect? This point lies on both 
these lines so its coordinates must satisfy both equations. Hence its coordinates will be 
the solution of the simultaneous equations 


2x -3y =-7 (i) 
and 3x+8y=2 (ii) 


These can be solved by any of the methods you have learnt previously. We use the 
elimination method here. 


Multiply (i) by 3: 6x-9y =-21 
Multiply (ii) by 2: 6x + l6y = 4 

Subtract: -25) =-25 soy=1 
Substitute in (i): 2x-3=-7sox=-2 


The point is (-2,1). 


Suppose the lines were 2x — 3y = —7 and 4x — ὅν = 3. What happens in the solution? 
Explain this. 


Example 18 


From the point P(-1 3), a perpendicular PQ is drawn to the line joining A(-4,-8) and 
B(4,4). Find 

(a) the equations of AB and the perpendicular, 

(b) the coordinates of the point where they intersect, 

(c) the distance of P from the line AB. 


A sketch diagram should always be drawn to help in such questions (Fig. 1.23). 


y+8 x+4 


(a) The equation of AB is 7 = + ie. 3x — 2y = 4. 
Now check that the equation of PQ is 2x + 3y = 7. 


(Ὁ) Solving the equations 3x — 2y = 4 and 2x + 3y = 7, we get (2,1) as the coordinates 
of Q. 


(c) The distance of P from AB is PQ. 
PQ = (-1 - 2) + (3-1 = (3 +2 = 13 s0 PQ= ΥἹ3 


Example 19 


ABCD is a rectangle where A is (-3,2), D is (2,5) and B lies on the y-axis. Find 
(a) the equation of AD, 

(b) the equation of AB, 

(c) the coordinates of B, 

(d) the coordinates of C. 


Fig. 1.24 shows the facts given 
(a) Equation of AD is ΣΕΞ 
(Ὁ) AB is perpendicular to AD. The gradient of AD is 3 so the gradient of AB is — 3. 
Knowing the gradient and the point A, verify that the equation of AB is 
3y = -5x - 9. 


(c) AB meets the y-axis where x = 0. Hence y = —3. The coordinates of B are (0,—3). 


(d) Let the diagonals meet at M. M is the midpoint of BD, so M is (1,1). 
As M is also the midpoint of AC, therefore C is (5,0). 
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Example 20 


The line 2x + 3y = 6 meets the y-axis at A and the x-axis at B. C is the point such that 
AB = BC. CD is drawn perpendicular to AC to meet the line through A parallel to 
Sx+y=7atD. 

(a) Find the coordinates of A, B and C. 

(b) State the equations of CD and AD, and hence find the coordinates of D. 

(c) Calculate the area of the triangle ACD. 


2x+3y*6 


D 
(a) The line meets the y-axis where x = 0, y = 2, so A is (0,2). 
It meets the x-axis where y = 0, x = 3, so B is (3,0). 
Since B is the midpoint of AC, then C must be (6,-2). 


(b) CD is perpendicular to AC. Therefore its gradient is 3 and it passes through C. 
Verify that the equation of CD is 3x -- 2y = 22. 


AD is parallel to 5x + y = 7. Therefore its gradient is —5 and it passes through A. 
Verify that the equation of AD is 5x + y = 2. 


Solving these two equations gives x = 2 and y = -8. So the coordinates of D are 
(2,-8). 


(c) As ACD is a right-angled triangle, 
its area = 4 xACxDC= $ x V52 x V52 = 26 units?. 


Exercise 1.7 (Answers on page 607.) 


1 The line 4x — 3y = 12 meets the aves at A and B. Find the length of AB. 


2 Find the equation of the line through the point of intersection of 2x + 3y = 5 and 
3x — y = 2, and which is parallel to 4y — x = 14. 


3 Through A(2,3) two lines are drawn with gradients —1 and 2. These lines meet the line 
x — 2y Ξ 5 at B and Ὁ. Find 
(a) the equations of AB and AC, 
(b) the coordinates of B and C. 


4 The lines x + 3y = 1 and 2x — Sy = -9 intersect at A. Find the equation of the line 
through A and the point (—1,—2). 


5 A line through A(5,2) meets the line 3x + 2y = 6 at right angles at B. Find the 
coordinates of B and calculate the length of AB. 


6 (a) Find the equation of the perpendicular bisector of the line joining A(-3,3) and 
ες Β(],5). 
(Ὁ) If this bisector meets the x-axis at C, find the coordinates of C. 


7 The sides of a triangle lic on the lines y = —1, 2x + y = 1 and 4x — 3y = —13. Find the 
coordinates of the vertices and show that the triangle is isosceles. 


8 The intersections of the lines 5x + 6y = 36, x -- 2y = 4 and 7x + 2y = 12 are the vertices 
of a triangle. 
(a) Find the coordinates of these vertices. 
(b) Obtain the equation of the altitude drawn to the longest side. 


9 OABC is a parallelogram where O is the origin and B is the point (5,7). C lies on the 
line x -- 2y = 0 and A lies on the line 2x — y = 0. Calculate the coordinates of A and C. 


10 The sides of a triangle lie on the lines y = 1, x + y = 6 and 3x - y = 2. 
(4) Calculate the coordinates of the vertices of the triangle. 
(b) Find the equations of the three altitudes. 
(c) Show that these altitudes intersect at a point and find the coordinates of this point. 


11 A(3,1) and B(0,6) are two points. BC is perpendicular to AB and meets the x-axis at 
C. Find 
(a) the equation of BC, 
(b) the coordinates of C, 
(c) the area of triangle ABC. 


12 The diagonals of a rhombus meet at the point (—1,5) and one of them is parallel to the 
line 2x -- Sy = 3. 
(a) Find the equations of the diagonals. 
(Ὁ) If two of the vertices of the rhombus are (—3,10) and (9,9), find the coordinates 
of the other two. 


13 A is the point (—1,6). Lines are drawn through A with gradients 3 and —2, meeting the 
x-axis at B and C respectively. BD is perpendicular to AB and CD is perpendicular to 
AC. 

(a) Find the coordinates of B and C. 
(Ὁ) State the equations of BD and CD. 
(c) Find the coordinates of D. 

(d) Calculate the ratio BD:CD. 
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14 A(1,2) and ((5,4) are two vertices of the rectangle ABCD. AB and CD are parallel to 
the line y-—x = 5. 
(a) Find the equations of AB and BC. 
(b) Find the coordinates of B and D. 
(c) Hence find the area of the rectangle. 


15 ABCD is a rectangle where A is (1,3) and Ὁ is (5,5). AC lies on the line 3y = 4x + 5. 
Find 
(a) the equation of DC, 
(b) the coordinates of C, 
(c) the coordinates of B, 
(d) the area of ABCD. 


16 The point B(a,b) is the reflection of A(5,-2) in the line 2x — 3y = 3. 
(a) Find the equation of AB and show that 3a + 2b = 11. 
(b) State the coordinates of the midpoint of AB in terms of a and b and show that 
2a -- 3b =-10. 
(c) Hence find the values of a and b. 


SUMMARY 


x, +4, a fee ) 


9 Midpoint of (x,,y,) and (x,,y,) is ( SS 
Φ Distance between (x,,y,) and (x,,y,) is V(x, - 4," +, -y)*. 


© Gradient of line through (x,,y,) and (x,,y,) is ame : 


Φ Parallel lines have equal gradients. 


@ Three points A, B and C are collinear if the gradient of AB equals the gradient of 


BC. 

Φ lfm, and m, are the gradients of perpendicular lines, m,m, = —1. If m, and m, (m, 
# 0, m, # 0) are the gradients of two lines and m,m, = —1, then the lines are 
perpendicular. 


© Equation of line through (x,,y,) with gradient m is y — y, = m(x—x,). 


t=, 


© Equation of line through (x,,y,) and (x,,y,) is ἐν = ΞΕ. 


Φ The form y = mx + c gives the gradient (m) and the y-intercept (c). 


27 


REVISION EXERCISE 1 (Answers on page 607.) 
A 


1 Find the equation of the line 
(a) through (-2,3) with gradient —1, 


(b) through the points (-3,2) and (-1,-5), 
(c) through (—1,—1) perpendicular to the line 3x -- 2y = 1. 


2 A and B are the points (-2,-1) and (4,1) respectively. BC is perpendicular to AB. 
(a) Find the equation of BC. 
(b) If the gradient of AC is 1, find the equation of AC and the coordinates of C. 
(c) Hence find the area of triangle ABC. 


3 A(-1,1) and B(3,4) are two vertices of triangle ABC. If the area of the triangle is 15 
units’, find the distance of C from AB. 


4 The line y = 2x + 3 intersects the y-axis at A. The points B and C on this line are such 
that AB = BC. The line through B perpendicular to AC passes through the point 
D(-1,6). Find 
(a) the equation of BD, 

(b) the coordinates of B, 
(c) the coordinates of C. (C) 

5 (a) The line 3 - τ = 1 meets the axes at A and B. Find the coordinates of the 

midpoint of AB and the length of AB. 
(b) A circle is drawn with its centre at the origin. If the point P(4,3) lies on this circle, 
find the equation of the tangent to the circle at P. 


6 Fig. 1.26 shows a triangle ABC with A(1,1) and B(-1,4). The gradients of AB, AC 
and BC are —3m, 3m and m respectively. y, 
(4) Find the value of m. 
(b) Find the coordinates of C. 


(c) Show that AC = 2AB. (C) 


Fig. 1.26 
7 A(-3,4) and C(4,-10) are opposite vertices of the parallelogram ABCD. 

The gradients of the sides AB and BC are — 4 and 3 respectively. Find 

(a) the equations of AB and BC, 

(δ) the coordinates of B and ἢ). 


8 Three points have coordinates A(1,—3), B(S,5) and C(5,9). Find the equation of the 
perpendicular bisector of (a) AB, (b) BC. Hence find the coordinates of the point 
equidistant from A, B and C. (C) 


9 (a) Find the equation of the perpendicular bisector of AB, given that A is (2,7) and 
B is (6,-1). 
(b) The bisector meets the y-axis at C. Find the coordinates of C and the area of 
triangle ABC. 


10 A(0,6), B(1,3) and C(4,6) are three points. Ὁ is the foot of the perpendicular from A 
to BC. Find 
(a) the coordinates of D, 
(Ὁ) the length of AD. 
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Fig. 1.27 


In Fig. 1.27, ABCD is a rectangle, and A and B are the points (4,2) and (2,8) 
respectively. Given that the equation of AC is y = x -- 2, find 

(a) the equation of BC, 

(b) the coordinates of C, 

(c) the coordinates of D, 

(d) the area of the rectangle ABCD. (C) 


12 Two points have coordinates A(1,3) and C(7,7). Find the equation of the perpendicu- 
lar bisector of AC. 
B is the point on the y-axis equidistant from A and C and ABCD is a rhombus. Find 
the coordinates of B and D. 
Show the area of the rhombus is 52 units? and hence calculate the perpendicular 


distance of A from BC. (C) 
C(5,1) 
13 | 
D 
8 
parallel to 
A(-1,5) y+5x=2 


ABCD is a parallelogram, lettered anticlockwise, such that A and C are the points 
(-1,5) and (5,1) respectively. Find the coordinates of the midpoint of AC. 

Given that BD is parallel to the line whose equation is y + 5x = 2, find the equation 
of BD. 

Given that BC is perpendicular to AC, find the equation of BC. Calculate (i) the 
coordinates of B, (ii) the coordinates of D, (iii) the area of ABCD. (C) 
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14 Α(-2,2) and ((4,--1} are opposite vertices of a parallelogram ABCD whose sides are 
parallel to the lines x = 0 and 3y = x. 
(a) Find the coordinates of B and D. 
(b) If P and Q are the feet of the perpendiculars from D and B respectively to AC, 


find the coordinates of P and Q and show that PQ = } AC. 


15 Fig. 1.28 shows a quadrilateral ABCD in which A is (2,8) and B is (8,6). The point C 
lies on the perpendicular bisector of AB and the point D lies on the y-axis. The 
equation of BC is 3y = 4x — 14 and angle DAB = 90°. Find 
(a) the equation of AD, 

(b) the coordinates of D, 

(c) the equation of the perpendicular bisector of AB, 

(d) the coordinates of C. 

Show that the area of triangle ADC is 10 units? and find the area of the quadrilateral 
ABCD. (C) 


Fig. 1.28 


16 The line x + y = 3 meets the y-axis at A and the x-axis at B. AC is perpendicular to AB 
and the equation of BC is y = 3x -- 9. 
(a) Find the equation of AC and the coordinates of C. AD is parallel to CB where D 
lies on the x-axis. 
(b) Find the coordinates of D. 
(c) Hence find the area of the trapezium ACBD. 


17 Fig. 1.29 shows the quadrilateral OABC. The coordinates of A are (k,2k) where 
k> 0, and the length of OA is ¥80 units. 
(a) Calculate the value of k. 
AB is perpendicular to OA and B lies on the y-axis. 
(b) Find the equation of AB and the coordinates of B. 
The point C lies on the line through O parallel to y + 3x = 5 and also on the 
perpendicular bisector of AB. 
(c) Calculate the coordinates of C. 
Calculate the area of the quadrilateral OABC. (C) 
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18 The vertices of a triangle are (--3,5), (4,-2) and (6,2). 
(a) Find the equations of the perpendicular bisectors of the sides. 
(b) Show that they meet at the same point and find the coordinates of this point. 
(c) Find the radius of the circle passing through the vertices. 


19 A and B are the points (2,4) and (4,0) respectively. 
(a) Find the equation of the perpendicular bisector of AB. 
(0) The bisector meets the line through B parallel to the y-axis at C. Find the 
coordinates of C. 


(c) Calculate the radius of the circle which passes through A and touches the 
x-axis at B. 


20 The sides AB, BC and CA lie on the lines 2y = x -- 4, x + y = 5, and y = mx respect- 
ively. If the origin O is the midpoint of AC, find the value of m. 


B 


21 A(h,k) lies on the line y + 3x =-10. B lies on the line x + y = 4. If the origin is the 
midpoint of AB, find the value of ἢ and of k. 


22 A(1,5) lies on the line y = 2x + 3. P lies on the perpendicular to that line through A. 
(a) Show that the coordinates of P can be written as (11 — 2a,a). 
(b) If OP = V34, where O is the origin, find the possible values of a. 


23 A line with gradient m passes through the point P(3,2) and meets the y-axis at A. A 
line perpendicular to the first also passes through P and meets the x-axis at B. 
(a) Express the coordinates of A and B in terms of m. 
(Ὁ) If AB = V65, find the possible values of m. 
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24 P and Q are the points of intersection of the line + 5 = 1 with the x and y-axes 
respectively. The gradient of QR is ἢ and R is the point whose x-coordinate is 21, 
where 1 is positive. Express the y-coordinate of R in terms of t and evaluate t given 
that the area of triangle PQR is 21 units*. (C) 

25 A line through (3,1) has gradient m (» ). It meets the x-axis at A and the y-axis at 
B. From A and B, perpendiculars to the line are drawn to meet the y-axis at C and the 
x-axis at D respectively. Show that the gradient of CD is 4 5 

26 A(x,,y,), Βα..».), Clx,,y,) and D(x,,y,) are the vertices of a parallelogram ABCD. 
(a) Show that x, + x, =x, +x, and y, +y,=y, + y,. 

(Ὁ) If ABCD is a rhombus show that (x, - x,)(x, - x,) + ον, - y,)Q, τ y,) = 0. 
(c) If however ABCD is a rectangle show that x,x, + y,y, = XX, +), 
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Simultaneous 
Equations 


Two linear equations, say 3x + 4y = --5 and 2x -- 3y = 8, can be solved to find values of 
xand y which satisfy both equations simultaneously. As we have seen, this solution gives 
the coordinates of the point of intersection of the two lines represented by the equations. 

In this Chapter we consider two simultaneous equations where one of them is not a 
linear equation but is an equation of the second degree such as xy = 8 or χ + γῆ = 10, etc. 
These are the equations of curves. 


Example 1 
Solve the following equations: 
x+y=9 (i) 
xz =8 (ii) 


Equation (i) represents a straight line but equation (ii) is the equation of a hyperbola, 
a curve with two branches (Fig.2.1). 
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The line meets the curve at two different points (A and B) so we expect to obtain two 
solutions, giving the coordinates of A and B. 

The usual method is to eliminate one of the variables. Make one variable the subject 
of the linear equation and then substitute this in the other (non-linear) equation. This 
will lead to a quadratic equation, which can usually be solved by factorization. 
From (i), x =9 -- y. 

Then substituting for x in (ii), 
(9-y)y=8 
ie. y?-9y +8 =0 or (vy -- 8)0 -- 1) = 0. 
Hence y = 8 or 1. 
Now find the corresponding values of x from (i). 
When y = 8, x= 1; 
when y=1,x=8. 
So the solutions are x = 1, y = 8 (coordinates of A) 
or x = 8, y= 1 (coordinates of B). 


Example 2 
Find the coordinates of the points where the line 
2x+3y=-l (i) 
meets the curve x(x-y)=2 (ii) 
We use the same method but the algebra will be more complicated as neither x nor y 
in (i) has a coefficient of 1. 
Choosing y as the subject, we obtain from (i) 
- :1-2χ 

γα τος, 
Then substituting for y in (ii), 

x(x- a a τ) =2 or χ(Ξ: 5:58) Ξ2 
which simplifies to x(5x + 1) = 6 or Sx? + x-6=0. 
Hence (5x + 6)(x -- 1) = 0 giving x = -§ or 1. 


From (i), when x = -$,- 2 +3y=-1soy=%, 


and when x = 1, 2 + 3y =-1 soy =-1. 


Hence the coordinates of the two points are (-§ ᾿ # ) and (1,-1). 
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Example 3 


Solve the equations 
x+2y=7 
and e-dytysl] 
What is the geometrical meaning of your answer? 
From (i), choosing τ as the subject for simplicity, x = 7 -- 2y. 
Then substituting for x in (ii), 
(7 - 2y? -- 4(7 -2y)+ y= 1 
ic. 49 - 28y + ἀν - 28 τ ὃν τ ν᾽ = 1 
which reduces to ν' -4y +4 πὸ 
or (y -- 2)y—2) =0 giving y = 2 or 2. 
Then x = 3 or 3. 
We obtain two equal solutions. This means that the line is 


a tangent to the curve. It touches the curve, which is a 
circle, at the point (3,2) as shown in Fig.2.2. 


Example 4 


A straight line through (0,-1) meets the curve x + y' - 4x -2y + 4 = 0 αἵ the point 
(3,1). Find the coordinates of the second point where this line meets the curve. 


First we find the equation of the straight line: 
v+l 1-0 


Tet > 3-0 
Pr - aye -- ὅν 1.3 
which gives 2x = 3y ἐϑογχξ “==. 


Then substitute for x in the equation of the curve: 
(3v+3 2 3y+3 . = 
(ey + y ~ 43854) - 2y +4=0 


ie, We tber? 4 3 _6y-6-2y44=0. 


Clearing the fraction, 

Oy? + 18y + 9 τάν - 24y -- 24 - By + 16 =0 
andso 13ν - I4y + 1 = 0 or (13y -- I)(y -- 1) = 0. 
Hence y = a ory=1. 
The corresponding values of x are then i or 3. 


So the second point is (3 ; i): 
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Example 5 


If the line 3x — Sy = ὃ meets the curve 3 - 4 = 4 at Α απά B, find the coordinates of 
the midpoint of AB. 


First remove the fractions from the equation of the curve: 
3y —x = 4χγ 


From the linear equation, x = δον, 
Substituting for x in (i), 
8+5 8+5 
sy 855 = (2452) 


Clearing the fraction, we have 9y — 8 — Sy = 4y(8 + Sy) = 32y + 20γ 

or 20y* + 28y + 8 =0, 

ie. Sy? + Ty +2=0 or (Sy ὁ 2) ε1)Ξ 0 

Hence y = -- 3 or -1. 

Then x = 2 or 1. 

The coordinates of A and B are (2, -- 2 ) and (1,-1) and the coordinates of the midpoint 
are therefore (14, — 34 ). 


Example 6 


If the sum of two numbers is 4 and the sum of their squares minus three times their 
product is 76, find the numbers. 


Suppose the numbers are x and y. 
The sum of the numbers is x + y. 


Then xt+y=4 
The (sum of the squares) — (3 x the product) is x7 + γῇ — 3xy. 
Then x+y - 3χν = 76 
We solve these equations. 
From (i), x =4-y 
Substituting in(ii): 
(4 -- γ)} + γ -- 3y(4-y) = 76 which is then expanded. 
16-8y+y?+y? -- 12y + 3y = 76 
or 5y? — 20y - 60 =0 
Hence γῇ — 4y — 12 = 0 which gives (y — 6)(y + 2) = 0 and y = 6 or --2. 
Then from (i), the corresponding values of x are —2, and 6. 
Therefore the two numbers are 6 and —2. 
Arithmetically, there is only one solution. Geometrically, the line x + y = 4 meets the 
curve given by equation (ii) in two points (6,-2) and (—2,6). 
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Exercise 2.1 (Answers on page 608.) 


1 Solve the following pairs of simultaneous equations: 


(a) x+y=S,xy=x+3 (b) x-y=2,2(y +2) =9 
(c) x+y=5,e+y = 10 (d) x-2y=2, χὲ ταν = 20 
(e) 2x + 3y=5, γὸ - α) τ 5 (ἢ 3χ-γ 7, 4+ = 10 
(g) 3x-y=7,¥+xy-y=1 (th) x+3y=1,e-xyt+ty=21 
(i) 3x+4y=2,2-3y=1 (j) 3x+2y=13,3e+y=31 
(k) $-$ 21,342 =} () 4-4 =1,84+ 2 =3 


(m) 3x -- 2y = 11, ἃ - ")ν 1 3) =4 


2 The line y =x + 2 meets the curve y? = 4(2x + 1) at A and B. Find the coordinates of 
the midpoint of AB. 


3 Show that the line x + y = 6 is a tangent to the curve x + νὴ = 18 and find the 
coordinates of the point of contact. 


4 A line through (2,1) meets the curve x? — 2x -- y = 3 at A(2,5) and at B. Find the 
coordinates of B. 


§ What is the relationship of the line 3x — 2y = 4 to the curve y = x - 2 7 


6 The perimeter of a rectangle is 22 cm and its area is 28 cm’. Find its length and 
breadth. 


7 The line through (1,6) perpendicular to the line x + y = 5 meets the curve y = 2x + 4 
again at P. Find the coordinates of P. 


8 A(3,1) lies on the curve (x -- 1)(y + 1) = 4. A line through A perpendicular to 
x + 2y =7 meets the curve again at B. Find the coordinates of B. 


9 The difference between two numbers is 2 and the difference of their squares is 28. 
Find the numbers. 


10 Fencing is used to make 3 sides of a rectangle: two pieces each of length a m and one 
piece of length b m. The total length of fencing used is 30 m and the area enclosed is 
100 m2. What are the values of a and b? 


11 The line x -- y = 7 meets the curve x + y? — x = 21 at A and Β. Find the coordinates 
of the midpoint of AB. 


12 The line through (-3,8) parallel to y = 2x -- 3 meets the curve α + 3)(y-2)=8atA 
and B. Find the coordinates of the midpoint of AB. 
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SUMMARY 


Φ To solve simultaneous equations, one linear, the other of the second degree: 
(a) make one of the variables the subject of the linear equation, 
(b) substitute in the second degree equation, 
(c) simplify and then solve the quadratic equation obtained, 
(d) find the corresponding values of the second variable. 
If two equal solutions are obtained, the line is a tangent to the curve given by 
the second degree equation. 


REVISION EXERCISE 2 (Answers on page 608.) 
A 


1 Solve the simultaneous equations 4x -- 3y = 11 and 16x? -- 3y? = 61. 


2 The line y — 2x — 8 = 0 meets the curve y? + 8x = 0 at A and B. Find the coordinates 
of the midpoint of AB. (C) 


3 A straight line through the point (0,—3) intersects the curve x? + γῇ -- 27x + 41 =0 at 
(2,3). Calculate the coordinates of the point at which the line again meets the curve. 


(C) 
4 Calculate the coordinates of the points of intersection of the straight line 2x + 3y = 10 
and the curve 2 + 3 - 5. (C) 


5 Solve the simultaneous equations 2x + 3y = 6 and (2x + 1)? + 6(y-— 2)? =49. (Ὁ) 


6 The perimeter of the shape shown in Fig.2.3 is 90 cm and the area enclosed is 
300 cm. All comers are right-angled. Find the values of x and y. 


Fig.2.3 


7 The point A(0,p) lies on the curve y = (x — 2)*. A line through A perpendicular to 
y =x +3 meets the curve again at B. Find 
(a) the value of p, 
(b) the coordinates of B. 
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8 Two quantities u and ν are connected by the equation μ + 2ν = 7. A third quantity P, 
is given by P = u(v — 3). Find the values of u and ν when P = -3. 


9 The hypotenuse of a right-angled triangle is (20 -- 1) cm long. The other two sides are 
x cm and (y + 5) cm in length. If the perimeter of the triangle is 30 cm, find the 
possible values of x and y. 


10 Solve the simultaneous equations 2x + 4y = 9 and 4x7 + 16γ = 20x + 4y -- 19. (C) 


B 
11 Solve the simultaneous equations 3x -- 2y = 11 and x7 + xy + y? = 7. 


12 A(3,4) and B(7,8) are two points. P(a,b) is equidistant from A and B such that 
AP = V26. 
(4) Show thata + b= 11. 
(b) Find the values of a and ὁ. 


13 In Fig.2.4, ABE is an isosceles triangle and BCDE is a rectangle. The total length 
round ABCDEA is 22 cm and the area enclosed is 30 cm’. 
(a) State the distance of A from BE in terms of x. 
(b) Find the possible values of x and y. 


A 
5x 5x 
Β Ε 
y y 
Fig.2.4 Cc D 
6x 
14 Solve the simultaneous equations x + y = 6 and 4 = 3 + i. 


15 The point P(a,b) lies on the line through A(—1,—2) and B(3,0) and PA = V125. Find 
the values of a and b. 
16 A circle has centre (4,2) and radius V5 units. P(x,y) is any point on the circumference. 
(a) Show that x7 + y?- 8x -- ἦγ + 15 =0. 
(0) Find the coordinates of the ends of the diameter which, when extended, passes 
through the origin. 
(c) Find the coordinates of the ends of the perpendicular diameter. 
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Functions 


RELATIONS AND FUNCTIONS 


A relation links the members of two sets together. Relations can be of many kinds, e.g. 
“is the father of”, “is a divisor of”, “is the same age as”, “is the square of” etc. Fig. 3.1 
illustrates the relation “is the father of” linking the set of men {A, B, C, D) and the set 
of children {p, q, r, 5, t, u, v}. An arrow identifies the relation between a father and child. 
The diagram shows that A has two children (p and 4), B has 1 child (t), C has 3 children 
(τ, 5 and u) and D 1 child (v). So 2 arrows leave from A, | from B, 3 from C and 1 
from D. 


Men Children 


Fig. 3.1 is the father of 


In our work the relation will usually be some mathematical operation. Fig. 3.2 shows 
the relation “y = 1 + x°” where the starting values (the inputs) are chosen values of x. 
These are linked to the values of y produced by the relation (the outputs), i.e. the set 
{1, 2, 5, 26}. 


Fig. 3.2 y=14+x 

Note that only ONE arrow leaves each input, unlike the relation in Fig. 3.1. In Fig. 3.2 
each input produces a unique output. This is a special type of relation called a function, 
one of the most important concepts in Mathematics. The relation in Fig. 3.1 is NOT a 
function. 
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In Fig. 3.3, each member of set A is squared to produce the set of outputs B. As each input 


Fig. 3.3 


has a unique square, Fig. 3.3 illustrates a function f. f is “square the input”. So, if x is the 
input, the output is .°. 
A function is also called a mapping and we say that x is mapped onto x by the function 
f. We symbolize this as 

fix -—+ ¢ 
Read this as ‘f is the function which maps x onto .°’. 
f operates on the input x to produce αὖ so we write f(x) =.°. Hence the image of 2 is f(2) 
= 2? = 4. The image of —3 is f(—3) = (-3)° = 9. The image of a is f(a) = αὐ and so on. What 
is the image of 5? What is f(6), f(—x) and {(2x)? If f(x) = 49, what is the value of x? 
Now look at the relation illustrated in Fig. 3.4(a). 


χε +x 


Fig. 3.4 (a) (0) 


Is this a function? As you can see, each input has fwo outputs (2 arrows from each input). 
So this operation (taking the square root, x +——* yx) is NOT a function. It does not 
produce a unique image as x has 2 square roots + yx and —x. 


However, if we defined V to mean the positive root only, then f(x) = + Vx would be a 
function (Fig. 3.4(b)). 
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Summarizing, 
* a function f is a process or operation which takes an input x and maps it onto a unique 
output f(x), the image of x; 


° ἔχ ν {@): 
* to define f, we write, for example, f(x) = 2° or f(x) = +x or f(x) = sin x etc. 

f and x are the usual letters for the function and the input respectively, but other letters 
can be used e.g. F(x), g(x) or A(r), etc. 


A function need not be defined algebraically. It may be stated in words, such as the 
function ‘Y is the father of x’, or given in the form of a table such as a table of sines. 


Example 1 


A function f is given by f : x +—» χὶ -x +1. Find 
(a) £(2), (b) f(-3), (c) the image of -2, (d) f(r), (e) {{ 5). 


f(x) =x-x+1 


(a) f(2)=2?-2+1=3 

Ὁ) f(-3) = (-3F - 3) +1 = 13 

(c) The image of --2 is f(-2) = (-2)? - (-2) + 1 =7. 
(ὦ fh =P-r+1 

(©) (3)=(P-G)+1= =F 


Example 2 
The function h is given by h(x) = tt ,x#1, Find 
(a) h(2), (b) b(S ), (c) h(x + 1) 


(a) h(2)= 251 =3 


© Met = StH} = 422,240 


Note: A function may not produce an image for certain values of the input. In this 


undefined. Hence 1 has no image under this function. 
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Example 3 
F(x) = x + x—1. If F(x) = 5, find the values of x. 


F(x) = 5 is the equation x? + x -1 = 5 i.e. x + x — 6 = 0 which we can solve for the 
values of x. 


r+x-6=0 
(x + 3)(x-2)=0 


Hence x = -3 or x = 2. 
These are the two values of x which have an image of 5. 
Check by finding Ε(--3) and F(2). 


DOMAIN AND RANGE 


There are special names for the sets of inputs and outputs. The set of inputs is called the 
domain and the set of outputs the range. 

Fig. 3.5 shows the domain and range for the function f(x) = (1 -- x)*. The domain is the 
set {-1, 0, 2, 4} and the range is the set {1, 4, 9}. 


Fig. 3.5 


The domain can be any set of numbers which have images. It could be just a few 
selected numbers or all positive numbers or all real numbers, etc. If it is not specified it 
is taken to be all real numbers. However, as we saw in Example 2, some numbers may 
have no image and these must be stated. They are excluded from the domain. 


Example 4 
State the domain for the function f(x) = L. 


Every real number will have an image under this function except x = 0. So the domain 
will be (all real values of x, x # 0}. 


This is often briefly stated as f(x) = i, x#0. 
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Example 5 


State the domain for f(x) = vx, (positive root). 


Every positive number and 0 will have a square root but negative numbers will not. 
These must be excluded. So the domain is {all positive numbers and 0} or just x 2 0. 


Example 6 


What values of x must be excluded from the domain of the function 


fixy= =tth, ? 


This function will always produce an image except when x* + x -- 2 =0 or 
(x + 2) ἃ -- 1) = Oe. when x = -2 or x = 1. 

These values must be excluded from the domain. 

Hence the domain is {all real values of x, x # —2 or 1} 


Exercise 3.1 (Answers on page 608.) 


1 For each of the following functions, find the images of —3, -1, 0, 1, 2, 4: 


(a) f(x) =? -x-5 ὦ) gx) = ει) 
(©) πο) = 234 (ὦ F(x) = (x + I) - 2) 


2 What value of x must be excluded from the domain of the function in Question 1 
part (c)? 
3 State the values of x which must be excluded from the domains of the following 


functions: 
(a) fix) = 35 (b) g(x) = ἐξξ 
(Ὁ ha) = = (@) Fa) =3- 2, 


4 f is the function ‘square x and add 2’. 
(a) Write f in the form f(x) = ... 
(b) Find f(1), f(-1), f(0). 
(c) If f(x) = 27, find the values of x. 


5 F is the function ‘add 2 to x and then square’. 
(a) Write F in the form F(x) = ... 
(Ὁ) Find F(1), F(-1), Ε(0). - 
(c) If F(x) = 25, find the values of x. 
(4) Is this the same function as f in Question 4? 


6 If f(x) = 3x + 2, what is the value of x which is mapped onto 8? 
7 A function such as f(x) = 5 is a constant function. State the values of f(0), f(-1) and 
f(5). 
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8 The function E, where E(x) = 2", is an exponential function. 
(a) Find the values of E(1), E(2) and E(5). 
(b) If E(x) = 16, state the value of x. 


9 f(x) = 243 
x-l 


(a) What value of x must be excluded from the domain of this function? 
(b) Find the positive value of x for which f(x) = x. 


10 If f(x) = xs find the values of x for which f(x) = 2x to 2 decimal places. 


x+2? 
11 Given that g(x) = 7 - 4x -- 6 solve the equation g(x) = x. 


12 Given that f(x) = x -- 4x + 1 solve the equations 
(a) f(x) Ξ χ -- 3, (0) f(2x) = 13. 


13 For the linear function f(x) = ax + b, where a and b are constants, f(-2) = 7 and 
f(2) = —1. Find the values of a and ὁ. 


14 f(x) = ax + bx +c, where a, b and c are constants. If f(0) = 7, what is the value of c? 
Given also that f(1) = 6 and f(-1) = 12, find the value of a and of b. 


15 For the function f(x) = px? + gx + r, where p, 4 and r are constants, f(0) = 4, f(-1) = 
8 and f(-2) = 18. Find the values of p, 4 and τ. 


16 F(x) = x? -- 2x. What values of x have an image of 15? 
17 The function ἢ is given by h(t) = 71 -- 2?. Find the values of t whose image is 5. 


18 f(x) = 7, 
(a) Find f(2) and f(4). 
(b) Find x if f(x) = 0. 
(c) What values of x must be excluded from the domain? 


19 The number of diagonals in a polygon with ἢ sides is given by the function D(n) 


— πίη - 3) 
= eons 


(a) State the domain of this function. 
(b) Find the number of diagonals in polygons with 4, 5 and 10 sides. 
{c) If D(n) = 20, find the value of n. 


20 The domain for the function f(x) = 2x7 + 1 is {-2,-1, 0, 1, 2}. 
Find the range. 


21 The domain of the function f(x) = at! is (0, 2, 4}. 
Find the range of the function. 


22 If the-range for the function g(x) = x? — 2 is {—2, -1, 7], find the domain. 
23 The range of the function f(x) = 1 -- 2 is {-1, 2, 4}. Find the domain. 


24 S is the function Six +——» sin x°, 0 <x « 180. 
(a) Find (correct to 2 decimal places) S(30), S(50), S(120). 
(Ὁ) If S(x°) = 1, what is the value of x? 
(c) State the range of S. 
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25 Functions f and g are given as f(x) = x* -- x and g(x) = 2χ -- 3. 
(a) Find f(0), f(-1), g(0) and g(-1). 
(Ὁ) If f(x) + g(x) = 3, find x. 
(c) If f(p) + g(-p) = 1, find p. 
(d) If f(z) = g(z) + 1, find z. 


26 Given that f(x) = x° -- 3x + 6 and that g(x) = x + 6, solve the equations 
(a) f(x) = 2g(), (b) f(x) = g(2x), (c) f(2x) = g(x) - 3. 

27 If f(x) = aH , find the value of k (other than k = 1) such that f(k) = f(1). 

28 Given the function f(x) = x? -- 3x — 2, express f(2a) — f(a) in its simplest form in terms 
of a. 


29 fox -—e C-x+3 
Find f(p), f(—2p) and f(p — 1) in their simplest forms. 


30 If f(x) = 3x + 1, find f(a), f(b) and f(a + b). 
Is f(a + δ) = f(a) + f(b)? 

31 If f(x) =x + x — 3, find f(x + h) where A is a constant. 
Hence express resi) in its simplest form. 


32 If f(—x) = f(x), f is called an even function, but if f(—x) = -f(x), f is called an odd 
function. Which of the following functions are even, which are odd and which are 
neither? 

(a) 2x (Ὁ) 3x2 ( # 
(d) 1-x (e) + (#0) (ΘΟ x- + («#0) 


GRAPHICAL REPRESENTATION OF FUNCTIONS 


A simple way of illustrating a function graphically is to use two parallel number lines, 
one for values of the domain, the other for the range. Fig. 3.6 shows the function 
f(x) =x-2,x=-1, 0, 1, 2, 3, 4. An arrowed line joins x in the domain to f(x) in the range. 


-1 0 1 2 3 4 


ZO 


-3 -2 -1 0 1 2 3 4 


domain x 


range f(x) 


Fig. 3.6 


Example 7 


Ilustrate the function f(x) = x* - x +2 on two number lines for the domain 
{-2,-1, 0, 1, 2, 3}. 


Verify that the range is {2, 4, 8}. Fig. 3.7 shows the result. 


-2 -1 i 


2 4 


domain 


This method is only suitable if the domain consists of a few values. If the domain 
was all real numbers for example, it would be impossible to show all the arrowed lines. 
Furthermore, the pattern of the arrowed lines gives no idea of the type of function. 


A far better method is to use a Cartesian graph, with which you are already familiar. 
Here we use two perpendicular lines, the x-axis and the y-axis (Fig. 3.8). Values of the 
domain are placed on the x-axis and the range on the y-axis. Then x and its image f(x) give 
the coordinates (x,y) of a point. If sufficient points are plotted and joined up, we have the 
graph of the function. y = f(x) is the Cartesian equation of the curve. 


Fig. 3.8 


Using this method of representing a function, we find that the graphs of various 
kinds of functions have characteristic shapes. Hence functions can be recognized from 
their graphs. 
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Common Functions And Their Graphs 


Fig. 3.9 shows the graphs of some common functions. 


y y 
rs) y ο ᾿ 
(0) Two quadratic 
(a) Linear function functions 
y, 
x 
9 (d) Sine 
.. 3. (c) Exponential 
aod ΠΡ function 


(a) is a linear function such as y = -3x + 4. 

(Ὁ) shows two quadratic functions such as y = x° — x + 4 (upper graph) and 
yH2-x-x. 

(c) is an exponential function such as 2". 

(d) is the graph of y = sin x (see Chapter 7). 


Example 8 

Which of the graphs in Fig. 3.10 is the graph of a function? 
y 

γ 


Miia 
EY 
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Fig. 3.10 


For a function, each value of x in the domain must give just one and only one value of 
y. If there is more than one value of y for the same value of x in the domain, the graph 
does not represent a function. 


(a) is not the graph of a function, as there are 2 values of y for each value of x. 

(b) is the graph of a function. 

(c) is the graph of a constant function y = 3. The domain is the set of all real numbers 
but the range is just 3. 

(d) is the graph of a function provided x = 0 is excluded from the domain. 

(e) is the graph of a function for the domain {—3,—2,-1,0,1,2}. The graph consists only 
of the points marked and these must not be joined up. The range is {2,1,0,-1). 
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GRAPHS OF TRANSFORMED FUNCTIONS 


Example 9 


Fig. 3.11 shows part of the graph of a function y = f(x). Sketch the corresponding 
parts of the functions (a) y, = -f(x), (δ) y, = f(-x), (c) y, = 2 + f(x), (d) y, = 3 - f(x), 
(e) y, = f(x +1), (ἢ... = f(x - 2). 


Fig. 3.11 


(a) For each value of x, y, = —y. So the graph of of y, is the reflection of y = f(x) in 
the x-axis (Fig. 3.12(a)). 
Points where y = f(x) meets the x-axis are unchanged. 


Fig. 3.12(a) 
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(Ὁ) When x =a, y = f(a) and y, = [(-α). 
Now f(-a) is the value of y when x = ~a. For example when x = 2, the value of y, 
is the same as the value of y when x = --2. 
So the graph of y is reflected in the y-axis to produce the graph of y, (Fig. 3.12(b)). 
Points where y = f(x) meets the y-axis will be unchanged. : 


Fig. 3.12(b) 


(c) Here 2 is added to each value of y. 
So the original graph is shifted upwards through 2 units (Fig. 3.12(c)). 


Fig. 3.12(c) 
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(d) ν, Ξ 3 - [Ὁ} =3 τ. Cy) Ξ.3 +, 
So the graph of y, is shifted upwards through 3 units to obtain the graph οἵ y, 


(Fig. 3.12(d)). 


-4 -3 -2 -ὉἸ 


Fig. 3.12(d) 


(e) Suppose x = 1. Then y, = f(1 + 1) = f(2), which is the value of y when x = 2. 
Again when x = 3, y, = [3 + I) = f(4), which is the value of y when x = 4. 
All the values of y have been shifted 1 unit to the left to obtain y, (Fig. 3.12(e)). 


y= tx) 


-— 


Tt 
4 
΄ 
γ, = «τ» 
/ 


~2 


Fig. 3.12(e) 
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(ἢ You will be able to work out that y, is the original curve shifted 2 units to the 
right (Fig. 3.12(f)). 


a 


/ 
LY, = Mx-2) 
/ 


" 1 * 


Fig. 9.12(f) 


It would be useful to summarize such transformations of the graph of a function 

y = f(x). 

¢ y=-f(x) is the reflection in the x-axis. 

“γε f(-x) is the reflection in the y-axis. 

* y =a + f(x) shifts the graph through a units upwards if a is positive, and 
downwards if a is negative. 

* y= f(x + a) shifts the graph through a units to the left if @ is positive, but to the 
right if a is negative. 


Exercise 3.2 (Answers on page 609.) 
1 Which of the following are graphs of functions? 


γ y 


(a) (b) 
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2 Each of the diagrams in Fig. 3.14 shows ρατὶ of the graph of a function f(x), Copy each 
diagram and sketch the corresponding parts of 
(i) y, ἊΝ f(-x) 


(ii) y, = f(x - 1) 
(iii) y, = f(x + I) 


(iv) y, = 1+ f(x + 1) 


γ 


(a) 


Fig. 3.14 {c) 


3 On another copy of the diagrams i 
in Fig. 3.14, sketch the corresponding — _ 
parts of 
(Ὁ y, = f(x - 2) 

(ii) y, = 2 — f(x - 2) 
(iii) y, = ΚΙ -ἢ 

4 Fig. 3.15 shows part of the graph of 
y = f(x) with three graphs denved 


from it. State y,, y, and y, in terms 
of f(x). 


Fig. 3.15 


5 The domain of a function f(x) is --Ἰ to 4 inclusive. What would be the corresponding 
domain for the following? 
(a) y, Ξ ((-) (Ὁ) y, = f(x - 2) 
(c) y, =f +1) 


6 The range of the function y = f(x) is 0 to 5 inclusive. What is the corresponding range 
for the following? 
(a) y, =-f(x) (Ὁ) y, = 1 + f(x) 
(c) y, = f(x - 3) (d) y, = f(x) -3 


THE MODULUS OF A FUNCTION 


If y =x, the values of y are negative when x is negative. They can be converted to positive 
values by using the modulus y = |x|, read as ‘y = mod x’. |x] gives the numerical or 
absolute value of x. For example [--3.5] = 3.5. It does not alter 0 or any positive number: 
[0] =0, [2] =2etc. [xl is never negative. 


So we define the modulus of x as 


Similarly the modulus of a function f(x) written ΠΩ} is the numerical value of f(x). 


Example 10 

State the values of | 1 —x | for x = -3, 2, 4. 
When x = -3, |1 —x| = [143] =4. 
Whenx=2, [1-x| = |1-2] =1. 
Whenx=4, |1-x| =|1-4] =3. 


Example 11 
f(x) = x2 — x -6. Find the values of | f(x) | for x = -1, 0, 2, 4. 
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Example 12 
What is the least value of x if | 2x — 3 ] = 2x -- 3? 


| 2x - 3 | will be equal to 2x -- 3 if 2x — 3 is Ὁ or greater than 0. Hence the least value 
of x will be when 2x — 3 = 0, ie. when x = 13, 


Example 13 
Draw the graph of y = |x -- 1 | for the domain -2 < x < 3 and state the range of y. 


-2 $x 53 means that x can take any value between —2 and 3 (inclusive). 
We make a table for the integer values of x: 


Plotting the points given by x and y, the graph is seen to consist of the two lines AB 
and AC (Fig. 3.16). The range is 0 < y $3. 
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However, if we extend BA to D (shown dotted) where D is (--2, --3) we see that the part 
AC is the reflection of AD in the x-axis. So a quicker method of drawing the graph is 
to draw y = x — | for the given domain first and then reflect any negative part in the 
x-axis, 


To draw a graph of the type y = | f(x) |, draw y = f(x) first and 
then reflect any negative part in the x-axis. 


Example 14 


Draw the graph of y = [2 —x | for the domain --ἰ < x $ 3 and state the range of y. 
Draw the line y = 2 -- x first (Fig. 3.17). (The negative part is dotted). 


Fig. 3.17 


Then reflect the negative part in the x-axis. 
The graph consists of two lines meeting on the x-axis where x = 2. 
The range is Ὁ < y $ 3. 


MODULAR INEQUALITIES 


Suppose we know that | x | > 3. Suggest some values that x could take to satisfy the 
inequality. 

From the definition of a modulus, | x | > 3 means that either x > 3 or τὰ» 3. -1 > 3 
means that x < --3 (dividing by --] and reversing the inequality sign). So the range of x is 
x <-3 or x > 3. We can show the range on a number line: 


-3 3 x 
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x must lie on the thick lined parts. o means this value is excluded. 


So if |x | >k thenx <-k orx >k. 


Next suppose | x | <3. Then x <3 or -ὰ <3 ive. x >-3. Hence x lies between -3 and 3 
(not inclusive) and we write —3 < x < 3. 


᾿ -9 3 
On a number line we have + en τ΄  ὕ-[{ 
x 


So if | x | <k then-K<x<k. 


These rules apply also to linear and quadratic functions. 


Example 15 


Find and show on a number line, the range of values of x if (a) /x τ 1 /> 4, 

(Ὁ) 71 -2x /<5. 

(a) From the above, if | x + 1 | > 4 then x + 1 <—4 or x + 1 > 4. Hence 
x<-—Sorx> 3. 


a a eel 
-5 3 x 


(b) If | 1 - 2x | <5 then - < | -- 2x < 5. Taking each part, -5 < 1 -- 2x gives 
-6 $-2x or 3 > x i.e. x <3; 1-2x 55 gives -2x $ 4 ie. x 2-2. 


So-2sxs3 
-2 3 


In this case the @ means the value is included (due to the < sign) 


Exercise 3.3 (Answers on page 610.) 


1 State the values of 
(a) |-6| (b) |- 3] (c) |cos 120°] (ὦ) [3 - 6? | 


2 By testing with x = —3, 0, 2 verify that | 1—x|=|x-1|. 
3 What is the least value of x for which | 2x -- 1 | = 2x - 1? 
4 For what domain will the graph of y = | 3 — x | be the same as the graph of y = x - 3? 


5 Find and show on a number line the range of values of x which satisfy the inequalities: 


(a) | 2x-3]>5 (b) [234] <4 
© |= -|22 @ |1- 3] <3 
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6 For the domain —3 < x < 4, draw the graphs of 
(a) y=|x| (b) y=[x+1] (c) y=-|x-2| 
(d) y=| 2-1 (e) y=|3-x] 
7 State the range for each of the functions in Question 6. 
8 Using the graph you have drawn for part (a) in Question 6, add the graph of y=—| x |. 
9 On the same piece of graph paper, draw the graphs of y = | 3x | and y = |x -- 3 for 
the domain --2 < x < 3. Hence solve the equation | 3x | = |x -- 3 |. 
10 By drawing two graphs, solve the equation |x -- 1] =|] 2-5 |. 
(Take 0 $ x $7 as domain). 


11 The range of the function y = |x -- 1 | is 0 < y < 3. Find a possible domain. What is 
the widest possible domain? 


12 The domain of the function y = | 2x — 3 | ends where x = 2. If the upper limit of the 
range is 7, what is the least value of the domain? 


13 Draw the graph of y = | x— 1 | for the domain -1 < x < 2. Now add the graph of 
y =2-|x-1 | for the same domain. State the range of this function. 


THE INVERSE OF A FUNCTION 


Fig. 3.18 shows the mapping of the domain {—3, 0, 1, 2} by the function 
f:x +——» 3x -- 2. Verify that the range is {-11, -2, 1, 4}. 


2 
Fig. 3.18 Domain -«------- Range 


Is there a function that will map the range back to the domain? 


The function f in Fig.3.18 mapped x onto y where y = 3x -- 2. Now we wish to start with 
y and return to x. If 3x -- 2 = y, then x = ue? 


So this new function will map y onto ve? 
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Testing this with y=-11, we get ae =-3 which is the original value of x. Check the 


other values. 

Such a function, if it exists, is called the inverse function of f and is written as f-'. 
(Read this as ‘inverse Γ᾽.) It is usual to take x as the ‘starting’ letter so we have 
Flix ἐστ At Z, 
Summarizing, 


function fix +-——» 3x — 2 and inverse f!:x itd, 
It then follows that the inverse of f' is f. 


Example 16 


Find the inverse function to fx ~——» ἔξ. 


f maps x onto y where y = Ss. 


Make x the subject of this equation. 

ἐπ =ysox—3=2y and x=2y +3. 

Hence Γ᾿: y +——» 2y +3. 

Changing to the usual letter x, fs x +——» 2x + 3. 


Suppose —4 was a value in the original domain. Then f will map this onto 3}. f will 
now map this value onto 2(—3} ) + 3 =—4, which is the original value. Repeat this check 
with other values of x, say 0, 1 and 5. 


Example 17 
x+p 


Given the function f :x }——» <3 (x #3), where p is a constant, 
(a) find the value of p if f(5) = 14, 
(b) find ! in a similar form, 

(c) state the value of x for which ' is undefined. 
a) (5) = S22 212 

(a) f(5) = 323 Is 


Then 5 + p = 3 and p=-2. 
(Ὁ) From (a), f(x) = 4=$ ie. y= ἀξξ 
or yx ~ 3y = x -- 2, and x(y -- 1) = 3y - 2. 
3y-2 


Hence x = τὸς τὶ 


3r-2 

αι 

(0) Γ᾽ is undefined for x = 1. (This means that there is no value of x in the original 
domain which had an image of 1. So | does not exist in the range and therefore 
cannot be used). 


Therefore ΕἸ: x -+—» 


Example 18 


Find the inverse of f :x }-—-» 3-.x. 


f maps x onto y where y = 3 — x. 

So x = 3 -- y and the inverse function will be f':.x +——» 3 -.x, which is the same 
function as f. 

Check this by taking x = 3, —-1 and 5. 

Such a function f is called self-inverse, i.e. it is its own inverse. 


Functions With No Inverse 


Some functions do not have an inverse. Take the function f : x +——» ° (Fig. 3.19). 


Fig: 3.19 


Two arrows arrive at 1 in the range. An inverse would have two paths to return from | to 
the domain and so could not be a function. There is no inverse function. 

An inverse function can only exist if the original function is a one-to-one function 
(Fig. 3.20(a)), ice. there is only one arrow reaching each member of the range. There will 
be no inverse if the function is a many-to-one function (Fig. 3.20(b)), i.e. more than one 
arrow reaches some members of the domain. 


one-to-one many-to-one 
(a) (b) 
γ 
> 
>< [ 
i _—— 
Fig. 3.20 ; 
has inverse no inverse 


The inverse function Γ᾿ exists only if f is one-to-one. 
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Graphical Illustration of an Inverse Function 


Verify that the inverse of fsx -——» 21 - 3 is fsx -—» 243. 
Now draw the lines 
y=2r-3 (i) 
and yn? (i) 


on graph paper (Fig. 3.21). Add the line y = x (shown dotted). 


Fig. 3.21 


How do the two lines (i) and (ii) appear in relation to the line y = x? 

Consider the point where x = 4 (point A) on (i). The image of 4 from f is 5, so the 
coordinates of A are (4,5). : 

Now if we take x = 5, its image in Γ᾿ will be 4. This gives point A’(5,4) which lies 
on line (ii). 

The gradient of AA’ is —1 so AA’ is perpendicular to the line y = x and the midpoint 
of AA’ (44, 4!) lies on the line y =x. Hence A and A’ are reflections of each other in the 
line y =x. 

We can repeat this for any other point. The coordinates will be interchanged by the 
inverse function, so the two points are reflections of each other. Hence lines (i) and (ii) 
are reflections of each other in the line y = x. You can also test this by folding the graph 
paper along the line y = x. 


The graphs of y = [() and y = f'(x) are reflections of each other in the line y = x. 
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Exercise 3.4 (Answers on page 611.) 


1 Find the inverses of the following functions in the same form: 


(a) fix -—* x (b) frx H—» x+2 

(c) f:x H—» 2r-1 (d) gix "τα 3x44 

(Ὁ f:x τ 244 (Ὁ Τὰ -—e 9-x 

(6) fix -— 2x-5 (h) fix +—-» 8-2x 

(i) J dena 5} G) hix ee (x #0) 
(k) fsx pre τῆτ (x #-1) (Il) Fix --- 3 vanes 
(πὸ f 2.x --—» tat (x #2) (n) hix "--- a ! (x #3) 


2 Which of the functions in Question | are self-inverse? 


3 Given f':x +——» 2x ~3, find f in the same form. 


4 Iff':x ——» + 5 3 , find f in the same form. 


5 {:x +-——®» a — x, where a is a constant, is a sclf-inverse function. Given that 
f'(4) = 3, find the value of a. 


6 Given the function ἢ : x -—-——» + (x #4), find the value of h-'(-3). 


At 


7 Given the function g : x -——* 3 (x #-2), find g"(-1). 


8 Given the function ἢ: χ γος 14 # 1) and that (2) = 5, 
find (a) the value of d, (ὃ) Γ΄". 
What can be said about this function? 


A+! where r and s are constants and f(4) = 6, f(-1) = - }. Find 


(a) the values of r and s, 

(b) the value of x for which f is undefined, 
(c) Γ΄ in the same form, 

(d) the value of x for which Γ΄ is undefined. 


10 Fig. 3.22 shows part of the graph 
of a function y = f(x). Copy the 
diagram and sketch the graph of Γ΄. 


9 f:x ——e 


Fig. 3.22 
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11 On graph paper, draw the graph of f : x +—-» 3 — x. Construct the reflection of this 
graph in y =x. Explain your result. 


12 (a) Find the inverse of [:χ -—» oo 


(b) On graph paper,draw the graph of y = © a : 
({c) Construct the reflection of the graph in part (b) in y = x. Show that this is the 
graph of Γ΄. 


x+3 forx20 


13 The function f is defined as Γ: χ --—e { oe tiered 


Sketch the graphs of f and f"'. 
14 Copy Fig. 3.23 and sketch the inverse of the function y = f(x). 


y= f(x) 


Fig. 3.23 


15 (a) If f(x) Ξ 3 ae , Solve the equation f(x) = x. 
(b) Draw the graph of f(x) for ἢ Sx<2. 
(c) Add a sketch of the graph of Γ΄") for -1 < x < 2. 


Composite Functions 


Consider the function f: x +——» 2x - 3 (Fig. 3.24). 4 is mapped onto 5. 


x ——__——> {(x) 


Fig. 3.24 


Let g be another function such that g:x +——» x+ 1. 
We now use g on f(4) to obtain g[f(4)] = 6. So 4 has been mapped onto 6 by f followed 
by g (Fig. 3.25). 


χ--π--- (ὦ ——— offl)] 


an ee ed 


Can we find a single function h which combines f and g? 

x is mapped onto 2x -- 3 by f and this is the starting value for g. So g maps 2x -- 3 
onto (2x -- 3) + 1 = 2x -— 2. Hence h: x +——» 2x -- 2, If x Ξ 4, the final result is 6 as 
we have seen. ἢ is called the composite (or combined) function g[f(x)} which we write 
briefly as h aii 

first 


second 


Fig. 3.25 


Note carefully that the first function is written on the right. 
Now suppose we do g first, followed by f, i.e. fg. 


χε χει, wre t)-3=2r-1 
fg 
The result is different. fg is not the same function as gf. We say the combination of 


functions is not commutative, i.e. the order in which they are done is important and 
cannot (in general) be interchanged. However for some values of x, fg may be equal to gf. 


NB: Take care! fg does NOT mean f x g when dealing with functions. 


Example 19 
If fsx -——® 2x — 3, find (a) f' and (b) Γ΄. 
(a) y=2x-3s0x= > 


Therefore Γι :.x "--- wt 


(Ὁ) ΕἾ means that we do f first, Γ᾿ second, 
x ft 2χ.-- 3 Pa cole ἦσ- δε: =x 


So f'f sx -—» x 
i.e. ΓΙ) =x 


Verify that ΠῚ gives the same result. 
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Part (Ὁ) above is an example of an important result: 


This follows from the definition of the inverse function. f maps x onto the range giving 
f(x). Γ᾽ operates on f(x) to return to the original element x. So f'f(x) =x. Similarly, if we 
start from the range, ff'(x) = x. 


Example 20 
If fx +-—» χ and g : x +}—»x ~ 1, find in a similar form, (a) fg and (b) gf. 
(a) fg is g first, f second. 
x pBex-] rte (x 1) 
So the combined function fg is fg : χ *+——» (a -- 1). 
(b) gf is f first, g second. 
xptLere Bex 
The combined function gf is x? -- 1. 
Note that fg + ef. 


Example 21 
Functions f and g are defined as 
ἔχ -—> say and g :x }-——» 3x -2. 


Find (a) fg, (b) gf, (c) (fgr', (d) (6. 
(e) For what value(s) of x is gf = fg? 


(a) xr-Bex-2--Le = ea = τὸ τ 


. 2 1 
Hence fg x t+——e 377 x ¥ τ. 


.--ὃ - 3(:-2:)- 2= 


ὦ) x Le 2 


Hence gf : x +-— “τῶ χα-. 


(c) (fg)"' is the inverse of the aac function fg. 
Now fg maps x onto y = 7— a4 from (a). 
So 3xy - y=2 
i.e. 3xy = y + 2 giving x = 13, 


Hence (fg)! : χ ε----ς Χο os 


(d) (φῦ is the inverse of gf. 
Verify that (φῦ "τὰ -—e» 454, x#-2. 


(e) If gf = fg, then ὅ-ἢ = go 4-1. 
So 2x + 2 = (3x -- 1)(4 -- 2x) Ξ -ἀχ + 14x - 4 or 6 -- Ι2χ +6 =0. 
Then x7 -- 2x + 1 =0 or (x -- 1)(x- 1) = 0 giving x = 1. 
This is the only value of x for which gf = fg. 


Example 22 
Using the functions f and g in Example 21, find f' and ν΄". Show that (fg)! = g'f". 
Suggest and test a similar result for (gf)". 

Verify that f-!: x ~—e 225 and κ᾽: x ~——» 1+2 


3 


From (c) in Example 21, (fg)"': x -—> τες, 


ar =x 
gf" is given by x fe ἐξα μξ.. omnes 
Hence (fg)! = gf". 
So the inverse of fg is the inverse of f followed by the inverse of g. This suggests that 
(gf)! = f"'g"'. Show that this is correct using (gf) from Example 21. 


The results of Example 22 are true in general: 


Example 23 
Given that f : χ μῶν a (x #-2), find in a similar form (a) f?, (b) [', (c) ff and 
deduce an expression for f°. 


(a) f? means ff, i.c. f done twice in succession. 


4 


+ x#-2,-3 


ἘΣ ~ xe2e+4 ἀπ 
(b) f* means f? followed by f. 
So £%(x) = ΠΡΟ} = = 


τ 
hea 2 


(©) ΓΤ =f1P@)] = 2. = 
ste 
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Studying the pattern, the numerator is always x. The denominators are 3x + 4, 7x + 8, 
15x + 16 so the next denominator will be 31x + 32. 


8 16 32 
7.15. 11" 


Pisx-—e πεεβ, χε -2, τῇ, - 


Example 24 


Iffx +—» ax +b (a> 0) and [2 : x +—— 9x -- 8, find (a) the values of a and b, 
(b) f, (c) fF. 
(d) Deduce f 


(a) We first find [2 in terms of a and b. 
x Le a+b fee afar + b) + b= ax +ab+b 
But this is 9x - 8. 
Hence a? = 9 which gives a = 3 (since a > 0) and ba + b = -8 so b = -2. 
(b) F(x) = ΠΟ] = 39x -- 8) — 2 = 27x - 26 
(c) f(x) = ΡΙΡΟῚ] = 99x — 8) -- 8 = 81χ -- 80 
(d) The pattern in these results is: 


ff: 9x-8 -π332.-- (3 .--ὄ 
P: 27χ-- 26 = 33x -- (3 -- 
f: 81χ -- 80 34 -- (3*- 1) 
so we can deduce {παι} = 3*x -- (3° -- 1) = 243x -- 242. 


Example 25 


Given f 2x ——~-» 2x — 5, find a function g such that fg : x +——» 6x -- 1. 


| Clearly g must be a linear function as no squares appear in fg. 
Take g as .x |——» ax + b. 


Then fg χ τα 2(ax + b) - 5 = 2ax + 2b-5. 

But this must be identical to 6x — 1. 

Then 2a = 6, giving a = 3 and 2b — 5 =~1, giving b = 2. 
Hence g : x +}——» 3x +2. 
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Example 26 


Express in terms of the functions f : x t+-—-» x + 3 and g:x +-—> ¥, 
(a) xe + 3, (b) x2 + 6x + 9, (c) x + 6, (4) χ + ὄχ + 12, (e) P - 6x τ 9. 


(a) This is fg. 
(b) Note that x? + 6x + 9 = (x + 3)*. f gives (x + 3). g gives the square. So this is gf. 
(c) Here g is not involved as there is no square. Try ff. 


(d) Note that x? + 6x + 12 = (x + 3)? + 3. We get (x + 3) from gf. 
If we now use f, we obtain the result. The answer is therefore fgf (first f, then g 
and lastly f again). 


x? — 6x + 9 = (x — 3)?. Now f does not produce (x — 3) but Γ᾿: χ +-—— x - 3. 
Hence the answer is gf". 


Exercise 3.5 (Answers on page 613.) 


1 Using the functions f : x +——» x +2 and g: x +——» x- 3, find in the same form 
(a) fg, (b) gf, (c) ff, (d) gg. 


2 S:x +——» sin x° and T: x +——» 2x are two functions. 
Find (a) ST(20), (b) TS(20). 


3 Taking f : x H+——» x + 2 and g : x +—» 3x — ], find (a) fg, (Ὁ) gf, (c) fy 
(4) ε΄", (e) Γ', (ἢ gf. 
4 Iff:x +—» x + 1, find (a) f*, (b) f° and deduce (c) f*, (d) f (e) Γ'. 


x-3 


5 Taking the function f as f:x t——-» <--> , x #-2, find (a) Γ΄, (b) f, (c) ([}"". In 
each case, state the values of x which must be excluded from the domain. 


6 If f : x +—» x - 2 and g: x |} x + 3, find (a) fg, (Ὁ) gf. 
For what value of x is fg = gf? 


7 Given that g:x }——» x+2andh:x + 
gh =hg. 


» x° — 3, find the value of x for which 


8 For the functions f : x +——» x - 4 and g : x |} 3x — 2, find similarly (a) Γ΄, 
(b) 5", (c) fg, (d) (fg). 

9 Functions f and g are defined by x +——» 2x + 1 and x +——» | - 3x respectively. 
For what value of x is fg! = f'g? 


10 Functions f and g are defined as f :x +—» a and g:x ι----- 1 (x # 0) 


respectively. Find similarly (a) fg, (Ὁ) g-'f, (c) f'g"'. In each case, state the values of 
x which must be excluded from the domain. (d) For what values of x is g'f = Γ᾽ ρ΄} 


11 The functions f and g are defined as f : x -——» 3x+2andg:x +-—» 1 (x#0). 
Find similar expressions for (a) fg, (Ὁ) gf, (c) f'g, (d) gf'. In each case, state the 
values of x which must be excluded from the domain. 

Find the value(s) of x for which (ec) fg = ef, (ἢ f'g = gf'. 
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12 Given f:x εκ 1-1, x 0, and g:x -—> 


gf(x). Hence state the inverses of f and g. 


x #1, find fg(x) and 


pee ἘΠΕ 
l-x’ 
13 f is the function that maps x onto z+ : απ). 

(a) Show that f is self-inverse. 

(Ὁ) Find f?. 

(c) Show that f = f. 


14 f: x +—~» ax + b (a, b constants) and g : x +——» 2x + 3 are two functions. 
(a) If fg = gf, find a relation between a and b. 
(b) Given that Γ (7) =—-1, find the values of a and b. 


15 If f maps x onto 5 — 5 and g maps x onto 2x + 1, show that fg and gf are both self- 
inverse. 

16 f:x -—e ΞΞ xe 
(a) Find f?. State the value of x which must be excluded from the domain. 
(b) If f(x) = —1, find the value of x. 


17 If f(x) = — : να ᾧ --Ξ, find f and f*. In each case, state the values of x which must 


be excluded from the domain. Solve the equation f(x) = 1. 
18 f:x +——» 3x + |. Find a function g so that gf: x -——» 3x +2. 
19 If f: x +—» 2x + 3, find a function g so that fg : x +——» 2x-1. 


20 Express the following in terms of the functions g : x t-——-——» x +2 andh: x 1-———» 3x. 


(a) x +—» 3x+2 (Ὁ x +—» 3x +6 
(c) x +—e x+4 (d) x +—» 3x+ 12 
(Ὁ) x -—> 9x (ἢ χι---σθχε2 
(g) x +—»x-2 (h) x +— 3x-6 


21 Given f: x +—»x + 3 and g: x +——» x — |, state the following in terms of f 
and g. 


(a) x +—» +2 (b) x H—e 2 + 6x48 
(Ὁ) x +—» x+6 (d) x -—» x? + 12x +35 
(e) x +—> χ -ἀχ +8 (Ὁ x +—e e-4 


22 Given f : x +—» vx (positive root) and g : x +——» x + 2, express the following 
in terms of f and g: 


(a) x -—» Vx4+2 (b) x HW» Vx+2 
(c) x H—e x44 (d) x -—» Vx44 
(e) x +—» Vx-2 (f) x pe tat 4 
{g) x -—» xr -4r4+4 (h) x +—» + 8x + 16 


23 If f:x +—-» x—3, what is the function g which makes gf : x +——» x — 6x + 10? 


24 f:xt-—+ 2+ sxe 1, and g : x + —»= x + 4, Find the inverse of fg in a similar 
form. 


25 f is given by f: x +—»= aa (x # 3). Find (a) f*, (Ὁ) f*, (c) Γ΄. Deduce f°. 
In each case, state the values of x that must be excluded from the domain. 
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SUMMARY 
@ A function f maps an input x (domain) onto a unique image y (range). 
fix -—> y= f(x) 


@ y= f(x) is the equation of the graph of the function. 
= ~f(x) is the reflection of y = f(x) in the x-axis. 
y = f(-») is the reflection of y = f(x) in the y-axis. 
y =a + f(x) shifts the graph upwards through a units if a > 0, and 
downwards if a < 0. 
y = f(x + a) shifts the graph through a units to the left if a > 0, and to the 
right if a « 0. 


Φ Modulus of x: |x| =x for x Σ 0, 
= -x for x < 0. 


@ If |x|>k,thenx<-korx>k; 
if | x | <k, then-kKex<k 

Φ To draw the graph of y = | f(x) |, first draw the graph of y = f(x) and then 
reflect any negative part in the x-axis. 


@ If f is one-to-one, the inverse function f exists. 
ff"(x) = ΓΙ) =x 


If f =f", f is self-inverse. 
The graphs of y = f(x) and y = f-'(x) are reflections of each other in the line y = x. 
Functions may be combined, but the order is important. 

ef:x Le τῷ 8+ gifix)) 

second —) Le first 
fg:x -s g(x) nie flg(x)] 
@ f* means ff, and so on. 

(fg)! = gf"; (gf! = fig" 


REVISION EXERCISE 3 (Answers on page 614.) 
A 


1 f:x +—~+» 21 -- 3. Find the domain of x if —5 < f(x) < 3. 


2 fis a function given by f : χ -—» --- » (63), 


(a) Find f'. 
(Ὁ) State the value of x for which ©! is undefined. 
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3 (a) Solve these inequalities and show the results on a number line for each one: 
ὦ | 4x-3] 22 (i) | - ἃ] <4 
(Ὁ) Given that | αχ +b | <5 where a and ᾧ are constants and that —4 < x < 1, find the 
value of a and of b. 


4 On the same diagram, sketch the graphs of 
(a) y=|x-2 
(Ὁ) y=2|x-2 
(c) y=2-| x-2 | for the domain -2 <x < 4. 


5 On graph paper, sketch the graphs of 


(a) y=|x+1I, 
ὦ) y=|3-x]. 
Hence solve the equation | x + 1 | = | 3 —x |. 


6 Fig. 3.26 shows part of the sal of y= ἴω, Copy the seems and add the graphs of 
(a) y, = {(-x), 
(b) y, = ἴὰ -- 1), 
(c) y, = f(l —x). 


Fig. 3.26 


7 Given the function ἵ: χ #+-——» 3x- 10, x #0, find the value of f(2) and the values 
of x whose image under f is 1. 


8 gix az να #2. Show that gg(x) =x for all values of x except x = 2. 


9 For the functions f:x +—-» ~4 and g:x + » 2x + 3, find in a similar form 


(a) fg, (b) gf. 
(c) Find the values of x for which fg = gf. 


10 The function R maps x onto the remainder when 16 is divided by x. If the domain is 
(2, 3, 5, 7}, state the range. Does R™ exist? 


il seahash sc Shaataharblr -——» 24,x 4-1. Prove that 


fix -—e "στ ταῦτ -ἰ, 5. Obtain a similar expression for f? and hence suggest 
a possible expression for f". (C) 


12 Given that f :.x +——» x + 2 and gf: x +——» x + 4x + 2, find the function g. 
Hence express x +» χὸ — 4x + 2 in terms of f and g. 
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13 (a) The function f : x +——* 3x +a is such that ff(6) = 10. Find the value of a and 

of £'(4). 

(b) Functions f and g are defined by 
fix --— τῆς rt3gixt—e 2χ-3 
(i) Find expressions for f', fg and gf. 
(ii) Find the value of x for which fg(x) = gf(x). 

(c) The function f : x +» 2x -- 5 is defined for the domain x 2 1. State the range 
of f and the corresponding range of ff (C) 


14 Fig. 3.27 illustrates part of the function f : x +——» y, where y = ax + ἢ. 
Calculate the value of a and of b. 


x ¥ 
1o | τ 210 
9 9 
8 8 
7 7 
6 6 
5 5 
4 4 
3 3 
2 2 
1 1 
0 0 
=1 -1 
-2 -2 


Fig. 3.27 


Find the end-points of the shortest arrow that can be drawn for this function. 


15 (a) Functions f and g are defined by f: x t+» 3x -- 2 and g:x +—» 12-4 
(x # 0). Find an expression for the function (i) ff, (ii) fg, (iii) αι". 

(Ὁ) The function ἢ : χ +——» x + ax + δ is such that the equation h(x) = x has 

solutions of x = 2 and x = 3. Find the value of a and of b. (C) 


16 The functions f and g are defined over the positive integers by f : x +——» 6 — 2x and 


gixt—e 2,x#0. 


Express in similar form (a) fg, (b) gf, (Ὁ) f', (4) ρ΄", (e) (fg). 
Find the value of x for which ff(x) = gg(x). 


17 Express in terms of the functions f : x +—» Vx , x 2 Qand g:x το x+5 


(a) χιππτ. ἡχ 45,4 2-5 (Ὁ x -—» x-5 
(Ὁ x -—ex+10 (ὦ x +—» Vvr+10,x20 
(e) x He +5 (C) 
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18 Fig. 


3.28 shows part of the mapping of x to y by the function f : x -——» θχ -- α and 


part of the mapping of y to z by the function g : y +—» Tay #12. 


(a) 


Find the values of a and b. 


(Ὁ) Express in similar form the function which maps an element x to an element z. 


(c) 


Find the element x which is unchanged when mapped to z. 
(Cc) 
x y z 
6 6 6 
5 5 5 
4 4 4 
3 3 
2 2 2 
1 1 1 
0 0 0 
-1 1 -1 
-2 2 2 


Fig. 3.28 


19 Given that f : x -—e =<8 (x # 3) and that f(4) = 9, find 


(a) 
(b) 
(c) 
(d) 


the value of p, 

f'(—3). 

Obtain a similar expression for f?. 

Find the value(s) of x which have the same image under f? and f-'. 


20 The function P maps x onto τἰξ,.χ.-". 


(a) 
(b) 
(c) 
21 (a) 


(b) 


(c) 


Given that P(3)= 2 and P(—3) = -6, find the values of a and b. 
Find the value of x whose image under P is $. 
Obtain a similar expression for P-'. 


Given the functions f : x +——» 2x-5 and g:x +—» 3 (for.x #0), find in 
a similar form (i) fg, (ii) gf. 

Hence solve the equation fg(x) = g(x). 

Functions p and q are defined as p : χ -— εἰς .x#-3,andq:x +—» j. 
Find in a similar form (i) p-'q and (ii) pq". 

The function ἢ is defined by h: x +—» 29. (x #1). 


l-x 


Find the value of { for which the equation h(x) = x has the solution x = 3. 


22 The function f is defined as f:x "---" 12 forx20 
Sketch the graphs of f and f". 


23 If f(x) =3 + 2, x #0, sketch the graph of f(x) for 1 $x 5 4. 
Now add a sketch of the graph of f'(x) for 32< χ < 5. 


x+2 forx<0 
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24 (a) Given that f : x "--- το 4 (x # 2) find f(x) and f(x). Hence solve the 
equation f*(x) + 2f"(x) = 5. 
(b) If g: x t+» —4,, (x # 2), find the values of a if g*(-1) + 2g"(-1) = -3. 


25 For the domain --3 < x < 3, sketch the graph of y= | [x] |, where [x] means the greatest 
integer less than or equal to x (for example, [3.4] = 3, [-3.4] =—4 etc). State the range 
of this function for this domain. 


26 Draw the graph of y = | 1 -- | 2—x || for the domain -3 < x <5. 
27 Fig. 3.29 illustrates the function y = f(x) over the domains -1 <x < 0 ἀπά «χ «3. 
The function is undefined for all other values of x. Sketch the functions given by 


(a) y, =f@)+1, 
(b) y, = [ + 1). 


Fig. 3.29 


28 f, g and ἢ are functions defined by f:.x -——= Vx, τα -—— 3 and 
ΠΧ +——» x + 1. Express in terms of f, g and ἢ: 


(a) χη ἐξ (b) x H—» ἐπ 
(Ὁ) x H—» 2(r+ 1) (d) x H—» 2° +1 


29 The functions f and g are defined by 


f : x +——» remainder when x is divided by 7, 
g x /-—» remainder when αὖ is divided by 5. 


(a) Show that f(S) = g(3). 
(Ὁ) If n is an integer, prove that f(7n + x) = f(x) and state the corresponding result 
for g. (C) 
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30 The function T maps (x,y) onto (x + y, x — 2y). 
(a) A is the point (2,1). T maps A onto B and B onto C. Find the coordinates of B 
and C. 
(b) The point D is mapped onto E(1,7) by T. Find the coordinates of D. 
(c) Another point F is mapped onto G(0,9) by T?. Find the coordinates of F. 
(4) Express T" in the same form as T. 


31 Given that the range of y = f(1 -- x) -- | is -2 < y Ξ 3, find the range of (a) f(x), 
(b) f(x + 1) + 1. 
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The Quadratic 
Function 


You have solved quadratic equations such as x? — 4x — 5 = 0 in previous work. In this 
Chapter we study the quadratic function 


f:x-—> ar+bxr+c (a0) 


First we review some essential techniques for solving quadratic equations. These will 
always give two solutions or roots, though sometimes they may be equal. 


SOLVING QUADRATIC EQUATIONS 


1 By factorization 


This is the simplest method if it is possible. For example x° - 4x - 5 =0 gives 
(x -- 5) (x + 1) = 0 so x = 5 or —-1. However, certain quadratic equations, like 
x? — 4x — 4 = 0 for example, cannot be factorized. 


It is useful to remember that the equation with roots α and B is 
(x -- a)(x - B) = 0. 


1 By completing the square 


To solve x? — 4x — 4 = 0, we can complete the square i.e. we make the x? -- 4x part into 
a square. 


Rewrite χϑ - 4x as (x -- 2)? — 4. (Check by expanding this.) 
Then x7 -- 4x — 4 = 0 becomes (x — 2)? — 8 = 0 or (χ -- 2)? Ξ 8. 


Now take the square root of each side: x -- 2 =+ V8 and x=2+ V8 giving x = 4.83 or 
—0.83 (correct to 2 decimal places). 
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Il By formula 


We can derive a formula for the roots of any equation as follows. 


ar+bx+c=0 
so 42x40 =0 
b 


Then + Gx=-§ 
ὙΠῸ: 
Completing the square: (x + 9) - 2 Ξ-ς 


So (x+ zy - fe 


b _ + Vb =4ac 
and then {+952 ————— 


giving 
_ -b+VP=4ac _ -b+D 
oS =e tae = 2a 


where D = b? — 4ac. D is called the discriminant. You will find out why later. 
When using the formula note carefully that it begins with —b and that the denominator 
is 2a. 


Note: The formula is the preferred method but it is essential to know the technique of 
completing the square for later use. 


Example 1 

Solve 2° —3x-1 = 0. 

Check that the left hand side does not factorize. 
Using the formula, a = 2, b = -3, c =—-1. 


3) + VGF—4@C) _ 3+ V0 
2(2) 4 
giving x = 1.78 or -Ὁ.28 (2 decimal places). 


Then x = 


Example 2 

Solve 2° -3x+4=0. 
_ 34 γ9- 42) 4.2. _ 3+ 23 
i 4 aarte hill 


But —23 has no (real) square root. Hence the equation has no real roots. We shall see 
the significance of this later. Such an equation is said to have complex roots. We shall 
not however use complex numbers in our work. 
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GRAPH OF THE QUADRATIC FUNCTION 
f(x) = ax? + bx+c 


As you will have noticed in drawing such graphs, the graph of a quadratic function, 
y = ax + bx + c, has a characteristic shape. It is a curve called a parabola (Fig.4.1). 


Minimum 


Fig.4.1 


When a > 0, as in 2x° — 3x — 1, the parabola has a minimum value at the bottom of the 
curve. 


When a < 0, as in 1 — x — 2x’, the graph has a maximum value at the top of the curve. 


The position of the curve relative to the x-axis depends on the type of the roots of the 
equation f(x) = 0. These roots are the values of x where the curve meets the x-axis. 


TYPES OF ROOTS OF ax* + bx+c=0 


The roots are given by x = ΝΕ where D = δ -- 4ac. 


I If Dis negative (Ὁ < 0 i.e. δ < 4ac), then there is no value of VD. The equation has no 
real roots and the curve does not meet the x-axis (Fig.4.2). 


Fig.4.2 


79 


Example 3 


What type of roots does the equation 5x — 3x + 1 τ 0 have? 


Using the formula, a = 5, ὃ = -3, c = 1. 
Then D = (-3)? -- 4(5)(1) = —-11. 


As D < 0, the equation has no real roots. 


II If D is positive (D > 0 i.e. δὲ.» 4ac), then VD has two values. The equation has two 
different real roots and the curve meets the x-axis at two points (Fig.4.3). 


Fig.4.3 a<0 


Example 4 

For what values of p will the equation x + px +9 = 0 have two real roots? 
Using the formula, a = 1, b = p, c = 9. 

Then D = p? — 36. 

For real roots, D must be > 0. 

So p? — 36 > O i.e. p? > 36. 


It follows that p must be numerically greater than 6, i.e. p > 6 or p « -ὅ. (We could also 
write this as | p | > 6). 


If D is a perfect square, ND will be an integer. Then the roots will be rational numbers, 
i.e. fractions and whole numbers. 


Example 5 

What type of roots does the equation 2x° + 3x —5 = 0 have? 
D = 3 — 4(2)(-5) = 49 

As D is positive, the equation has two different real roots. 


The roots are 3p! =lor- 3. 


The equation could have been solved by factorization. 
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IIT If D = 0 (i.e. b = 4ac), then x = 3. This means that the roots are equal (also called 
repeated or coincident roots). The curve touches the x-axis with the two roots merging 
into one (Fig.4.4). 


D=0 


Fig.4.4 


Example 6 


(a) For what values of k will the x-axis be a tangent to the curve 
yoke + (1 + kx +k? 
(b) With these values, find the equations of the curves. 


(a) On the x-axis, y = 0. So the roots of kx? + (1 + Ax + k = 0 must be equal if the 
x-axis is to be a tangent. Then ῥ᾽ = 4ac where a = k, b= 14k ἀπά ὁ =k. 


Therefore (1 + k)? = 4kk = 4k. 
501 +2k+k=4k or 3k -2k-1=0. 


Solving this we get (3k + 1)(k — 1) = Ο giving k = 1 or - 1: 


(b) If k = 1, the equation is y Ξ αὐ + 2x + 1. 


If k =— +, the equation is y = -- Snare 


Summarizing the conditions for the various types of roots of the equation 
ar + bx + c=0: 


D<0 D20 
ὃ < 4ac & > 4ac 
No real roots a Real roots ane 
Different Equal 
if b > 4ac if b? = 4ac 


As we have learnt, D is called the discriminant: it discriminates between the types of 
roots. 
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Example 7 


The equation px — 2(p + 3)x + p — 1 = 0 has real roots. What is the range of values 
of p? 


For real roots, δ᾽ > 4ac. 


Here a = p, ὃ = -2(p + 3) andc =p- 1. 
Then [—2(p + 3)} 2 4p(p -- 1). 
Simplifying, 4(p? + 6p + 9) = 4p? -- 4p 
or 6p +9 2-p. 

Hence 7p 2-9 and p2- 3. 


Example 8 
Find the range of values of p for which the line 2x — y = p (i) 
meets the curve x(x — y) = 4. 

(ii) 
The line may meet the curve at two points or touch the curve, The coordinates of these 
points will be the solutions of the simultaneous equations (i) and (ii). 
From (i), y = 2x -- p. 
Substituting in (ii), x(x — 2x + p) =4 
which simplifies to x? — px + 4 = 0. 


The roots of this equation are the x-coordinates of the point(s) where the line meets the 
curve. These must be real. So δὲ = 4ac where a = 1, b = -p and c = 4. 


Then (—p)? 2 4(1)(4) or p? Σ 16 which gives p 2 4 or p $ -4. 


Example 9 


(a) Find the relation between m and k if the line y = mx +k is a tangent to the curve 
γ᾽ = &. 

(δ) Iifm= 4, find the equation of the tangent and the coordinates of its point of 
contact. 

(c) Find the equations of the two tangents to this curve which pass through the point 
(-3,-5). 
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(a) As in Example 8, we solve the simultaneous equations, 
Substituting y = mx + k in the equation of the curve: 


(mx + ky? = Bx 
Then mx? + 2mkx +  - 8x =0 i.e. me + (2mk - 8)χ + PF =0 
Now this equation must have equal roots as the line is a tangent. 


Then b? = 4ac where a = m?, b = (2mk — 8) and c = k’, so (2mk — 8 = 47 or 
4m?k? — 32mk + 64 = 4m?k which gives mk = 2, the relation required. 


(b) Ifm= 4 , then k = 4. The equation of the tangent is therefore y = $ +4, 


To find the coordinates of the point of contact, we solve this equation with that of 
the curve. 


Then (5 +4)? = 8x ie. + 4x + 16 = 8x 
or. -- 16x + 64 = 0. 


Hence (x — 8)? = 0 giving x = 8. 
The corresponding value of y is 3 +4=8. 


Hence the coordinates of the point of contact are (8,8). 
2 


™ 


(c) As mk = 2, the equation of any tangent is y = mx + 


If (-3,—5) lies on the tangent, then —5 = —3m + 2 


which simplifies to 3m? ~ 5m ~ 2 = 0. 


Solving this, (3m + 1)(m— 2) = 0 giving m= 2 or -- i. 


Hence the equations are y = 2x + | and y= - 3 - 6 i.e. x + 3y =-18. 


Exercise 4.1 (Answers on page 616.) 


1 Without solving these equations, state the type of roots they have i.e., real, real and 
equal or not real: 


(a)  -10x+25=0 (b) e -6x+ 10=0 

(c) αἰ =4x4+7 (d) 2?-x+2=0 

(ὁ) 2.3 +x=1 (ἢ 4.3 - 20x + 25=0 
1 —— 2 ae | 

() ¢+ 74 =? (h) stie=—-! 

(i) 2e =px+p* (j) αὐ -x=a(a>0) 


2 Find the values of k if the equation 7 + (k — 2)x + 10 — k = 0 has equal roots. 

3 What is the largest value m can have if the roots of 3x° — 4x + m = 0 are real? 

4 For what values of p does the equation χϑ — 2px + (p + 2) = 0 have equal roots? 
5 The equation x? -- 2x + | = p(x — 3) has equal roots. Find the possible values of p. 
6 Show that the equation a2x? + ax + 1 = 0 can never have real roots. 

7 Find the values of & if the line x + y = Καὶ is a tangent to the circle + γ᾽ = 8. 
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8 The equation kx? + 2(k + a)x + ΚΞ has equal roots. Express & in terms of a, Show 
that the line y = (x3) is a tangent to the curve y = A(x*-3x + 1) for any value of k 
except 0. 


9 (a) Find the range of values of m for which the line y = mx + 5 meets the curve 
y =x + 9 in two distinct points. 
(b) If this line is to be a tangent, find the two possible equations of the tangent and 
the coordinates of the points of contact. 
10 The line y = mx + | is a tangent to the curve y* = 2x — 3. Find the values of γι. 
11 The line y = 2x + p is a tangent to the curve x(x + y) + 12 = 0. Find the possible values 
of p. 


12 (a) Find the relation between m and c if the line y = mx + c is a tangent to the curve 
y =2x. 
(b) Hence find the equations of the two tangents to this curve which pass through the 
point (2,25). 


13 What is the range of values of c if the line y = 2x + c is to meet the curve x + 2y? = 
8 in two distinct points? 
14 The equation (p + 3)x° + 2px + p = 1 has real roots. Find the range of values of p. 


15 If the equation χϑ — (p — 2)x + 1 = p(x -- 2) is satisfied by only one value of x, what 
are the possible values of p? 


16 If the equation x* — 2kx + 3k + 4 = 0 has equal roots, find the possible values of k and 
solve the two equations. 


17 Find the values of k for which the line x + y = k is a tangent to the curve 
x(x - y) +2 Ξ 0. 


MAXIMUM AND MINIMUM VALUES OF A 
QUADRATIC FUNCTION 
The maximum or minimum values of the function f(x) = ax? + bx + c are the values of 


f(x) at the top or bottom of the curve. These are also called the turning points of the 
curve, 


: : by 6 
By completing the square, we find that ax* + bx + c =a(s + 5) τς Ἐπ’ where 
a> 0. Now the least or minimum value of this expression will be when the squared term 


is Ὁ (it cannot be negative) as the other terms are fixed. This occurs when x = -- 2. 


ae the minimum value of f(x) = a + bx +c (a > 0), i.e. at the bottom of the: curve, 
is {(- 2). 
If a < 0, the turning point will be a maximum (the top of the curve) where x = — 


b 
ae Σ 2α᾽ 
This can be proved in a similar way and is illustrated in Example 11. 
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Example 10 


What is the minimum value of 3x° -- 4x + 1 and for what value of x does it occur? 
f(x) = 3X7 -4x + l,a=3,b=-4. 
As a> 0, the minimum value of f(x) occurs when x = -- -ὥ - - 


4 
9 


This is illustrated in Fig.4.5. The line x = 3 through the tuming point is called the axis 
of the curve and the curve is symmetrical about this line. 


Ξι - 2 
δ. 3° 


The minimum value = f(2) = 3 x = g +1 =-}. 


Example 11 


Express 5 — -- 2x2 in the form a — b(x + c¥ and hence or otherwise find its maximum 
value and the value of x where this occurs. 


5-x- 2" =5-2(x+ 3) 
y - 4] by completing the square 


ty + =5)-2(x+ 1). 


1 
5. 
Now the least value of (x + 1 is Ὁ when x = -1 so the maximum value of the 


expression is 5. when x = -}. 


Alternatively as the question allows us to use another method (otherwise) we can use 
the rule stated above. Here a = -2, b =-1. Verify that the same result is obtained. This 
is illustrated in Fig. 4.6. The equation of the axis of summetry is x = -1. 
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SUMMARY 


To find the maximum/minimum value of f(x) = ατὸ + bx + c, rewrite f(x) as 


a(x? + δ + £) and complete the square on αὐ +5. 

ete δᾺ δ ε 
f(x) is then converted to a[(x +3) sat 4} 
maximum if a < 0 
minimum if a > 0 


The turning point of f(x) is a 
max : b 
The ἘΝ value is [ 5}. 


and occurs where x =-2, 


SKETCHING THE GRAPH OF A 
QUADRATIC FUNCTION 


To draw the graph, we need a table of values. For a sketch, we need only know: 

(1) the shape of the curve; 

(2) where it cuts the y-axis. This is given by f(0); 

(3) the positions of the roots (if any). If f(x) factorizes, the roots are easily found; other- 
wise, approximate values will be sufficient; 

(4) the position of the turning point. Remember that the curve is symmetrical about the 
axis through this position. 


Example 12 Fig.4.7 
Sketch the graph of f(x) = 2x -- 3x -- 4. 
(1) As a>0, the shape is \_). 


(2) f(0)=-4. 
This is the point A (Fig.4.7). 


f(x) = 2χ--3χ-- 4 


(3) f(x) does not factorize. 


The roots of f(x) = 0 are given by x = ~ 34° ~23 and-08 
(points B and C respectively). 


(4) f(x) = 202 - # - 2) 


So the minimum is at point D(3, -4t). 
The curve can now be sketched through these points. 


Example 13 
Sketch the curve y = -2 +2x-x. 
(1) a «0 so the shape is ὯΝ 
(2) When x =0, y =-2 
(point A in Fig. 4.8). 
(3) δὲ < 4ac so the curve 
does not meet the x-axis. 
(4) f(x) = 42 - 2x + 2) 
=-{(x- 1-1 +2] 
w-(x-1p-1 ye2ex-¥ 
So the maximum is at (1,—1) (point B). 


Example 14 
Sketch the graph of f(x) = [χ -— x - 2}. 


To sketch this graph, we use the same method as before. 
First sketch f(x) = χα -- x -- 2 and then reflect the negative part in the x-axis. 


x -—x-2=(x-2)(x + 1) so the graph meets the x-axis at -1 and 2 (Fig.4.9). 
It meets the y-axis at --2 and the minimum is at (4. -24) : 


When reflected, these values become 2 and ( A 21) respectively. 


f(x) 
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RANGE OF A QUADRATIC FUNCTION 


Example 15 


Find the range of f(x) = x -- 2x -- 3 for the domain -2 <x <5. 
At the end points, [{--2) = (-2)? — 2(-2) — 3 = 5 and f(5) = 59 - 2(5) -- 3 = 
We might be tempted to say that the range is 5 to 12, but does the curve rise continu- 
ously from 5 to 12? It may go down to the minimum and then rise. 
Verify that the minimum is —-4 at x = | and sketch the curve (Fig.4.10). 
The minimum lies within the domain. 
So the actual range is -4 < f(x) < 12. 
Hence for such questions it would be wise to make a sketch. 
f(x) 12 


τ) . χ-2χ-3 


Example 16 


Sketch the graph of 3 - 5x — 2x and state the range of the function 
fix -—» 3- 5x - 2x for real x. 


As a < 0, the curve has a maximum where 
(-5) _ 


= Bie 6! 1 

8° 
Fig. 4.11 shows the sketch. As x can = any 
real value, the function takes values < 6t so the 


Ν 
range is f(x) « 6 Fig. 4.11 
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Example 17 
Find the range of the function f(x) = | x(x — 2) | for the domain ἢ «χε 25. 


First sketch the graph (Fig.4.12). 
The minimum of x(x — 2) is --ἰ at x = 1 which becomes a value of 1 when reflected. 


f(x) = [χίχ--2}} 


Fig.4.12 


At the end points, (3) = |}(-3)| = } and f23)=|- 3 (>| = 3. 
At x = 2 however, f(2) = 0. 
Hence the range is 0 < f(x) < 1i. 


Exercise 4.2 (Answers on page 616.) 


1 Find the maximum or minimum values of the following functions and the values of 
x where this occurs: 


(4) P-6x-1 (b) + 2x-3 
(c) 1-4x-2¢ (d) 3-x-2¢ 
(e) 2. -x-4 (f) +3 

(g) 4e-3x-1 (h) 5 -- 2χ -- 4χ 
(i) (1 --αὐα + 2) (j) + 2bx+ce 


2 Sketch the graphs of the functions in Question | (except part (j)). 


3 The graph of a quadratic function meets the x-axis where x = 3 and x= k. If the tuming 
point of the function occurs where x = 5, find the value of k. 


4 Sketch the graph of f(x) = | 7 — 4x + 3 | and find the range for the domain 0 < x < 2. 
5 Sketch the graph of f(x) = | x(2 -- x) |. State the Tange if the domain is -2 < x $ 3. 
6 Sketch the graph of the function f(x) = | x7 +x — 2 | and find its range for 0 < x < 2. 
7 Find the range of the function y = | 3 + 2x —.° | for the domain 0 < x < 2. 
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8 (a) A function V is given by V(t) = 2 -- 8ι-: 30. Find the minimum value of V and 
the value of 1 where this occurs. 
(Ὁ) What is the range of this function for 0 < ¢ < 3? 


9 Find the range of the function f : x +——» 2x -- 6x -- | for real values of x. 


10 Find the range of the functions (a) 1 — 3x — x and (Ὁ) 2x? — x — 3 for the domain 
-lsxs2. 


11 Find the range of (a) 2x? — x — 3 and of (b) 1 — 2x — x? for the domain --2 < x < 2. 


12 Convert y = } [(x + 4? + (x -- 2] to the form y = (x + p)? + 4 and hence find the 
minimum value of y and the value of x where this occurs. 


13 (a) Express 7 — x — 3x in the form a — b(x + c)*, showing the values of a, b and c. 
Hence state the range of the function f : x +——» 7 — x -- 3x for all real values: 
of x. 
(b) If the minimum value of x* + 4x + k is -7 find the value of k. 
14 The height (ἡ m) of a ball above the ground is given by the function h() = 151 -- 5? 
where t is the time in seconds since the ball left ground-level. Find the range of the 
height for 1 «ἐς 3. 


15 A spot of light is made to travel across a computer screen in a straight line so that, at 
t seconds after starting, its distance from the left hand edge (d cm) is given by the 
function d(t) = 7t — 3 + 2. Find the furthest distance the spot travels and how long it 
takes to travel this distance . 


16 The function f(x) = 1 + bx + ax* has a maximum value of 4 where x = —1. Find the 
value of a and of b. 


17 The function f(x) = ax* + bx + c has a minimum value of --5 ἢ where x = ἢ and 
f(0) = —5. Find the value of a, of b and of c. 


18 A rectangular enclosure is made against a straight wall Fig. 4.13 
using three lengths of fencing, two of length x m (Fig.4.13). 
The total length of fencing available is 50 m. 
(a) Show that the area enclosed is given by 50x -- 2x. Ξ x 
(b) Hence find the maximum possible area which can be 
enclosed and the value of x for this area. 


QUADRATIC INEQUALITIES wall 


For Ὁ > 0 and a > 0, the equation f(x) = ax* + bx + c = 0 will have unequal roots. Call these 
a and B (where a < B). Then we see from the graph of such a function (Fig.4.14) that 


for x<a, f(x) > 0 
for a<x<fB, f(x)<0 
for x> BB, f(x) > 0 


Fig. 4.14 


For D > 0 and a < 0, the signs of f(x) will be reversed (Fig. 4.15), 


for x<aq, f(x) <0 
for a<x<f, f(x) >0 
for x>f, f(x) < 0 


D>0 


Fig.4.15 


Keep the graphical illustrations in mind when dealing with such inequalities. 
If, however, D < 0 (Fig.4.16) then 


f(x) is always positive if a > 0 


ose f(x) is always negative if a <0 


(a) D<0,a>0 


Fig. 4.16 


(b) D<0,a<0 
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Example 18 
Show that 3x° -- 2x +4 is always greater than !. 


This means we have to show that 3x? — 2x + 3 is always greater than 0. 
Now for this function, D = δὲ -- 4ac = 4 — 36 < 0. Therefore the function is always 
positive. (Similar to Fig.4.16 (a)). 


Example 19 

For what domain of values of x is 3x° -- 2x < 1? 

This is equivalent to 3χ -- 2x -- 1 < O ie. (3x + [)6 -- 1) <0. 
The roots of the function are a = -} and B = 1. 

Then 3x? -- 2x — 1 is 0 or negative if —} <x < 1 (Fig.4.17). 


Fig. 4.17 


Alternative method 


This method uses the signs of the two factors (3x + 1) and (x — 1) to find the sign of 
the product (3x + 1)(x- 1). 


On the first number line, 3x + | will be negative for x < -ἰ -Oatx= -ἰ and positive 
thereafter. 
On the second number line, (x — 1) will be negative if x < 1, 0 at x = 1 and positive 
thereafter. 
The signs of the product are shown on the third number line. Hence we see that 


(3x + 1) (x= ἢ $0 for-} <x 1 as before, 


| Example 20 


For what range of values of p will the equation  —(p +2)x + p +3p = 3 have real 
roots? 


The equation is x -- (p + 2)x + p? + 3p -- 3 =0. 
For real roots, b? 2 4ac where a = 1, ὁ = 4p + 2) and c = p* + 3p - 3. 


Then [4p + 2)? = 4(p? + 3p -- 3) 
ie. p?+4p+42> 4p + 12ρ -- 12 


which simplifies to 3p? + 8p - 16 <0 


ie. (3p -- 4)(p + 4) 50. 
ewe as in Fig.4.14,4<ps Ξ. 


Example 21 


Find the domain of x for which | -- 3x -7 [5 3. 
Extending the result for | x | < & found in Chapter 3, if | αὖ -- 3x - 7 | < 3, then 
-3<xr-3x-793. 
Take these separately: 
(1) -3Ξχ --3χ-- 7 
gives χ' -3χ-450 
ie. ἃ -- 4 Ἐ1)50 
This is true if x $-1 or x 24. 
(2)  -3x-753 
gives χὸ -3x-10<0 
i.e. (x - 5)(x + 2) $0 
This is true if -2 Sx < 5. 
These inequalities are shown on number lines. 


Now x must satisfy both sets of conditions. Hence x must lie in the shaded regions i.c. 
between —2 and —1 (inclusive) and between 4 and 5 (inclusive). Hence --2 $x <—1 and 
4<xs5. 

This solution is shown on the graph of y = | x? -- 3x —7 | (Fig.4.18). 


y=|*-3x-7| 


Exercise 4.3 (Answers on page 617.) 
1 Find the domain of x if 


(a) χ' -χ 2 (Ὁ) αἰἐχξό 

(c) r+ 5x>6 (d) 2? ΣΧ τε 

{e) x(6x - 5) $-1 (Ὁ r 24x 

(g) 3 εχε (h) (x 3). 1)» 24 
(Ὁ 3e<4-I1lx Φ 2. +7x24 


2 If 8x + 4x + αὶ is never negative, find the least possible value of k. 

3 Find the range of values of ¢ if the equation 3x° — 3zx + (fF — t— 3) = 0 has real roots. 
4 If the roots of p(x? + 2) = 1 -- 2x are real, find the range of values of p. 

5 If the equation px(x — |) + p + 3 = 0 has real roots, find the range of values of p. 


6 Find the domain of x if 
(a) |e +x-7]/<5 (b) [χ -Sx-10|24 
(c) [45 --αὐἍἶ <2 


7 Find the range of values of p if the roots of the equation p2x* -- (p + 2)x + 1 = 0 are 
real. 


8 Show that the equation (1 + 3)x? + (2) + 5)x + (¢ 2) = 0 has real roots for all values 
οἵ" 


9 Show that the equation px’ + (2p + 1)x + (p + 1) = Ο has real roots for all values 
of p. 


10 A rectangle has sides of length (2x + 3) cm and (x + 1) cm. What is the domain of x 
if the area of the rectangle lies between 10 cm? and 36 cm? inclusive? 
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11 If the equation x7 + 3 = t(x + 1) does not have real roots, find the range of values 
οὔ ". 


12 For what domain of x is [21 -- -- 3] < 3? Illustrate your result on a sketch of 
y= Jaz -x-3 | : 


13 If | (v + 3)γἃ -- 2) | < 6, find the domain of x and show your result on ἃ sketch graph. 


14 State the domain of x for which 3y - 2 and x + 3 are 
(a) both positive, 
(b) both negative. 
Hence find the domain of x for which 3x? + 7x < 6. 


15 The equation px? + px + 2p = 3 has real roots. Find the range of values of p. 


16 The function 1° + 3x + & is never negative. Find the least whole number value of k. 
If k = 4, find the minimum value of the function. 


SUMMARY 


. ny po 
Φ The roots of ax’ + bx + c = O are given by x= le πόρος 


@ Types of roots: if b > 4ac, the roots are real and different 
if δ᾽ = 4ac, the roots are real and equal 
if δ᾽ < 4ac, the equation has no real roots. 


Φ Ifa>O0, the function ax + bx + c has a minimum value; 
if a < 0. it has a maximum value. 
@ To find the maximum/minimum, write as ale + BE + ©) and complete the square 
on αὐ + Br 
© If the roots of f(x) = ax’ + bx + c = 0 are α and B (where α < β), then 
f(x) > 0 forx<a@ 
fx) < 0 fora<x<f when δ᾽» 4ac and a > 0 (Fig.4.19) 
f(x) > 0 for x > B 
and 
f(x) < 0 for x < a 
f(x) > 0 fora<x<f when b? > 4ac and a < 0 (Fig.4.20) 
f(x) < 0 forx > B 


D>0 
a<0 


Fig. 4.19 x<al ἀ«χεβ ᾿χ»β Fig. 4.20 
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If δὲ « 4ac and a > 0, f(x) is always > 0. 
If δὲ < 4ac and a < 0, f(x) is always < 0. 


(a) D<0,a>0 


Ὁ 
Or 


~ 


Fig.4.21 


(Ὁ) D<0,a<0 


REVISION EXERCISE 4 (Answers on page 617.) 


A 

1 Without solving the following equations, state the nature of their roots: 
(a) 3e-x=1 (Ὁ) (x +  )ὰ -- 2) Ξ 5 
(Ὁ (1 -αὐ- -ἧς ὦ 1 13- 


(e) (2x τ 5)(2x + 3) = 2(6x + 7) 
2 Find the range of values of x for which 3x° < 10x -- 3. 


3 Show that the equation (¢ — 3)x* + (21 -- 1)x + (t+ 2) = 0 has rational roots for all values 
of ft. 


4 Show that the equation (p + 1)x? + (2p + 3)x + (p + 2) = 0 has real roots for all values 
of p. (C) 


5 The quadratic equation x° + px + g = 0 has roots —2 and 6. Find (i) the value of p and 
of q, (ii) the range of values of r for which the equation x° + px + q = r has no real 
roots. (C) 


6 Express 8 + 2x — x in the form a — (x + b)*. Hence or otherwise find the range of 
8+2x-x for-lsx<5. 


7 (a) Find the range of values of x for which 6x7 -- 11x 2 7. 
(b) Find the coordinates of the turning point of the curve y = (2x — 3)? + 6 and sketch 
the curve. (C) 


8 Find the range of the function 2x? — 7x + 3 for the domain 0 < x < 4. 


9 State the range of values of k for which 2k — | and k + 2 are (i) both positive, (ii) both 
negative. Hence, or otherwise, find the range of values of k for which 2k? + 3k < 2. 
(C) 
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10 (a) Find the value of p for which the line y = 6 is a tangent to the curve 
y=xe+(l—p)x + 2p. 
(Ὁ) Find the range of values of g for which the line x + 2y = q meets the curve 
x(x+y)+8=0. (C) 


11 Find the domain of x for which | 2x7 -- 4x -- 3 | > 3. 


12 (a) The quadratic equation kx? + 2(k + a)x + (k + δ) = 0 has equal roots. Express k 
in terms of a and b. 

(b) The quadratic equation (p + 1)x* + 2px + (p + 2) = Ο has real roots. Find the range 

of values of p. (C) 


13 The function 2ax? -- 4x -- a has a maximum value of 3. Find the values of a. 
14 Sketch the graph of the function | x? -- x -- 6 | and find its range for 0 < x < 3. 


15 The curve y = ax? + bx + c has a maximum point at (2,18) and passes through the point 
(0,10). Evaluate a, 6 and c. (C) 


16 The two shortest sides of a right-angled triangle have lengths (x + 1) cm and 
(x + 2) cm. If the area A cm? of the triangle is such that 15 < A < 28, find the range 
of values of x. 


17 The equation of a curve is y = 4x? — 8x — 5. Find 
(i) the range of values of x for which y 2 0, 
(ii) the coordinates of the turning point of the curve. 
State the coordinates of the maximum point of the curve y = | 4x7 -- 8x— 5 | and sketch 
the curve y =| 4x7 -- 8x -- 5]. (C) 


18 A square has side x cm and a rectangle has sides x cm and 2(x + 1) cm. 
For what range of values of x is the total area not less than 1 cm? and not more than 
5 cm?? 


19 (a) Find the value of p for which the equation (1 — 2ρ)χ + 8px — (2 + 8p) = 0 has two 


equal roots. 
(b) Show that the line x + y = g will intersect the curve x? — 2x + 2y? = 3 in two 
distinct points if q? < 2q + 5. (C) 
20 (a) The function f : x +—-» x + px + q is negative only between the values x = 2 
and x = 5. 


(i) Find the value of p and of q. 
(ii) If f(x) = —2, find the value of x. 


(b) The function ax? + 6x + c is positive only when ~3 <x <2 and meets the y-axis 
where y = 6. Find the value of a, of b and of c. 


21 Find the domain of x if V5x — 2 -- 2x is real. 
22 f(x) = 0.3x? -- 0.2x. If 0.1 < f(x) « 0.5, find the domain of x. 


B 
23 Find the domain of x if 2 < V(2e +x + 3) <3. 
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24 If the equation x + 3 = k(x + 1) has real roots, find the range of values of k. Hence 


find the two values of x for which the function ἘῈΣ has (i) a maximum, (ii) ἃ 
minimum value. 


25 The function f(x) = ax? + bx + c has a minimum value of 5 when x = 1 and f(2) = 7. 
Find the values of a, b and c. 

26 The roots of the quadratic equation x7 + 2x + 3 = p(x? — 2x — 3) are real. Show that p 
cannot have a value between —1 and 5. 

27 The function x* + px + q is negative for 2 < x < 4. Find 


(a) the values of p and q, 
(Ὁ) the domain of x if 15 <x + px+q< 48. 


28 (a) Solve the equation x + 2ax + 2 = 2α + 5a to obtain x in terms of a. 
(b) If these values of x are real, find the range of values of a. 


29 If α and B are the roots of αχ + bx + c = 0, show that α + B = —8 and that 


ip - 
αβ = £. Hence show that αὖ + B* = apa and that α -- B = 22 =<ae_ 
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Binomial 
Expansions 


A binomial is an expression of two terms, such as (x + y), (a — 5), etc. If the binomial 
(a + b) is squared, the result is the expansion of (a + b)*. Write down this expansion. 
Now examine the pattern obtained if we expand (a + b)', (a + ΒΥ", etc. 
(a + bY = (a+ bY(a + b) 
= (a? + 2ab + b*)(a + b) 
To find this, multiply each term of (a? + 2ab + b?) by a, then by b and add the results. 
Multiplying by α: αὐ + 2a7b + ab? 
Multiplying by δ: ab + 2ab> + b} 
Adding: @ + 3a°b + 3ab*> + δ᾽ 
Note that the powers of a and ὃ add up to 3 and that the coefficients are 1 3 3 1. 


Now find (a + b)* = (a + b)*(a + b) in the same way. 

You should obtain αὐ + 4a°b + 6a°b* + 4ab? + bt. 

The powers add up to 4 and the coefficients are 1 4 6 4 1. 

Once more, find the expansion of (a + )*. Can you see the pattern? 


be : ἡ coefficients of (a + by 
133 1 coefficients of (a + δὺ)᾽ 
14641 coefficients of (a + b)* 
1510105 1 coefficients of (a + δ)" 


Each line starts and ends with 1. Go along the (a + ῥ᾽) line and add the coefficients in 
pairs. You will find that the sum of each pair gives the coefficient in the next line. Repeat 
for the other lines. Hence find the coefficients for (a + δ)" and (a + b)’. 

Note that the coefficients are symmetrical and that the second coefficient is equal to 
the power of the expansion. For (a + δ)" there are (n + 1) terms, where n is an integer. 
Make a copy of the triangle up to a power of 8 to keep for reference. 

This pattern is called Pascal’s Triangle after the French mathematician Pascal (1623 
— 1662) but it was known in China long before his time. By working through the triangle 
we can find the coefficients for any power n of (a + ὁ). 

Later in this chapter, we will introduce the Binomial Theorem which gives a formula 
for the coefficients, but for most of our work the triangle will be sufficient. 


99 


Example 1 
Expand (a + bj. 
From the triangle the coefficients are 1 8 28 56 70 56 28 8 1. 


Then (a + δ)" = 1αὐ + 8a"b + 28a°b? + 56a°b? + 70atb* + S6a*b* + 28α θ᾽ + Bab’ + 1b* 


Note that the powers of a decrease from 8 to 0 while the powers of b increase from 0 
to 8. The sum of these powers is always 8. 


(a + b) is the model binomial but we can replace a or b by other expressions. 


Example 2 
Expand (2x — 1). 
The initial coefficients are 1 4 6 4 1. Herea=2x,b=-1. 


Then (2x -- 1)" = 1(2x)* + 4(2x)3(-1) + 6(2x)7(-1)? + 4(2x)(-1)° + 1(-1)* 
= 16. -- 32° + 24° - 8x+ 1 


The coefficients are now quite different. The powers of x are in descending order. 


Example 3 


Find in ascending powers of x the expansion of (2 - 5 Ἐ. 


The initial coefficients are 1 6 15 20 15 6 1. The expansion is 

26 + 6(25)(— ¥) + 18(24)(— 3) + 20(2*)(— 57 + 15(24(- 3)° + 62-3) + (- 9)" 
= 64 - 6(2"yx + 15(22)x? -- 20x + 15(3:) - 6(F) + ἢ 
= 64 — 96x + 60x? -- 20χ + Be - 32 + ἕ 


Exercise 5.1 (Answers on page 618.) 


1 Find, in descending powers of x, the expansions of: 


(a) ἃ -- 2)" (0) (ἃ -- 3)" (c) (2x + 1}" 
(a) (x- 3) (©) (τὰν ὦ (4-2) 
2 Expand, in ascending powers of x: ἦ 
(a) (1-2x)' Ο (2-3) (c) (2-3) (ὦ (=x 
3 Find, in ascending powers of x, the first four terms in the expansion of: 
(a) (2-x) ἔ(Οὧὅ (I1- 2x)? (©) (1-5) (ὦ (4-3) 


4 Find the expansions οἵ (a) (3x -- 2)" (Ὁ) (x -- 1y. 

5 Expand (a +b)’. If a= 3 and b = 4, find the value (as a fraction) of the fourth term 
of the expansion. 

6 Write down the first four terms of the expansion of (1 —.x)° in ascending powers of x. 
Using these terms, find an approximate value of (0.99)°. 


7 (a) Write down the expansions of (1 + x)? and (1 — x)’. 
(0) Hence simplify (1 + x)° + (1 ~ x). Use your result to find the exact value of 
(1+ Υ2 + (1 - V2). 
8 By using the expansions of (2 + x)* and (2 — x)*, find the exact value of 
(2 + V3)' + (2 - V3). 


9 (a) Write down the expansions of (1 + x)* and (1 — x)’. 
(b) Hence simplify the expression (1 Ὁ χα)" — (1 —x)*. Use your result to find the value 
of 1.015 -- 0.99" 


10 (a) Obtain the expansions of (x + ty and (x -- ty 
(b) Hence simplify (x + ᾽ν - (x - 1. 
(c) Choosing a suitable value of x, find the value of 2.5° -- 1.5°. 
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Example 4 


(a) Expand (1 + y)* in ascending powers of y. 
(b) Hence find the expansion of (1 +x -- x} as far as the term in x’. 
(a) (1 +y) = 1 + ἐν + 6y? + 4y° + γ᾽ 
(b) Now substitute (x — 2°) for y. 
(1 Ἐχ- αὐ = 14+ 40 -- «ἢ + 6( -- PP + 4( -- PP + (Cv -- αν)" 
= 11 4χ -- 4χξ + 6(χ -- 20...) + 4...) +. 
(where we do not keep 
any terms higher than χα 
= 1+ 4x -42 + 6° -- 12° + 4x° (up to the term in 2°) 
=1+4x+ 2-82 (up to the term in x) 


Example 5 


(a) Find, in ascending powers of x, the expansions of (1 — 2Χ}" and (2 +x)’. 
(b) Hence find the first four terms of the expansion of (1 — 2x}(2 + x). 
(a) (1 —2x)} = 1 + 3(-2x) + 3(—2x)? + ς--2υὺὴ 
=1-6r+ 12¢-8¢ 
(2+ x) = 24+ 4(2)Q) + 6(27)02) + 4(2)08) + χ' 
= 16 + 32x + 24° 4+ 88 τ χ' 
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(b) (1 -- 20) - χγ) = (1 -- 6x + 120 -- ΒΧ (16 + 320 τ 24x? + Bx? τ 2x4) 
The first four terms will go up to the power of x*. So we multiply the terms in the 
first bracket by 16, 32x, 24.7 and 8° and leave out any terms higher than 2°. 


Multiplying by 16 16 — 96x + 192x7 -- 128¢* 
Multiplying by 32x 32x -- 1920} + 384° 
Multiplying by 24x? 24° -- 1443 
Multiplying by 8° χ᾽ 
Adding 16 — 64x + 242 + 120% 


Example 6 


(a) Find the terms in x and x} in the expansion of (3 - 3 ἢ in ascending powers of x. 
(b) Hence find the coefficient of x* in the expansion of (1 -- ξ )35 - ξ y. 


(a) (3 - $)6 = 36 + 6(35)(— 8) + 15(3*(- F? + 20(3°)(— FP τ 15(3?)(- 3)".. 
3 3 3 3 3 


So the x? term is —20x° and the αὐ term is + es 


os ὁ 
Then (1 - 5) - ἔγ5 = (1 - ἔγι.- 2008 55. 
ι... . 


The term in x* is found by multiplying the relevant terms as shown, and is 
10x4 + ae giving a coefficient of B 


Example 7 


Write down and simplify the first three terms in the expansions (in ascending powers 
of x) of (a) (1 - ἘΡ̓ and (b) (2 + x. 


Hence find the coefficient of x in the expansion of (2 -- 2x -- ἐξ ys; 


(a) ἃ - 8) = 1+ 5-38) + 10-8... = 1 - BE 452° 
(b) (2 + x) = 2° + 5(2*)(x) + 10(2°)(2) ... = 32 + 80x + 80 
We notice that (2 -- 2x - ἐπ }" is the product of (a) and (b) 


= ΤΕ - 22 τ} 
ΓΞ ΞΗ 
= (1 - $e + SSE ...1[32 + 80x + 80x...) 


er | 
| 


The term in x? will be the sum of the products linked together, so the coefficient of x7 
is 80 - (15 x 80) + (48 x 32) = 200. 


102 


Example 8 

Find, in ascending powers of x, the first three terms in the expansions of 

(a) (1+2xP) and (b) (1 +pxy. 

(c) If the coefficient of x in the expansion of (1 + 2x)(1 + px)* is -26, find the value 
of p. 

(a) The first three terms of (1 + 2x)> are 1 + 5(2x) + 10(2x)? = 1 + 10x + 40x. 


(Ὁ) The first three terms of (1 + px)* are 1 + 4(px) + 6(px)? = 1 + 4px + 6px. 
Ξε = <<<  t 


5, 4 2 
(c) (1 + 20 + px) = (1 + 10x + 40x°)(1 + 4px + 6p?) 


We only require the term in x* so we pick out the terms (linked together above) 
whose products produce x*: 

1 x 6p°x? = 6p*x* 

10x x 4px = 40px* 

40x x 1 = 40x 
giving (6p? + 40p + 40). 
Hence 6p? + 40p + 40 = -26 
i.e. 3p? + 20p + 33 =0 or (3p + 11)(p + 3) =0 


Example 9 


(a) Find the first three terms in the expansion of (1 ~ 3x} in ascending powers of x. 
(b) If the first three terms in the expansion of (p +qx)(1 — 3x) are 3 +rx +300x, state 
the value of p and find the values of q and r. 


(a) The first three terms of (1 — 3x) are’ 1 + 5(—3x) + 10(—3x)? = 1 -- 15x + 90x. 


(Ὁ) The first three terms of (p + gx)(1 — 3x)$ will come from (p + gx)(1 — 15x + 90x’). 
The first term is p so p = 3. 
The term in x is gx -- Spx sog-15p=r (i) 
The term in x is 90px* — 15gx* so 90p — 15q = 300 (ii) 
From (ii), 270 — 15g = 300 so q = -2. 
From (i), r = --2 -- 45 = -47. 
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Example 10 


(a) Expand (1 -- 3 }* in ascending powers of x. 

(δ) If this expansion is used to find the exact value of (0.995), what value should be 
taken for x? 

(c) Using this value, find (0.995)'. 

(a) The coefficients in the expansion of (a + δ)" are 1 4 6 4 1 and, in this case, 
a=1,b=- ὃ, 
All the powers of a = 1. 
Then (1 - 3)*=14+4(-5) + 6- 5)" + 4-5)? ἐ(- 5) 

=1-2r+ a -- oo τ x 


If 1 — 3 = 0.995, then 5 = 0.005 and x = 0.01. 


Substitute x = 0.01 in the expansion. 
(0.995)* = 1 -- 2(0.01) + 390: ΘΟ», wor 


16 
Writing the positive and negative terms separately: 
positive negative 
1 — 2(0.01) = — 0.02 
300)" = 0.000 15 «a =~ 0.000 000 5 


COD" = 0.000 000 000 625 


1.000 150 000 625 — 0.020 000 5 
which gives a sum of 


1.000 150 000 625 
— 0,020 000 5 


0.980 149 500 625 


This is the exact value of (0.995)*. 
Compare this value with that obtained by using a calculator. 


Exercise 5.2 (Answers on page 619.) 


1 Write down the expansion of (1 — x)*, Use your result to find the expansion of 
(1 —x + 3)* in ascending powers of x as far as the term in 2°. 

2 Use the expansion of (1 + x)* to find the first three terms in the expansion of 
(1 +  -- 2°)’ in ascending powers of x. 

3 Find the first three terms in the expansions in ascending powers of x of (a) (2 — x)‘ and 
(b) (3 - ey. Hence find the coefficients of x and x* in the expansion of (6 — 4x + zy. 


4 (a) Write down the expansion of (1 + x)° in ascending powers of x as far as the term 
in x. 
(Ὁ) Hence find the first four terms in the expansion of (1 +x — 2°). 
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5 Expand in ascending powers of x, (a) (1 + 2x)* and (Ὁ) (1 -- x)’. 
Hence find the first three terms in the expansion of (1 + 2x)*(1 — x)*. 


6 Write down the expansions of (1 + 2x)' and (2 - 5}. in ascending powers of x. Hence 
find the coefficient of the term in x? in the expansion of (1 + 2.) Ὡ -- 3) 


7 Find the coefficient of χ᾽ in the expansion of (1 — 2x)°(1 + x y. 


8 Expand each of the binomials (1 + x)* and (2 -- x)’ as far as the term in x°. Hence find 
the coefficient of χ᾽ in the expansion of (2 + x -- x)’. 


9 In the expansion of (a + bx)‘ in ascending powers of x, the first two terms are 16 — 96x. 
Find the values of a and b. 


10 The coefficient of the third term in the expansion of (ax -- L }" in descending powers 
of x is 80. Find the value of a. 


11 (a) Expand (1 + ax)* and (b + x)‘ in ascending powers of x. 
(b) If the first two terms in the expansion of (1 + ax)'(b + x)* are 16 -- 644, state the 
value of b, where b > 0, and find the value of a. 


12 In the expansion of (p + qx)' in ascending powers of x, the first two terms are 16 -- ὅτ, 
Find the values of p (> 0) and g. Hence find the third term in the expansion. Ὁ 


13 (a) Expand (1 + ρχ)" and (1 + gx) as far as the terms in 2°. 
(b) Given that the coefficient of x* in the expansion of (1 + px)*(1 + qx) is -6 and that 
p +4q=1, find the values of p and q. 


14 (a) State the expansions of (i) (1 + ax) and (ii) (1 + bx)* in ascending powers of x. 


(b) If the second and third terms in the expansion of (1 + ax)*(1 + bx)‘ are 5x and 3x? 
respectively, find the values of α and ὃ. 


15 (a) Find the coefficients of x* and x in the expansion of (2x -- 4). 
(b) Hence find the coefficient of x5 in the expansion of G - 2)(2x - : y. 


16 Find the coefficients of x° and x4 in the expansion of G — xy. 
Hence find the coefficient of x* in the expansion of (1 + 3x3 - x). 


17 Write down 
(a) the first four terms in the expansion of (1 — 2x)*, and 
(b) the first three terms in the expansion of (1 —.x)*. 
If the sum of the terms in (a) equals the sum of the terms in (b) where x # 0, find the 
value of x. 


18 State the first three terms in the expansion of (1 + χα)" and hence find the first three 
terms in the expansion of (1 + ax + bx*)*. If these are 1 + 8x + 122°, find the values 
of a and b. 


19 If the expansion of (1 — α —.x°)'® is used to find the value of (0.89), what value of x 
should be substituted? 


20 Write down the first three terms in the expansion of (1 — x)* in ascending powers of 
x. Use this expansion to find the value of (0.999)* correct to 5 significant figures. 
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THE BINOMIAL THEOREM 
The expansion of (a + δ)" is given in full by a formula known as the Binomial Theorem. 
The formula is as follows: 
(a+ by = a+ (T)artb+ (3 )arh +.4( 1 arb +... +b" 
where ( ΠῚ = 5: »15 2)..(αβ.- τ + 1) and 
r r! , 
r! is factorial r andr! =1x2x3x4x..Xr. 


For example, 2! = 1 x 2, ne S!=1x2x3x4x Sete. 


Hence (ἢ )= *.(4)= we m-) (π)- eden Ὁ and so on. 


There are (n + ᾿ terms in the expansion of (a + b)". The coefficients of the expansion are 
n n 
(i) (ὦ, - G) - 1 
term Ist 2nd 3rd (r+ 1th (n+ 1)th 


The first and last coefficients are always | when 7 is a positive integer (which it always 
will be in our work). Note that the coefficient for the (r + 1)th term is (7). 


Some calculators give the numerical value of (") (shown as "C_) but the formula needs to 
be known for algebraic terms. 


Example 11 
Show that (12) = (19). 


()= PEBEE = 


10\)_ 10x9x8x7x6x5x4 _ q 
(19) = TXEMSNERSXEXT ~ 120 after cancelling 4 x 5 x 6 x 7. 
We could have expected this as the coefficients of (a + b)'° are symmetrical. 
This is an example of a general rule: ( a )s ( n ᾿ ea 


Hence to find, say (12) it is easier and quicker to find (12). 


Example 12 

Using the theorem, find the coefficients in the expansion of (a + b)’. 

The coefficients are 1,(7),(3),(3),(7).(2),(Z) and τ. 

(= f= (Ὁ -ἴδέ τοι. (Ὁ = TESS «35, 
(1) =(3)=35: (3) =(2)=21: (3) =(7)=7 


So the coefficients are 1, 7, 21, 35, 35, 21,7 and 1 as we have found from Pascal's 
triangle. 
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ῬΆΞΟΔ]᾿ 5 Triangle is the easier and quicker way of finding coefficients provided n is not 
too large. If n is large or is not known, then the Binomial Theorem must be used. The 
theorem is essential in more advanced work when n may not be a positive integer. 


Example 13 
Find the first four terms in the expansion of (x -- 2)’. 
Here a = x, ἢ Ξ --2 and n= 12. 
The first four terms are 
x? + (!2)x"(-2) (12) x14-2)° + (!2).%-2)° 
ax? 12 gy 4 PAT yigggy 4 ΖΚ Η ΣΧ 
= x? — 24x'! + 264x!° — 1760x° 


x(-8) 


Example 14 


Find the Sth and 6th terms in the expansion of (2x -- 4}. 


Here a = 2x, b =-4 and n= 10. 
The Sth term is given by r = 4 and the.6th term by r= 5. 
The Sth term = (10)(2xy'4(—4)¢ = WAIXBAT (ayy( ty = 840χό, 


Verify that the 6th term = X?2*8X7X8 (2495 (_ 3) -- 252,5. 


Example 15 


Write down (without simplifying) the first three terms in the expansion of (x + by" 
where nis a positive integer. If the coefficients of the second and third terms are -8 
and 30 respectively, find the values of n and b. 


(x + bf = + (1). + (3) 
Hence the coefficients of the second and third terms are nb and ““"=»- 6? respectively. 
Then nb = -8 (i) 
and “*=) 52 = 30 ie. n(n — 1)? = 60 (ii) 
We solve these equations for n and b. 
In (ii), substitute b = = 
64 _ -l _ 6&0 

nn-1) ὃς =60 or ὅ--- = a 

Then ὅ64η -- 64 = 60n from which we find n = 16. 


From (i), b= τὲ =-}. 


Example 16 


Find the term independent of x in the expansion of (2x -- 4 yo. 


From the theorem, the (r + 1)th term is 
(lO) ane Ly = ([0γ2 αν 1). 


If this term is to be independent of x, then the x’s must cancel i.e. the powers of x in 
the numerator and denominator must be equal. 


Then 10-r=rorr=5. 
So the 6th term is independent of x. 


This term is therefore ( 10)25(-1)8 = πο x (-32) = -8064. 


Exercise 5.3 (Answers on page 619.) 
1 Find the value of (a) 3!, (Ὁ) 4!. (0) 3 (ὦ) a42g. 
2 Find the value of (a)($), ()(3), (c) (12), (a)(13 . 
3 What is the value of x if( 4!) = ( ΡᾺ 7)? 
4 Write down and simplify the first three terms of (a) (1 + x)!°, (Ὁ) ( -- 3), (c) (x= 1). 


5 For the following expansions, find 
(a) the coefficient of the ninth term in (2x -- 1)!*; 
(Ὁ) the coefficient of the fourth term in (1 — 3x)!°; 
(c) the coefficient of the fifth term in (x -- 4)°. 


6 The coefficient of the second term in the expansion of (1 + 21)" in ascending powers 
of x is 40, Find the value of 7. 


7 If the first three terms in the expansion of (1 + ax)" in ascending powers of x are 
1 + 6x + 162°, find the values of n and a. 


8 In the expansion of (1 + px)" in ascending powers of x, the second term is 18x and the 
third term is 135x*. Find the values of n and p. 


9 Find the term independent of x in the expansion of (x -- 3h). 


10 If the ratio of the Sth to the 6th term in the expansion of (a + 4)" is 5x: 1, find the 
value of a. 
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SUMMARY 


Φ The coefficients in the expansion of (a + δ)", where n is a positive integer can 
be found from Pascal’s Triangle: 


12 1 (α τ δ᾽ 

Ladd 1 (a + ΒΚ) 

1464 1 (a + b)* 

1510105 1 (a+ by 
etc. 


@ The powers of a decrease from ἡ to 0, the powers of b increase from 0 to ἡ. The 
sum of these powers is always n. 


@ Alternatively, the expansion of (a + b)" can be found using the Binomial 
Theorem, where n is a positive integer: 
(a+ by =a"+(" Ja™'b + (2 ab $a t (ἔχ +... +h 
where (") = Me=DG@=2)..(0-r+) and rl =1x2x3X..XF. 


r! 


REVISION EXERCISE 5 (Answers on page 619.) 
A 


1 Find, in ascending powers of x, the first four terms in the expansion of (i) (1 — 3x)*, 
(ii) (1 + 5x)’. Hence find the coefficient of x* in the expansion of (1 -- 3x)°(1 + 5x)’. 


(C) 
2 Obtain the first three terms in the expansion of (a + 5) in ascending powers of x. If 


the first and third terms are 64 and we respectively, find the values of a and b and 
the second term. 


3 Find the first three terms in the expansion of (1 — 21)" in ascending powers of x, 
simplifying the coefficients. 

Given that the first three terms in the expansion of (a + bx)(1 — 2.0)" are 

2 + cx + 10x*, state the value of a and hence find the value of b and of c. (C) 


4 (a) Expand (1 + 2x)° and (1 — 2x)° in ascending powers of x. 
(b) Hence reduce (1 + 21)" — (1 — 20)" to its simplest form. 
(c) Using this result, evaluate (1.002)° — (0.998). 


5 Find, in ascending powers of ¢, the first three terms in the expansions of (i) (1 + a 9°, 
(ii) (1 — Br)’. Hence find, in terms of α and , the coefficient of 12 in the expansion of 
(1 + αὐ Ὁ — Ba). (C) 


6 The first three terms in the expansion of (1 + Ἑ )" in ascending powers of x are 
l+x+ 3: Find the values οἵ and p. 
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7 Write down and simplify the expansion of (1 -- p)°. Use this result to find the 
expansion of (1 -- x — x*)° in ascending powers of x as far as the term in 2°. Find the 
value of x which would enable you to estimate (0.9899)° from this expansion. 


(C) 
8 Find which term is independent of x in the expansion of (x — py 
9 Obtain and simplify : 
(i) the first four terms in the expansion of (2 + x*)* in ascending powers of x, 
(ii) the coefficient of x in the expansion of (1 — x°)(2 + x°)°. (C) 


10 In the expansion of (1 —.x)'°, the sum of the first three terms is Ξξ when a certain value 
of x is substituted. Find this value of x. 


11 Evaluate the coefficients of x5 and x4 in the binomial expansion of G - 3)’. Hence 
evaluate the coefficient of x° in the expansion of G — 3)'(x + 6). (C) 


12 If the first three terms in the expansion of (1 + kx)" in ascending powers of x are 
1-6x+ Be find the values of k and n. 


13 Find, in ascending powers of x, the first three terms in the expansion of (1 + ax)°. 
Given that the first two non-zero terms in the expansion of (1 + bx)(1 + αχ) are 1 and 


ae find the possible value of a and of δ. (C) 


14 Find the ratio of the 6th term to the 8th term in the expansion of (2x + 3)'' when 
x=3. 


15 In the expansion of (1 + px)(1 + qx)* in ascending powers of x, the coefficient of the 
x term is -- and there is no x* term. Find the value of p and of q. 


16 If the fifth term in the expansion of (x + Ly is independent of x find the value of n. 


17 In the expansion of (x? + 3y, find which term will have the form A where Ais an 
integer. Hence find the value of A. 


18 The first three terms in the expansion of (1 + x + ax2)" are | + 7x + 14x2, Find the 
values of n and a. 


19 (a) Obtain the expansions of (1 + χα)" and (1 + x”)° in ascending powers of x. 
(Ὁ) Show that (1+ x)(1+2)=1l+x4+ χε χ᾽, 
(c) Hence find the first four terms in the expansion of (1 + x + x7 + °) in ascending 
powers of x. 


20 For what value of x is the fifth term of (1 + 2x)'° equal to the sixth term of (2 + x)*? 
21 Show that (a) (x - 1) = - 4 - 3 -- 1) and 

(b) α - 4) = a5 - fe - δα - 4) + 100-4). 

Hence show that x° - τὸ = ρ᾽ + Sp + Sp where p= x- ἃ. 
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Radians, Arcs 
and Sectors 


The practical unit of measurement for angles is the degree (°) which is τί th of ἃ com- 
plete revolution. The number 360 comes from Babylonian times but it is an arbitrary 
choice. There is another system of measurement called circular or radian measure 
which is more suitable for further mathematics, particularly in Calculus. This system does 
not depend on the choice of any particular number. 


RADIAN MEASURE Fig. 6.18 


In a circle of radius r, centre O, we take an 
arc AB also of length r (Fig. 6.14). Then 
the angle AOB is the unit of radian r r 
measurement, one radian. 

In Fig. 6.1b, for example, arc PQ = ir so 

ZPOQ = } radian. If arc PR = 2r, then ο r A 
ZPOR is 2 radians, and so on. If the arc is 

kr then the angle subtended is k radians. 

Note that the size of 1 radian does not 

depend on the length of ror on any arbitrary 

number. 

So we define 1 radian thus: 


One radian is the angle made by an arc of length 
equal to the radius. 


θ radians is sometimes written 6 rad or θ΄ or 6° but normally 
just as 6. So we write sin θ meaning sin (8 radians). If degree 
measure is used, the degree symbol ο must be written. 
Now the circumference of a circle of radius r has length 2πν (Fig.6.2). 


2nr 


Fig. 6.2 


So a complete revolution is 2m radians = 360°. 
Therefore mrad = 180° 


Hence 5 rad = 90°, Σ rad = 45°, etc. 

x rad = ( 18" and x° = 7g5 rad. 

As mrad = 180°, then 1 rad = (182)° = 57.3. 

This value cannot be found exactly as π is an irrational number. Usually radian measures 


are left as multiples of m, for example 3x. 


Tables or calculators may be used if necessary for conversion. When we use a 
calculator to work with trigonometrical ratios (sine, cosine and tangent) involving radi- 
ans, it is convenient to put the calculator in the ‘radian’ mode. The input and output of 
angles will then be in radians. 


Example 1 


Convert (a) 36° to radian measure and (b) ὅπ to degree measure. 


(a) 180° = mrad so 36° = τῇς x 36 = & rad. 
180 5 
(b) m rad = 180° so % rad = F x '8° = 150°. 
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Example 2 
Find the value of (a) sin 0.4 (b) tan 1.5. 


Put the calculator in ‘radian’ mode and key in the appropriate function. 
(8) sin 0.4 = 0.389 
(b) tan 1.5 = 14.1 


Example 3 


Find the value of θ (in radians) for 0 < 0 < 
(a) cos θ- 0.5 (b) tan 8 =0.5 
Again put the calculator in the ‘radian’ mode. 
(a) cos8=0.5 

θ = cos"! 0.5 = 1.05 rad 
(Ὁ) tan θ - 0.5 

θ = tan! 0.5 = 0.46 rad 


Exercise 6.1 (Answers on page 619.) 


1 Convert the following radians to degree measure: 


(a) ἢ () ἢ (©) # (d) 4π () ξ οξ 
(g) ἘῈ we ὦ ὁ ᾧ ξ (k) 2 ( 1.5 


2 Convert the following to radian measure as a multiple of x: 
(a) 30° (b) 135° (c) 270° (d) 540° (e) 105° 
(f) 40° (g) 200° (h) 223° (i) 400° (j) 75° 
3 Find the value of 
(a) sin (Ὁ) cos} (ὦ tan Ὁ (ὦ) cos ™ 
(e) sin 5 (ἢ sin 2 (g) cos 0.5 
4 Find the value of θ (in radians) for 0 < θ « 5 if 
(a) sin@=0.5 (0) cos 6 = 0.6 
(c) tan@=1.5 (4) cos 6 = 0.25 
5 Find the value of 6 — sin @ if 8 = 0.75 rad. 


6 Using a calculator, investigate the value of “4% when @ is small. 


(Take @ = 0.5, 0.3, 0.1, 0.05, 0.01 for example). 


113 


LENGTH OF AN ARC 


In Fig.6.3, the arc AB is of length s in a circle with centre O Fig. 6.3 
and radius r. The arc subtends an angle of θ radians (ZAOB) 
at the centre. B 


As we saw above, an arc of length kr subtends an =“ of k 
radians. Here the arc length is s so s = kr and k= ὃ - 0. 


4. 


This formula is only valid if Θ is in radians. 


If ZAOB = 0°, then s = mr x ΕΝ The formula is simpler in 
radian measure. 


Example 4 


Ina circle of radius 8 cm, find 
(a) the length of the arc which subtends an angle of 3% 4 * radians at the centre, 


(b) the angle oat by an arc of length 6 cm. 
(a) s=r8=8x a = ὅπ cm (= 18.8 cm) 
(b) From the ‘ictal. @=i= = 0.75 rad (= 0.75 x 180 = 43.095) 


AREA OF A SECTOR OF A CIRCLE 


In Fig.6.4, AOB is a sector of angle 8 rad in a circle with Fig. 6.4 
centre O and radius r. ZAOB = θ rad. 


The area of the sector will be proportional to 8. > 
Hence west wector BOB = £ and r 
area of sector = ΕἼ x tr = 570. 
Area of sector of angle θ = 7°6 a ae 


Once again, this formula is only valid if 6 is in radians. 


Example 5 


In Fig.6.5, O is the centre of a circle of radius r and ZAOB = θ. State 
(a) the area of sector AOB 

(b) the area of AAOB. 

Hence deduce the area of the segment which is shaded. 

(c) Find the difference in length between the arc AB and the chord AB. 
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(a) 
(b) 


(c) 


Area of sector = 578 
Area of AAOB = 13 sin θ (using the formula: area of ὦ = bbe sin A) 
Hence the area of the segment = 58 ~ 5P sin 8 = re — sin 6). 


Length of arc AB = r8 
The length of the chord AB is found from the 
isosceles AAOB (Fig.6.6), where AD is the 
perpendicular bisector of AB. 
8 

eee 9 
Then AD =r sin 5 and AB = 2r sin 5. 
Hence the difference in length between arc AB 
and chord AB 


= r6~2r sin $= θ -- 2 ἰπ 8). 


Example 6 


O is the centre of a circle of radius 6 cm. AOB is a 
sector of angle 1 (Fig.6.7). Find 


(a) 
(b) 
(c) 


(a) 


(b) 


the area of sector AOB, 
the area of segment ABC, 
the difference in length between arc AB and 
chord AB. 
Area of sector = $r°0 = ἢ x 36 x ξ 
= ὅπ (= 18.8 cm’) 
Area of segment = area of sector — area of A 
= ὅπ- 5 x 6? X sin Ξ 
= ὅπ-- 18 x 0.866 = 3.26 cm? 
Difference in lengths = r@ — 2r sin Η 
=6x F-12sin § 
= 2n - 6 (as sin § = 0.5) = 0.28 cm 
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Example 7 


In Fig.6.8, OACB is a sector of a circle centre O and radius 5 cm. AB = 8 cm. Find 
(a) @in radians, 
(b) the length of the arc ACB. 


Fig. 6.8 


(a) If OD bisects ZAOB (Fig.6.9) 
then D is the midpoint of AB and BD = 4 cm. 
Then sin 2 = $ and $ ~ 0.927 rad. A 
6 = 1.85 rad 


(b) Length of the arc = 5 x 1.85 = 9.25 cm 


Example 8 


A circular disc, centre O and radius 30 cm, rests on two vertical supports AB, CD, 
each 20 cm tall and 45 cm apart (Fig. 6.10). Calculate, correct to 3 significant figures 
(a) ZAOC in radians, 

(b) the height of the lowest point of arc AC above BD, 

(c) the fraction of the area of the disc that lies above the level of AC. 


Fig. 6.10 


Take ZAOC = 8. 
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are 
20 
Fig. 6.11 t t 


(a) In Fig. 6.11, OM bisects ZAOC, AM = 22.5, OA = 30 and ZAOM = 8, 
OM? = 30? -- 22.5? giving OM = 19.8 cm. 


sin 2 = 225 so 9 = 0.848 rad and @ = 1.70 rad. 


(b) L is the lowest point of AC. OL = 30 and OM = 19.8 so ML = 10.2. 
Then ML + x = 20 so x = 9.8 cm. 


Area of the disc = πρὸ = 9007 cm’. 
Area of segment ALC = 1 x 30? x - 1 x 30? x sin θ 


= 450(1.70 -- sin 1.70) = 318.8 cm? 
Then area above AC = 900m — 318.8 and fraction of area above AC 


- 900m -- 3188 _ 
For = 0-887. 


Example 9 


The area of the sector OAB (Fig.6.12) is 150 cm’. Calculate 

(a) @(in radians), 

(b) the length of arc AB. 

(c) If this sector is folded up to form a cone, what is the radius of the cone? 


O 12cm 
Fig.6.12 fe] 


(a) Area of sector = re = 150 
Then 5 x 1440 = 150 and θ = 2.083 rad. 


(Ὁ) Length of are = υϑ = 12 x 2.083 = 25.0 cm 


(c) When folded up, the arc AB becomes a circle of radius, say R (Fig.6.13). 
Then 2nR = 24.96 and R = 3.97 cm. 
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12 


o> 


Fig.6.13 


Example 10 


A sector of a circle has radius r and angle @. Find the value of @ correct to 
3 significant figures ifthe perimeter of the sector equals half the circumference of 
the circle. be 


The perimeter of the sector =r + r + r6 = r(2 + 6). 
Then r(2 + θ) = mr and 2 + 8 =n giving 6 = π -- 2 = 1.14 rad. 


Example 11 


A sector of angle θ in a circle of radius r cm has an area of 5 cm’ and its perimeter 
is 9 cm. Find the values of r and θ. 


Area = $7°@ = 5 so r°@ = 10 (i) 
Perimeter = r +r +r8=2r+r0=9 

We solve these two equations. 

From (i), 6 = +f. 

Substitute in (ii), 2r + r 4? = 9 which gives 27? + 10 = 9r or 2 - 9r + 10 = 0. 
Hence (2r — 5)(r — 2) = 0 and r = 2} or 2 cm. 

From (i), the corresponding values of θ are 1.6 or 2.5 rad. 


Exercise 6.2 (Answers on page 619.) 
Where the answer is not exact, 3-figure accuracy is sufficient. 


1 The length of an arc in a circle of radius 5 cm is 6 cm. Find the angle subtended at the 
centre. 
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2 An arc of length 5 cm is drawn with radius 3 cm. What angle does it subtend at the 
centre? 


3 The area of a sector of a circle is 9 cm’. If its radius is 6 cm find the angle of the sector 
and the length of its arc. 


4 The area of a sector of a circle is 15 cm? and the length of its arc is 3 cm. Calculate 
(a) the radius of the sector and (b) its angle. 


5 Find the missing values in the following table for sectors: 


Radius | 2 of sector | Length of arc | Area of sector 
(radians) (cm) (cm?) 


6 A sector of a circle of radius 4 cm has an angle of 1.2 radians. Calculate 
(a) the area of the sector, 
(b) its perimeter. 


7 In Fig. 6.14, DOBC is a semicircle, centre O and radius 6 cm. AC is perpendicular to 
DOB where AB is 2 cm. 
Calculate 
(a) the length of AC, 
(b) ZCOA in radians and 
(c) the perimeter of the shaded region. 
(d) Express the area of the shaded region as a percentage of the area of the semicircle. 


D 6 fo} A2B 
Fig. 6.14 


8 If the area of a sector is 6.4 cm? and its angle is 0.8 radians, calculate the radius of the 
sector. 


9 Achord AB is 8 cm long in a circle of radius 5 cm. Calculate 
(a) the angle it subterds at the centre of the circle, 
(b) the length of the shorter arc AB. 
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10 The perimeter of a sector is 128 cm and its area is 960 cm’. 
Find the possible values of the radius of the sector and its angle. 


11 A wheel of radius 0.6 m rotates on its axis at a rate of 4.5 radians per second. 
Calculate the speed with which a point on its rim is moving. 


12 A disc is rotating at 33} revolutions per minute. 
(a) At what rate, in radians per second, is it rotating? 
(b) At what speed, in metres per second, is a point on the rim moving, if the radius 
of the disc is 15 cm? 


13 Fig.6.15 shows a cross-section through a tunnel, which is part of a circle of radius 
5 m. The width AB of the floor is 8 m. Calculate 
(a) the angle subtended at the centre of the circle by the chord AB, 
(b) the length of the arc ACB. 


Fig. 6.15 A 8m 8B 


14 Fig.6.16 represents the action of a windscreen wiper of a car. It rotates about O and 
travels from AB to A’B’and back. Calculate 
(a) the area AA'B’B swept clear, 
(b) the perimeter of this area. 


Fig. 6.16 


15 A cylindrical barrel floats in water (Fig. 6.17). The diameter of the barrel is 120 cm 
and its highest point P is 80 cm above the water level AB. 
(a) Calculate ZAOB in radians, where O is the centre of the circular face. 
(b) What fraction of the volume of the barrel is below the water line? 


120 


Fig. 6.17 


16 Ina circle centre O, AOB and COD are two concentric sectors as shown in Fig.6.18. 
The lengths of the arcs AB and DC are 2.8 cm and 2 cm respectively and AD = 2 cm. 
Calculate 
(4) the length of OC, 

(b) ZAOB in radians, 
(c) the area of ABCD. 


Fig. 6.18 fe) Cc B 


17 In Fig.6.19, the chord AB, of length 8 cm, is parallel to the diameter DOC of the 
semicircle with centre O and radius 5 cm. Calculate 
(a) ZAOB in radians, 
(b) the area of the segment ABE, 
(c) what fraction the area of the segment 
ABE is of the area of the semicircle. 


ο 5cm 


18 A wheel of radius 20 cm rolls without slipping on level ground. A point P on the rim 
is in the position P, at the start (Fig.6.20). When the centre of the wheel has moved 
through 50 cm, P is now in the position P,. Calculate the angle (in radians) through 
which the wheel has tured. 


Fig. 6.20 P. 


19 A piece of wire, 10 cm long, is formed into the shape of a sector of a circle of radius 
rcm and angle θ radians. 
(a) Show that θ = 5.2 a 
(b) Show also that the area A cm? of the sector is given by A = Sr - r*. 
(c) If 4A <6 and 6 <3, find the limits within which r must lie. 


20 In Fig.6.21, O is the centre of the circle containing the sector OAB. DC is a parallel 


arc and BC = 3 cm. 
Fig. 6.21 


If OC = cm and ZAOB = 6 rad, show that rom 

(a) the shaded area = $ (6r +9) cm?, ο 

(Ὁ) the perimeter of the shaded area equals 6 + 6(2r + 3) cm. 

(c) Given that the shaded area is three-quarters of the area of the sector OAB, 
calculate the value of r. 

(d) If, however, the total perimeter of the shaded area equals the total perimeter of 
the sector OAB, find the value of θ. 


SUMMARY 


@ | radian is the angle subtended by an arc of length equal to the radius. 
@ rad = 180° 
@ Length s of an are of radius r subtending an angle θ is s = r6 (6 in radians). 


@ Area A of a sector of radius r and angle θ is A = 50 (8 in radians) 


REVISION EXERCISE 6 (Answers on page 620.) 
Where the answer is not exact, 3-figure accuracy is sufficient. 


A 


1 In Fig.6.22, ADB is a semicircle with centre O and radius 20 cm. DC is perpendicular 
to AB where Cis the midpoint of OB. Calculate υ Fig. 6.22 
(a) ZDOC in radians, 

(b) the area of the shaded region. 
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2 Fig.6.23 shows a circle, centre O, radius 10 cm. The tangent to the circle at A meets 
OB produced at T. Given that the area of the triangle OAT is 60 cm? calculate the area 
of the sector OAB. (C) 


A T 


Fig. 6.23 


3 In Fig.6.24, O is the centre of the sector OAB. CD is another arc, with centre O and 
radius r cm. DB = 2 cm. If the area of ABDC is one-third the area of the sector OCD, 
find the value of r. 

A 


Fig. 6.24 fe) D2cm B 


4 In Fig.6.25, ADC is an arc of a circle, centre O, radius r and ZAOC = 26 radians. 
ABC is a semicircle on AC as diameter. Show that AC = 2r sin 6. 


Find expressions, in terms of r and 8, for the areas of 

(i) the sector OADC, 

(ii) the segment ADC, 

(iii) the shaded region. (C) 


Fig. 6.25 


5 OBD is a sector of a circle with centre O and radius 6 cm. ZBOD = og 


A is a point on OB where OA = 2 cm and C is a point on OD such that OC = 4 cm. 
Find the area of the region bounded by BA, AC, CD and the are BD. 
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6 Fig.6.26 shows a circle, centre O, radius 5 cm and two tangents TA and TB, each of 
length 8 cm. Calculate 
(i) ZAOB, 
(ii) the length of the arc APB, 
(iii) the area of the shaded region. (C) 


Fig. 6.26 


7 Fig.6.27 shows part of a circle centre O of radius 6 cm. 
(i) Calculate the area of sector BOC when 6 = 0.8 radians. 
(ii) Find the value of θ in radians for which the arc length BC is equal to the sum of 
the arc length CA and the diameter AB. (C) 


Cc 


Fig. 6.27 A fo) 


8 In Fig.6.28, OAB is an equilateral triangle of side 10 cm. The arc ADB is drawn with 
centre O. A semicircle is drawn on AB as diameter. Find the area of the shaded 
region. 


Oo 


Fig.6.28 


9 Fig.6.29 shows the circular cross-section of a uniform log of radius 40 cm floating in 
water. The points A and B are on the surface and the highest point X is 8 cm above 
the surface. Show that ZAOB is approximately 1.29 radians. Calculate 
(Ὁ the length of the arc AXB, 

(ii) the area of the cross-section below the surface, 
(iii) the percentage of the volume of the log below the-surface. (C) 
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Fig.6.29 


10 Fig.6.30 shows two arcs, AB and CD, of concentric circles, centre O. The radii OA 
and OC are 11 cm and 14 cm respectively and ZAOB = θ radians. 
Express in terms of 6 the area of 
(i) sector AOB, 
(ii) the shaded region ABCD. 


Given that the area of the shaded region ABCD is 30 cm’, calculate 
(iii) the value of θ, 
(iv) the perimeter of the shaded region ABCD. (C) 


Fig. 6.30 


11 Fig. 6.31 shows a semi-circle ABC, with centre O and radius 4 m, such that angle 
BOC = 90°. 
Given that CD is an arc of a circle, centre B, calculate 
(a) the length of the are CD, 
(b) the area of the shaded region. (C) 


Fig. 6.31 A DO4m 6B 
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12 In Fig.6.32, ABCD is a square of side 4 cm. Equal arcs AE and EB are drawn with 
radius 4 cm and centres B and A respectively. Calculate the area of the shaded region. 


D c 


Fig. 6.32 A 4cm B 


13 The two circles in Fig.6.33 have centres A and B and radii 5 cm and 12 cm 
respectively. AB = 13 cm. Calculate the area of the shaded region. 


| 
Fig. 6.33 fae | 


14 A sector of a circle radius r has a total perimeter of 12 cm. If its area is A cm, show 
that A = 6r — 7°. Hence find the value of r for which A is a maximum and the corre- 
sponding value of the angle of the sector in radians. 


15 In Fig.6.34, the sector OAB has centre O and radius 6 cm and ZAOB = ξ radians. 
OC is the bisector of ZAOB and P is the midpoint of OC. An arc DE of a circle is 
drawn with centre P to meet OA and OB at D and E respectively. 

(a) Find the size of ZOPD. 
(b) Calculate the area of the shaded region. 


Fig. 6.34 
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16 In Εἰς. 6.35, ABCD is a rhombus of side x and ΖΑ = θ radians. Arcs each of radius 
3 are drawn with centres A, B, C and Ὁ. If the shaded area is half the area of the 
rhombus, show that sin 6 = 2 and find the two possible values of 8. 


Fig. 6.35 


17 A, B and C are three points in that order on the circumference of a circle radius 5 cm. 
The chords AB and BC have lengths 8 cm and 4 cm respectively. Find the ratio of the 
areas of the minor segments on AB and BC. 
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Trigonometry 


TRIGONOMETRIC FUNCTIONS 
FOR A GENERAL ANGLE 


The trigonometric functions sine, cosine and tangent of an angle 6 were originally defined 
as ratios of the sides of a right-angled triangle, i.e. for a domain 0° < 8 < 90°. We now 
extend the definition to deal with any angle (the general angle). 

The actual values of sin 8, cos 6 and tan θ for any given angle can be found directly 
using a calculator. To solve equations, however, we must know how to use these 
definitions inversely. 

Suppose the arm OR (of unit length) in Fig.7.1 can rotate about O in an anticlockwise 
direction and makes an angle @ with the positive x-axis. We divide the complete 
revolution into 4 quadrants and take the positive y-axis at 90°. Let (x,y) be the coordi- 
nates of R. x and y will be positive or negative depending on which quadrant R lies in. 


R(x, y) 


1st 
quadrant 


2nd 
quadrant 


180° 


4th 


= quadrant 


quadrant 
Fig.7.1 


We define sin 0 eee: 


Note that both | sin 6 | and | cos @ | are less than or equal to 1 as both |x | and | y| are 
less than or equal to 1, but that tan @ can have any value. In the first quadrant, where 
0° < 6 « 90°, each of these functions will be positive (Fig.7.2). 


Fig. 7.2 


In the second quadrant (Fig.7.3), where 90° < 6 « 180°, the angle @ is linked to the 
corresponding angle 180° — 6 in the first quadrant. 


sin @ = Ἐν = sin(180° -- 0) Fig.7.3 
— cos(180° — 6) 
— tan(180° — 6) 


cos 8 = -ἀ 
tan@= 2 


For the third quadrant (Fig.7.4), where 180° < 6 < 270°, the corresponding angle in the 
first quadrant is θ — 180°. 


sin@ = -y — sin(@ — 180°) 
— οὐβίθ — 180°) 


tan@ = = = tan(@- 180°) 


Fig.7.4 
cos 8 = -x 
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For the fourth quadrant (Fig.7.5), where 270° < @ « 360°, the corresponding angle in 
the first quadrant is 360° -- θ. 


sin@ = -y = —sin(360° -- @) 
cos @= +x = cos(360° — 6) 


Fig.7.5 


tan@ = = = —tan(360° - 6) 

Summarizing: 

SIN + All + 
sin® - sin(180° -- 6) sin 8 
cos @ = -cos(180° — 6) cos 8 
tan 6 = -tan(180° — 6) tan 8 

2nd | Ist 

sin θ = --οἰπίθ — 180°) sin @ = —sin(360° — θ) 
cos 8: = -cos(8 — 180°) cos 8= cos(360° — 8) 
tan @ = ἰδηίθ -- 180°) tan 6 = —tan(360° — 6) 

TAN + COS + 


Each function is positive (+) in the first quadrant and one other. 
Each function is negative (—) in two quadrants. 


Note on Special Angles 30°, 45°, 60° 
As these angles are often, used, it will be useful for future work to have their trigonom- 
etrical ratios in fractional form. 


45° 


In Fig.7.6(a), ABC is an isosceles right-angled triangle with AB = BC = 1. Hence 
AC = V2 and ZA = ZC = 45°. 


c 


Fig.7.6 


130 


Then sin 45° = ts cos 45° 


30°, 60° 


In Fig.7.6(b), ABC is an equilateral triangle with side 2. 
CD is the perpendicular bisector of AB so AD = 1 and CD = V3. 
ZA = 60° and ZACD = 30°. 


Then sin 60° = cos 30° = 3 
sin 30° = cos 60° = 


tan 60° = V3, tan 30° = 75 


win ΜΣι 


Using the special ratios above, the ratios for other angles related to 30°, 45° and 60° can 
be found in a similar form if required. 

For example, cos 210° = ~cos(210° - 180°) = -cos 30° = - 8 

Copy and complete this table: δ 


3005 


NEGATIVE ANGLES 


If the arm OR rotates in a clockwise direction (Fig.7.7), it will describe a negative angle, 
-Θ. To find the value of a function of a negative angle, convert the angle to 360° — 6 or 
2n — 8, if working in radians. 


Fig.7.7 


R 
Thus sin(-30°) = sin 330°, tan (— 5) = tan(2m -- ¥) = tan(*¥ ) and so on. 
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BASIC TRIGONOMETRIC EQUATIONS 


We apply the above trigonometric functions to the solution of basic trigonometric 
equations, i.e. equations in one function such as sin θ = 0.44, cos 8 = -0.78 or tan 6 = 
1,25. As we shall see later, all other equations are reduced to one (or more) of these. A 
basic equation will usually have two solutions for 0° < 6 < 360°. 


To solve a basic equation, such as sin θ = k, 
step 1 find the 1st quadrant angle α for which sin α = | k |; 
step 2 find the quadrants in which Θ will lie; 
Step 3 determine the corresponding angles for those quadrants, 


Unless exact, angles in degrees are to be given to one decimal place. 


Example 1 
Solve (a) sin 0 = 0.57, (b) sin @ = -0.38 for 0° < @< 360°. 


(a) If sin α = 0.57, then α = 34.75°. 
8 will lie in the 1st and 2nd quadrants (θ and 180° -- θ) 
Then @ = 34.75° or 180° — 6 = 34.75° i.e. 8 = 145.25°. 

The solutions are 34.8° and 145.3°. 


(Ὁ) From sin a = +0.38, α = 22.33°. 
6 will lie in the 3rd and 4th quadrants. 
Then 6 — 180° = 22.3° or 360° — Θ = 22.3° giving 6 = 202.3° and 337.7°. 


Solutions for the equations cos θ = & and tan 6 = k are found in the same way. 


Example 2 
Solve (a) cos θ = -0.3814, (b) tan θ = 1.25 for 0° < θ5 360°. 


(a) The Ist quadrant angle for cos αὶ = +0.3814 is 67.58°. 
6 lies in the 2nd and 3rd quadrants. 
Then 180° — 6 = 67.58° or 6 — 180° = 67.58° giving 8 = 112.4° and 247.6°. 


(b) The Ist quadrant angle for tan 6 = 1.25 is 51.34°. 
@ lies in the 2nd and 3rd quadrants. 
Then 6 = 51.34° and 6 — 180° = 51.34° i.e. @ = 231.34°. 
Hence the solutions are 6 = 51.3° and 231.3°. 


Example 3 
Solve the equation 3 cos’ @ +2 cos θ = 0 for 0° < 8S 360°. 


The left hand side factorizes giving cos 6(3 cos θ + 2) = 0 which separates into 2 basic 
equations: 
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cos 8=0 
and 3 cos 6 + 2=0 which gives cos 8 =- 3 = -0.6667. 


Note: Do not divide through by the factor cos 8. This would lose the equation 
cos θ = 0. Never divide by a factor containing the unknown angle. 


For cos 6 = 0, 6 = 90° or 270°. 
For cos 6 = -0.6667, 8 lies in the 2nd and 3rd quadrants. 


The Ist quadrant angle is 48.19°. 
Then 180° — θ = 48.19° and 6 -- 180° = 48.19° giving 6 = 131.8° and 8 = 228.2°. 


Hence the solutions are 90°, 131.8°, 228.2° and 270°. 


Example 4 
For 0°’s 6 < 360°, solve 6 cos? 8 + cos 8 = 1. 
This is a quadratic equation in cos 8: 


6 cos? 8+ cos @— 1 =0 
and so (3 cos -- 1)(2 cos 8+ 1) =0 


which separates into cos 8 = 0.3333 and cos 6 = -0.5. 
Verify that the solutions are θ = 70.5°, 120°, 240° and 289.5°. 


Example 5 


Solve the equation sin(@ — 30°) = 0.4 for 0° < 8 < 360°. 


Write ¢ = 6 - 30°. 

Then sin 9 = 0.4. 

Solve for 9. 

Verify that ¢ = 23.6° and 156.4°. 
Then 6 = 53.6° and 186.4°. 


OTHER TRIGONOMETRIC FUNCTIONS 


There are three other functions which are the reciprocals of the sine, cosine and tangent. 
They are 


1 
cosecant; cosec 6 = sin 
secant: 8:00 = ! 

cos @ 


cotangent: cot@ = 
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Example 6 
Solve (a) cosec @ = —1.58, (b) 4 cot @ = tan @, for 0° < 8 < 360°. 


1 
(a) er cosec 6 by iad’ 
Ξ- i = atl. s 
m6 = 1.58 so sin θ ise 0.6329 


Now verify that 6 = 219.3° or 320.7°. 


(Ὁ) Replace cot @ by εἶτ 


Then --- = tan θ ice. tan? θ = 4. 
tan 6 


So tan 6 = +2 (NB: don’t forget the negative root) 
Verify that the solutions of these equations are 63.4°, 116.6°, 243.4° and 296.6°. 


Exercise 7.1 (Answers on page 620.) 


1 Solve the following equations for 0° < θ < 360°: 
(a) sin@= 4 (Ὁ) cos @ = 0.762 (c) tan @ = 1.15 
(d) cos θ = -0.35 (e) sin 8 =-0.25 (Ὁ tan 6 =-0.81 
(g) sin 8 =-0.1178 (h) sin 6 = -0.65 (i) cos 8= 0.23 
Gj) tan @=-1.5 (k) cosec 8 = 1.75 (1) cos 6 = -0.14 
(m) sec 8 =-1.15 (n) cot 6 = 0.54 (o) sec 8 = 2.07 
2 Solve the following equations for 0° < @ < 360°: 
(a) 5 sin? 6@=2sin® (Ὁ) 9 tan @=cot6 
(c) 3 tan? 6+ 5 tan@=2 (d) 4.cos?,6+3 cos 8@=0 
(e) 5 sin? 6 =2 (ἢ 6sin?6+7sin6+2=0 
(g) cos(@ + 20°) = -0.74 (h) tan(@ -- 50°) = -1.7 
(i) 3 sin? Ξ sin 8 (Ὁ 4sec?@=5 
(k) cos? 6 = 0.6 (Ὁ 6sin?6=2+sin@ 
(m) 2 sec? 8 = 3-5 sec 8 (n) sec(®@ — 50°) = 2.15 


(o) sin(® + 60°) = -0.75 
3 Find @ for 0° < 8 < 360° if 3 cos? 6-2=0. 
4 If 5 tan 6 + 2 = 0, find θ in the range 0° < 6 < 360°. 
5 Solve the equation 5 cos 6 — 3 sec θ = 0 for 0° < 8 < 360°. 
6 Find all the angles between 0° and 180° which satisfy the equations 


(a) sinx = 0.45 (b) cos y = -0.63 (c) tan @ = 2.15 
7 Find the values of 
(Ὁ sin(-30") ὠ (b) cost-7) (c) tan(-200°) (ὦ sec(-150°) 
(e) οοι(-300) (ἢ εἰπ(- 554) (8) cosec(- 3) 
8 ‘Show that 
(a) sin(-9)=-sin @, (Ὁ) cos(-6) =cos 6, (c) tan(-8) = -tan 0. 
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9 Solve the equations 


(4) sin(-@) = 0.35, (Ὁ) sin(-@) = -0.27 
(c) cos(-0) = -0.64 (d) tan(—9) = 1.34, 
for 0° < 6 < 360°. 


GRAPHS OF TRIGONOMETRIC FUNCTIONS 


sin θ and cos 0 


Complete the following table of values of sin 6 and cos 6, taking a domain of 0° to 360° 
at 30° steps: 


8 ο 322 600 90 120 150 1805 .. = 270°. 360" 


Plot these values on graph paper using scales of say 1 cm = 30° on the @-axis and 
4 cm = 1 unit on the function axis ae he an 


Ἐς τ Ἐξ τ τ Ἐ1::] 
Staal 41}: 9 asia | 7 te sats 


rH Lae eae eb tb 
ἃς Ὁ ΤῸΝ 


ΒΗ ἘΠ ΕΗ ΗΠ ΕΗ πΗΝ ἘΠ ΕΠΉΞΕΕ ΗΞΞ 
3555 ΞΕ ΒΞΕΞΕΕΞΕΞΕ ΞΕ 5: 5555 5:55 ,5 555 Ξ5Β55 5555 5:55 Ε5555555588 ἘΞ 


Fig.7.8 


The graph shows one cycle of each function. 


The sine curve has a maximum of 1 when 6 = 90° and a minimum of —1 when θ = 
270°. The cosine curve is identical to the sine curve but is shifted 90° to the left. This 
difference is called the phase difference between the two functions. 

For angles greater than 360° or less than 0° the curves repeat themselves in successive 
cycles (Fig.7.9). Functions which repeat themselves like this are called periodic func- 
tions. The sine and cosine functions each have a period of 360° (or 2m). Hence 


sin(® + 1360°) = sin 6 or οοβίθ + 2nm) = cos 8 


where n is any integer. This means that we can add or subtract 360° from any solution of 
sin θ = k or cos θ = k and obtain other solutions outside the domain 0° < θ < 360°. 

For example, if the solutions of sin 6 = 0.5 for 0° < 6 < 360° are 30° and 150°, then 
30° + 360° = 390° and 150° — 360° = --2105 are also solutions of the equation. These 
solutions are marked by dots on the graph of sin @ in Fig.7.9. 
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Fig.7.9 


tan 6 


Values of tan @ begin at 0 for 6 = 0°, increase to 1 when 6 = 45° and then increase rapidly 
as θ approaches 90°. tan 90° is undefined. Between 90° and 270° the function increases 
from large negative values through 0 to large positive values. The curve approaches the 
90° and 270° axes but never reaches them. Hence the curve consists of 3 separate 
branches between 0° and 360° (Fig.7.10). 


fp) eae pees 


Fig.7.10 


tan @ is also a periodic function but with a period of 180°. Hence tan(@ + nm) or 
tan(@ + 7180°) = tan @ where n is an integer. 


136 


MULTIPLE ANGLE FUNCTIONS 


Functions such as sin 20, cos 8, etc. are multiple angle functions as 20, 8 are multiples 
of 6. 


Example 7 


(a) Sketch the graph of y = sin 20. 
(b) Solve the equation sin 20 = 0.55 for 0° < @S 360° and show the solutions on the 
graph. 


(a) If the domain of θ is 0° to 360°, 26 will take values from 0° to 720°. Hence the 
curve completes two cycles as 8 increases from 0° to 360° (Fig.7.11). 


y=sin26 


For convenience, write 20 = @ so sin ὁ = 0.55. 
@ lies in the 151 and 2nd quadrants so ὦ = 33.37° or 180° -- ὁ = 33.37°. 
Hence ¢ = 33.37° or 146.63°. 


But 9 takes values from 0° to 720°, so we add 360° to each of these to obtain 
further solutions. 


Then ¢ = 20 = 33,37" or 146.63° or 393.37° or 506.63°. 

Hence 6 = 16.7° or 73.3° or 196.7° or 253.3°. 

So we obtain 4 solutions, 2 for each cycle. These solutions are marked on the 
graph. 

Note that all the solutions for 20 must be obtained first before dividing by 2 to 
obtain the values of 6, which are then corrected to 1 decimal place. 


Example 8 
(a) Sketch the graph of y = cos 8 for 0° < AS 360°. 
(b) Solve the equation cos g = -0.16 for this domain. 


(a) If the domain of θ is 0° to 360°, then g will take values from 0° to 180° only. So 
the graph will be a half-cycle of the cosine curve (Fig. 7.12). 
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Fig.7.12 τ 


4 cycle +t 


(b) Write ; = 9. Then cos 9 = -0.16. 


ὁ lies in the 2nd and 3rd quadrants. 
Then 180° — 9 = 80.79° or @ — 180° = 80.795. 
Hence ¢ = 99.21° or 260.79° and therefore θ = 198.4° or 521.6°. 


The second solution is outside the domain and is therefore discarded. 
The only solution to the equation is 8 = 198.4°. This is to be expected as there is 
only a half cycle of the function. 


Example 9 

Solve the equation 5 sin 30 +4 =0 for the domain 0° < 0 < 360°. 
Let 22 = 9. Then sing=- 4 =-08, 

@ lies in the 3rd and 4th quadrants. 


Then @ — 180° = 53.13° and 360° — 9 = 53.13°. 
Hence ᾧ = 233.13° or 306.87°. 


If the domain of θ is 0° to 360°, then 9 = 8 takes values from 0° to 270°. 


Hence the only solution is ¢ = 233.13° ie. 8 = Ξ X 233.13° = 310.8°. 
(@ = 306.87° would give θ = 409.2°). 


Example 10 
Solve cos(2@ + 60°) = -0.15 for 0° < @< 360°. 


Put ¢ = 26 + 60°. Then cos ¢ = -0.15 giving ῥὶ = 98.63° and 261.37°. 
However if the domain of θ is 0° to 360°, then the domain of ¢ is 60° to 780°. 
So we must add 360° to each of the above values. 

Therefore ¢ = 26 + 60° = 98.63° or 261.37° or 458.63° or 621.37° 

and hence 6 = 19.3° or 100.7° or 199.3° or 280.7°. 
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Exercise 7.2 (Answers on page 620.) 
1 Sketch the graphs of (a) y = sin 30, (Ὁ) y = cos 36 for 0° < 6 < 360°. 


What is the period of each of these functions? 


2 Sketch the graphs of (a) y = tan 20 , (b) y= tan § for 0° << 360°. 


3 On the same diagram, sketch the graphs of y = sin 26 and y = cos θ for 0° < 8 « 360°. 
How many solutions of the equation sin 26 = cos θ are there in this domain? 


4 Sketch on the same diagram, the graphs of y = sin ἢ and y = cos θ for 0° < @ « 360°. 
State the number of solutions which the equation sin 9 = cos θ will have in this 
domain. 


5 On the same diagram, sketch the graphs of y=cos 30 and y=sin 3 for 0° «θ < 360°. 
State the number of solutions of the equation cos 38 = sin g you would expect to 
obtain in this domain. 


6 Solve, for 0° < 6 < 360°, the following equations: 


(a) sin 20 = 0.67 (b) cos 36 = 0.58 
(©) tan $ - 1.5 (ὦ sin? =0.17 
(e) 3 cos 28=2 (Ὁ sec 5 =-1.7 
(g) sin 8 =-0.28 (h) 3 tan 20+1=0 
ὦ 3sin 2 =2 Ὁ 4cos 2+3=0 
(k) 2 cosec 26 + 3 =0 () cot $ = 1.35 
(m) cos 2 = 3 (n) tan 26 =-1 
(0) 3 sin? 26 + 2 sin 20 = 1 (p) 2cos? $ =cos $ 
(q) sin 20 = -0.76 (Ὁ sec = 1.88 
(s) cos 20 = -0.65 (Ὁ tan 2 +2=0 
(u) Ssin 2 +3=0 (v) 2cosec 9 =3 
7 For 0° «θ < 360°, solve the following 
(a) sin( $ + 20°) = 0.47 (b) tan(20 -- 60°) = 1.55 
(c) cos($) = 0.75 (ὦ) sin(20 + 80°) = -0.54 


(e) sec3(2 - 50°) = 1.2 
8 State the values of (a) sin(30° + n360°), (Ὁ) cos(n360° — 50°), (c) tan(45° + 180°) 
where n is an integer. 
9 State the values of (a) sin(2n + 1), (b) cos(6n -- 1) §, (0) tan(3n + 1) 3, where n is 
an integer. 
10 Solve the equation 4 cos? 2 = 1 for 0° < @ < 360°, 


MODULUS OF TRIGONOMETRIC FUNCTIONS 


| sin @ | has the same meaning as | x |, i.e. it is the numerical value of sin θ. For example, 
| sin 300° | = | -0.866 | = 0.866, and so on. 
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Example 11 


For 0° < θ. 360°, sketch separate graphs of (a) y = 2 sin 0, (b) y = [2 sin 6], 
(c) y= 1+ | cos 26], (d) y = 1 -- [τος 20]. 


(a) First sketch y = sin 6 (Fig.7.13) 
For y = 2 sin 9, each value of y = sin θ is doubled to give the graph of 
y=2sin 8. 


Fig. 7.13 


(Ὁ) As we did earlier, we reflect the negative part of y = 2 sin θ in the 8-axis to obtain 
y =| 2 sin @ | (Fig.7.14). 


y= (2 sin 6| 


Fig. 7.14 


(c) First sketch y = cos 20 (Fig.7.15) which has two cycles, Now reflect the negative 
part in the @-axis to obtain y = | cos 26 |. 
This curve is now shifted up through 1 unit to obtain y = 1 + | cos 26 |. 


y= 1+ |cos 20] 


y= |cos 26| 


/y = cos 20 
/ 


Fig.7.15 


(d) Start by sketching y = | cos 26 | as in part (c) (Fig.7.16). 
Then obtain y = — | cos 20 | by reflection of the whole curve in the @-axis. 
This is now shifted up through 1 unit to obtain y = 1 — | cos 2 | (Fig.7.17). 


y = |cos 20| 


y = 1- [cos 20] 


270° 
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Example 12 


Sketch on the same diagram, the graphs of y = [2 sinx | and y = % for 0S x < 2n. 
Hence state the number of solutions of the equations | 2m sin x | = x and 2m sin x = x 
forO Sx 2n. 


We have to work in radians here as y = % is a linear equation. 
(y= ids is not meaningful.) 


The graph of y = 2 sin x is drawn and then y = | 2 sin x | (Fig.7.18). 
To draw the line y = = we take the points x = 0, y = 0 and x = 2n, y = 2. 


The equation | 21 sin x | = χ ἰβ the same as | 2 sinx |= % as mis positive. The solutions 
will occur at the intersections of the curve and the line, giving 4 solutions at the points 
marked O, A, B and C. 


Fig.7.18 


The equation 2m sin x =x is the same as 2 sin x = %. So we look for the intersections 
of the original curve y = 2 sin x with the line, which reduces the number of solutions 
to 2 (points O and A). 


Example 13 


Sketch on the same diagram the graphs of y = /2 cos x /and 3y = x for the domain 
0 <x ¢ 2n. Hence state the number of solutions in this domain of the equation 


6/cosx f=x. 
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κ 
Fig. 7.19 


Fig. 7.19 shows the graphs. The graph of 3y = x i.e. y = ξ is the line OP, where O is 


the origin and P is the point (27, ΞΕ = 2.1). There are 3 solutions to the equation 


| 2cos x | = $ ie. 6| cosx | =x. 


Exercise 7.3 (Answers on page 621.) 
1 State the values of (a) | sin 200° |, (b) | cos 2 |, (0) sin | -200° |, (4) | tan ὅ5 J, 


2 By sketching the graph of y = sin 26 for 0° < θ < 360°, find how many solutions the 
equation sin 20 = k will have in this interval, where 0 < k < 1. How many solutions 
will the equation | sin 26 | = k have in the same interval? 


3 Sketch the graphs of y = | cos 6 | and y =| cos 6 | — 1 for 0° < 8 < 360°. 


4 On the same diagram, sketch the graphs of y = | sin θ and y = | cos 6| for 0° s 9 < 
360°. How many solutions will the equation | sin 8] = | cos θ] have in this interval? 


5 Sketch the graphs of y= 1 + 2 sin@ and y=| 1 +2 sin | for0° < 8 < 360°. On another 
diagram, sketch the graph of y = 1 + | 2 sin @ |. 

6 On the same diagram, for 0° < @ < 360°, sketch the graphs of y = 2 cos θ and 
y =| 2-cos @ |. Now add the graph of y = | —| 2 cos 0]. 


7 On the same diagram, sketch the graphs of y = | 2 cos x | and y = 32 for 0 <x « 2π. 
Hence state the number of solutions of the equations | 47 cos x| = x and 4 cos x =x 
for Ὁ <x < 2n. 

8 Sketch the graph of y = | tan 8 | for 0° < θ < 360°. 


9 Sketch on the same diagram the graphs of y = | cos 2x | and 2y = x for the domain 
0 < x «π. Hence state the number of solutions in this domain of the equation 


| 2 cos 2x J =x. 


10 For 0 $.x< 2n, sketch the graphs of y = | cos x | and y = sin 2x on the same axes. State 
the number of solutions of the equation sin 2x = | cos x | in this interval. 
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11 Sketch the graphs of y =| sin 3x | and 2πν =x for 0 <x < 2π. How many solutions do 
the equations 2π sin 3x = x and | 2m sin 3x | =x have in this interval? 


12 On the same diagram, sketch the graphs of y = | sin x -- 1| and y = 2 cos x for 
0 <x S$ 2n. Hence find the number of solutions of the equation 2 cos x = | sin x- 1 | 
in this interval. 


IDENTITIES 


We have defined earlier, for an angle 8, sin 8 = y, cos θ = x and tan @ = 2 where (xy) 
were the coordinates of R and OR = 1 unit (Fig. 7.19). 


Fig. 7.20 
Then tan θ = 28 (i) 
This is an identity which is true for all values of @. So we use the symbol = meaning 
‘identical to’ or ‘equivalent to’. In any expression, tan 6 could be replaced by ang or 
vice-versa. 
As cot 6 =5. then cot 6 = = ὃ (ii) 
From Fig.7.19, x? + γῆ = 1 for all values of x and y. 
Hence sin? 6 + cos? 6 =1 (iii) 
(Note: sin? @ means (sin 6)*] 
and sin? 6 = 1 -- cos? 6 (iv) 
and cos? 6 = -- sin? θ (v) 
Taking identity (iii), divide both sides by cos? θ: 
then S08 4) 2 —1_ 

cos? 8 cos? θ 
ie. tan? 6+ 1=sec? 0 (vi) 
Dividing both sides of identity (iii) by sin? θ: 
then 1+ sos’ 8 =— 

sin? @ sin? 8 

ic. 1+ cot? 8 =cosec? 6 (vii) 


Summarizing: 


_ sind _ cos@ 
tan@= τὸς 9 corO= τὴ 
sin? 0 + cos? 0 ΞῚ 
sin? 6 = 1 —cos? 8 cos? 6 = | —sin’? 8 
tan? 6 + 1 = sec? @ cot? 6 + 1 =cosec? 0 


These identities are used to transform trigonometric expressions into another form. 


Example 14 


Prove that cot @ + tan θ =cosec θ sec 0. 


We take one side and convert it to the expression on the other side. It is usually easier 
to start with the side which is more complicated or which involves sums of functions. 
This gives more scope for manipulation. 


Taking the left hand side (LHS): 
cos 6 sin 6 
sin@ * cos 
— cos? @ +sin’ @ 
sin 8 cos 6 
ἐξ ΕἾ ἔτεσι 
~ ‘sin @ cos @ 
1 1 
sin 6 δ cos 8 
= cosec 8 sec 8 


If we start with the RHS, then 

err eee 

sin 8 cos@~ sin 8 cos 8 
but it is not obvious that we should now replace 1 by sin* 6 + cos? @. Do this and then 
divide the numerator by sin θ cos θ to complete the proof. 


cot θ + tan@= 


Example 15 
Show that ——, + —1— =2 sec? 0 


1+sin@ ~ |-sin®@ 
We take the more complicated LHS. 


1 + 1 1 —sin 6+ 1+sin90 
1l+sn@ 1-sin@  ( +sin 6)(l — sin θ) 
van ΕΞΡῚ 
1-sin’ 6 


coy Peers 2 
cos? 8 m2 sec" © 


Then 
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Example 16 


Prove that tan’6 = sin*6(1 + tan*@) 


RHS = sinr9(1 Ν aa 


cos*6 


2 a 
= sin’d cos*8 + sin J] 
cos*@ 


= sin’ {-π = tan? 6 
cos*8 


Exercise 7.4 


Prove the following identities: 


1 sin 6 cot 6 =cos θ 2 (1 + tan? 6)cos? 8 = 1 

3 (1 + tan? 6)(1 -- sin? 6) = 1 4 cos? 6 -- sin? 6 = 1 -- 2 sin? 6 

5 sec @—cos O@=sin 6 tan8 6 cot? 6 (1 — cos? 6) = cos? 8 
1 1 

720 - cre =! 8 <8 + 1 = cosec? @ 


9 tan? 6 — sin? 6 = sin‘ 6 sec? 6 
10 (sin θ + cos 6)(tan 8 + cot 8) = sec 6 + cosec θ 
11 sin* θ —cos* @= -- 2 cos? 8 


12 (cos θ + sin 6)? + (cos θ -- sin 8)? = 2 

1 - tan? θ 
13 cot 6-1 
14 secO+tan0= 


= tan’ 6 

1 
sec 8 — tan 
15 sec* 6 — sec? 6 = tan? θ + tan* 0 


16 (cosec @ -- cot 6)? = 1=s0s® 
1+ cos 6 


EQUATIONS WITH MORE THAN ONE FUNCTION 


Further types of trigonometrical equations can be solved using the identities we have just 
learnt. Some methods of solution are now shown. The object is to reduce the equation to 
one function. 
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Example 17 


Solve the equation 3 cos θ +2 sin θ = 0 for 0° 5 θ5 360°. 


The equation contains two functions but if we divide throughout by cos 9, this will be 
reduced to one function. 

Then 3 + 2228 = 0 or tan 0 τ - 1.5. 

Now solve this basic equation. 


Verify that the solutions are 123.7° and 303.7°. 


Example 18 


Solve the equation 2 sin @ = tan θ for 0° < 6 < 360°. 
Illustrate the solutions graphically. 

sin@ 

cos 8 


Rewrite the equation as 2 sin @ = 


i.e. 2 sin 8 cos 8@-sin8=0 
or sin θΩ cos 8-1) =0. 


This can be separated into two basic equations sin 6 = 0 and 2 cos 8-1 =0 
ie. cos 8 = 0.5. 


The solutions of sin 6 = 0 are 0°, 180° and 360°. 

The solutions of cos @ = 0.5 are 60° and 300°. 

Hence the solutions are 0°, 60°, 180°, 300° and 360°. 

The graphs of y = 2 sin @ and y = tan θ are shown in Fig. 7.21, with the positions of the 
solutions marked. 


Fig. 7.21 
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Example 19 
Solve 3 sin θ 1 5 cot θ = cosec θ for 0° < 8< 360°. 
This involves three functions. Reduce this to two by replacing cot θ and cosec θ. 
: .ο539΄ 1 
Then 3 sin θ +505 = tne 
Now remove the fractions: 3 sin? θ + 5 cos 6 = 1 
We can now reduce to one function by replacing sin? θ by 1 — cos? 0. 
Then 3(1 — cos? θ) + 5 cos 8 = 1 or 3 cos? @~5 cos 9-2=0. 
This is a quadratic in cos @ and gives (3 cos θ + 1)(cos θ -- 2) = 0. 
We now have two basic equations: 
cos @ =~} which gives @ = 109.47° or 250.53°, 
and cos @ = 2 which has no solution. 
Hence, the solutions are θ = 109.5° and 250,55. 


Example 20 
Solve the equation 4 cosec? θ-- 7 = 4 cot θ for 0° < 8< 180°. 


If we replace cosec? θ by 1 + cot? 6, we shall have an equation in cot 6 only. 

Then 4(1 + cot? 6) —7 = 4 cot θ i.e. 4 cot? θ -- 4 cot -- 3 =0. 

This is a quadratic in cot θ and gives (2 cot θ — 3)(2 cot θ + 1) = 0 leading to the basic 
equations cot θ = 1.5 and cot 6 = -0.5. 

Hence tan 6 = 0.6667 and tan θ = -2. 

Now solve these but note that the domain is 0° to 180°. 

The only solutions are therefore θ = 33.7° and 116.6°. 


Exercise 7.5 (Answers on page 622.) 
Solve the following equations for 0° < θ « 360°: 


1 8 cot @=3sin® 2 sin 6 + 4 cos? 8 = 1 

3 8 sin 6 = 3 cos? 6 4 2 sec? -- 3 — tan’ 0 

5 cot @ + tan 8 =2 sec 8 6 tan@+3cot@=4 

7 cot? θ + 3 cosec? 6 =5 8 3(sec θ -- tan 0) = 2 cos 8 
9 2 cot? 6+ 1] Ξ 9 cosec θ 10 3 sin? 8= 1+ cos 8 

11 5 cos θ -- sec θ 4 12 3 cot 20 + 2 sin 28=0 
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SUMMARY 


© If @isany angle, sin @=y, cos @=. and tan@= * where 
(x,y) are the coordinates of R and OR = 1 (Fig. 7.22). 


SIN + All + 
sin 6 Ξ sin(180° — 8) sin 0 
cos 8 = -cos(180° — 6) cos 8 
tan @ = —-tan(180° — 6) tan 6 


2nd | Ist 


sin θ = -sin(® — 180°) sin 8 = —sin(360° — 8) 

cos θ = -cos(@ — 180°) cos 8= cos(360° — 0) 

tan @ = tan(@ — 180°) tan 8 = —tan(360° — 6) 
TAN + COS + 


Φ To solve a basic equation such as sin 6 = k: 
(1) find the angle & in the Ist quadrant such that sin α = | k |; 
(2) find the quadrants in which 6 will lie: 
(3) determine the corresponding angles in these quadrants and solve for 8. A basic 
equation will usually have 2 solutions in the interval 0° to 360°. 


wel Shab] ἘΣ ΕΝ 
Φ cosec 6 = π sec 8 = cot 6 = a0 


in θ cos 8 


® Graphs of sin, cos, tan (Fig. 7.23). 


tan 9 


VA 80° 270° 360° 


Fig. 7.23 


sin and cos have a period of 360°: 
sin(n360° + 8) = sin 8, cos(n360° + 8) = cos 8, where n is an integer. 


tan has a period of 180°: tan(180° + 6) = tan 6. 


Φ For equations with a multiple angle 40, solve for ἀθ first and then derive the values 
of 8. 
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Φ Identities 


sin θ cos 
tan 0= Ξε cot θΞ ξ5 9 
sin? 6 + cos? @= 1 
sin? 6 = 1 —cos? 8 cos? 6=1-—sin’ 6 
tan? 6 + 1 = sec? 6 cot θ + 1 =cosec? 6 


To solve equations with more than one function, use the above identities to reduce 
to one function. 


REVISION EXERCISE 7 (Answers on page 623.) 
A 


1 Find all the angles between 0° and 360° which satisfy the equations 
(a) cot 2x=- 4, (Ὁ) 2 sin y=3 cos y. 


2 Sketch on the same diagram, for 0 < x S$ 21, the graph of y = 2 cos x— 1 and the graph 
of y = sin 2x. Hence state the number of solutions in this interval of the equation 
2 cos -- 1 = sin 2x. (C) 


3 Sketch the graph of (a) y = | cos x |, (Ὁ) y =| cos x| — 1 and (c) y= 1 —| cos x| for 
values of x between 0 and 2π. 


4 Prove the identity sec x - cos x = sin x tan x. 


5 Find all the angles between 0° and 180° which satisfy the equations 
(a) cos 2x = 3, (Ὁ) 3 cot y-—4 cos y=0, 


(c) 3sec?z=7+4 tanz. (C) 


6 Solve for 0° < 6 < 360°, the equations 
(a) cosec 28 =3 (Ὁ) 4cot@=5cos@ 
(c) 10 sin? 6 + 31 cos 6 = 13. 
7 Prove the identity L+sinx 4 _cOSx_ Ξ sec x, (C) 
cos x 1 +sinx 
8 On the same diagram, sketch the graphs of y = 1 + cos x and y = | sin x| for 
0 <x < 2m. Hence state the number of solutions of the equation 1 + cos x = | sin x | 
in this interval. 
9 Find all the angles between 0° and 180° which satisfy the equations 
(a) tan(x + 70°) = 1, 
(Ὁ) 8 siny +3 cos y=0, 
(c) 3 sin? 6 + 5 sin θ cos θ — 2 cos? 8 = 0. 


10 Sketch on the same diagram, the graphs of y = | 2 cos x | and y= ΕἸ for «χ < 2π. 


State, for the range 0 < x < 2π, the number of solutions of (i) | 3m cos x| = 2x, 
(ii) 3% cos x = 2x. (C) 


11 State the range of y = 2 -- | cos x | for the domain 0 < x < 3%. 
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12 On the same diagram, sketch the graphs of y = sin 2x and y = sin 3. for 0 <x $ 2π. 
Hence state the number of solutions of the equation sin 2x = sin 5 in that interval. 
What would be the number of solutions of | sin 2x | = sin 51 


13 For the domain 0° < θ « 360°, solve 
(a) sin 8 + cos 6 cot 8 = 2, 
(Ὁ) 6 cot? 6 = 1 + 4 cosec? 0. 
B 
14 Solve the equation sin θ = 4 sin’ 6 for 0° < θ « 360°. 


15 Solve, for 0° < 6 < 360°, the equations 
(a) 8 sin? 6 = cosec θ, 
(Ὁ) 4 cos? 6 = 9 -- 2 sec? 0. 


16 Sketch the graphs of y =| 2 sin.x | and y=| Κὶ —1 | for0 <x <2n. How many solutions 
are there of the equation | 2π sin x | = [χ -- π| in this interval? 


17 A segment ACB in a circle is cut off by the chord AB where ZAOB = 6 radians 
(O is the centre). If the area of this segment is j of the area of the circle, show that 
@-sin @= 5. 

Draw ihe ἐγαρῆς ony sin θ and y = 6—- 5 for 0 <0 <n, taking scales of 4 cm for 
5 on the x-axis and 4 cm per unit on the y-axis. (Take m = 3.14). Hence find an 
approximate solution of the equation θ — sin @ = 5 

18 In Fig. 7.24, ACB is a semicircle of radius r, centre O and ZABC = 6°. 

(a) Using the identity 2 sin 6 cos @ = sin 20, show that the area of the shaded region 
is ? (F —sin 20). 

(b) State in terms of r, the maximum and minimum possible values of this area and 
the corresponding values of 9. 

(c) Find the values of θ for which the area of the shaded region equals 5 the area of 
the semicircle. 


D Cc 
Cc 
) \ : 
a 
A r ο Γ Β 
Fig. 7.24 Α r Mor B Fig. 7.25 


19 A goat is tied to one end of a rope of length x the other end being fixed to the 
midpoint M of the side AB of a square field ABCD of side 2r (Fig. 7.25). 
(a) Find, in radians, ZEMF. (c) Calculate what percentage of the area 
(b) Find in terms of r the area ABFE. of the field the goat can cover. 
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20 In Fig. 7.26, OA and OB are two radii of a circle centre O where angle BOA = θ 
radians. The tangent to the circle at A meets OB produced at C. If the area of the sec- 
tor OAB is twice the area of the shaded region, show that 2 tan θ = 30. By drawing 
the graphs of y = tan θ and y = Ξ for a suitable domain, or otherwise, find the 
approximate value of 8. (Otherwise, a solution could be found by trial and error using 


a calculator in radian mode. Test values of θ to make tan 8 — 1.50. reasonably small.) 
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Vectors 


SCALARS AND VECTORS 


A scalar is a purely numerical quantity with a unit, such as $20 or a mass of 2 kg. No 
idea of direction is involved. A vector quantity, however, has a direction which must 
be stated, such as a velocity of 20 πὶ 5." northeast (NE). A velocity of 20 πὶ s"' 
southeast (SE) would be quite different. 

To specify a vector, its magnitude (e.g. 20 πὶ s“') and its direction (e.g. NE) must both 
be given. 

Scalars are added and subtracted by the usual rules of arithmetic but to ‘add’ or ‘sub- 
tract’ vectors, we use a special rule — the parallelogram law. 


REPRESENTATION OF VECTORS 


A simple example of a vector is a displacement. Suppose a piece of board is moved, 
without rotation, across a flat surface (Fig.8.1). 


8 
A 
Fig. 8.1 A 


Points on the board such as P, Q, R are displaced through the same distance and in the 
same direction to points P’, Q’, R’. So we can represent this vector by any line segment 
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AB where AB = PP’ = QQ’ = RR’ and ΑΒ // PP’ // QQ’ // RR’. The arrow head shows 
the sense of the direction. AB is drawn to, scale to give the correct magnitude of the 
displacement. We write such a vector as AB. 


EQUALITY OF VECTORS 


In Fig.8.2, the line segments AB, CD and EF are parallel (in the same direction) and ¢ equal 
in length. Then these lines can each represent the same vector and AB = CD = EF. 


Fig. 8.2 E 


+ 
Conversely, if AB = cb (Fig.8.3), then 

(a) the line segments AB and CD are equal in length and 
(b) AB // CD. 


Fig. 8.3 Cc D 


> => 
It is important to remember that both parts are implied by the statement AB = CD. The 
figure ABDC is therefore a parallelogram. 


NOTATION FOR VECTORS 


=> 
We state the endpoints of a vector by writing it as AB, as above or we can use a single 
letter (Fig.8.4). A vector could then be given as a (printed in bold). We write this as 
a or a. Always distinguish a vector a in this way from an algebraic quantity a. 


B 


Fig. 8.4 A 
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MAGNITUDE OF A VECTOR 


The magnitude or modulus of a vector AB i is the length of the line segment representing 
the vector to the scale used. We denote this as | AB |. 


If AB in Fig.8.4 is drawn to a scale of 1 cm = 10 ms" for example, then |AB| = 30ms". 
The magnitude of the vector a is written as | a | or as a. 
Note this carefully: a is the vector but | a | or a is its magnitude. 


Zero Vector 


The vector which has no magnitude (and of course no direction) is the zero vector, 
written Ὁ or 6. 


Scalar Multiple of a Vector 


Given a vector a (Fig.8.5), we can make multiples of this vector. 
For or example, PQ = 2a. PQ has the same direction as a but twice its magnitude. 


[ΡΟ] Ξ 2} 8} = 2a 


Fig. 8.5 


RS = -a, i.e. it has, the same magnitude as a but is in the reverse direction. 
Note rai RS = -SR. 
TU = ja. 


If a = kb, where & is a scalar (a number) τὸ 0, then the vectors a and Ὁ are 
parallel and in the same direction if k > 0 but in opposite directions if k < 0. 
Jal=|k|x[b| 


Conversely, if a and b are parallel, then a = kb. (k will be positive if a and b are in the 
same direction, negative if they are in opposite directions.) 

Scalar multiples of a vector can be combined arithmetically. For example 2a + 3a = 58 
and 4(2a) = 8a. 

So ma + na = (m + n)a and m(na) = mna for all values of m and ἡ. 
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Example 1 
Given the vector ἃ (Fig.8.6(a)), draw the vectors (i) 3a, {ii) -- fa. 


The vectors are shown in Fig.8.6(b). They are all parallel but (ii) is in the opposite 
direction to a. 


Fig. 8.6(a) Fig. 8.6(b) 


Example 2 
-- ~ -- - 
What type of quadrilateral is ABCD if (a) AB = DC, (b) AB = 3DC? 
(a) AB = DC and AB // DC. Then ABCD is a parallelogram (Fig.8.7(a)). 
It follows therefore that AD = BC. 
(0) AB = 306 and AB // DC. Then ABCD is a trapezium (Fig. 8.7(b)). 


Fig. 8.7(a) Fig. 8.7(b) 


Exercise 8.1 (Answers on page 624.) 
1 Copy Fig.8.8 and draw the vectors (a) 2a, (Ὁ) --ἃ, (c) 38. 


ge 
Fig. 8.8 
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2 In Fig.8.9, state each of the vectors p, 4 and r in the form ka. 


Fig. 8.9 


3 The line AB is divided into three equal parts at C and D. If AD = a, state as scalar 
multiples of a, (a) AB, (b) CB, (c) BD. 


4 In Fig.8.10, ABCDEF is a regular hexagon. Given that AB = a, BC =b and CD = ς, 
state the following vectors as scalar multiples of a, b or ¢: 


-} - -- - - 
(a) DE, (0) EF, (c) FA, (4) ΒΕ, (6) AD. 


σ 


Fig. 8.10 A B 


os τὸ 

5 If AB = kBC (k #0), what can be said about the points A, B and C? 
6 A is the point (4,0) and B the point (0,3). State the value of | AB |. 
7 If P is (-2,-5) and Ὁ is (3,7), find | PQ |. 


an 
8 O is the origin, | OR | = 3 and the line OR makes an angle @ with the x-axis where 
sin @ = ξ, Find the possible coordinates of R. 
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ADDITION OF VECTORS 


To ‘add’ two vectors a and b, i.e. to combine them into one vector, we place them so as 
to start from the same point O (Fig.8.11). 


Fig. 8.11 


Now complete the parallelogram OPQR. 
= 
We define a + b = OQ i.e. the diagonal starting from O. 


rere) is called the resultant of a and b. 
This is the parallelogram law for the addition of vectors. Note that we use the symbol 
‘+’ though here it means ‘combined with’ and not arithmetical addition. 


As RQ is parallel and equal to OP, RQ = a. 
~ 3 = 

Then OR + RQ=b+a=OQ=ar+b. 

Hence a+b=b+a. 


In practice, it is not necessary to draw the parallelogram. The vectors can be placed 


‘end-on’. PQ is equal and parallel to OR so PQ = b. We draw a and then b starting from 
the end of a (Fig.8.12). 


Fig.8.12 


The third side OQ of the triangle gives a + b. 
More than 2 vectors can be combined in this way. For example, in Fig.8.13, 


= τὸ τὸ 
8 Ὁ ΞΟΟ and OQ+c=a+b+c=OR. 


a+bee 


Fig. 8.13 ο 
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DIAGONALS OF A PARALLELOGRAM 


= 
In Fig.8.14, OP = a, OR =b. 
Then OQ=a+b. 


Fig.8.14 


> —~ - 

RP τ RQ + ΡΞ τ (8) Ξ - "1 

Also PR = -RP - --ἰ(Ἕἃ -- δ) ΞΞ  -- ἃ. 

These last two results are important and can be remembered as follows: 


a—b is the vector from the endpoint of b to the endpoint of a; 
Ὁ -- δ is the vector from the endpoint of a to the endpoint of ἢ 


where a and b start from the same point (Fig.8.15). 


b 
Ρ-- Δ᾽] 8 -ὃ 
Fig.8.15 


Example 3 


The vectors a and Ὁ are given (Fig.8.16(a)). Draw the vectors 
(i) 2a +b, (ii) ἃ -- Ὁ, (iii) ἃ -- 2b. 


Fig. 8.16(a) 


Fig. 8.16(b) 


(The vectors are shown in Fig. 8.16(b).) 
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(Ὁ Draw 2a followed by b. 


(ii) Draw a followed by —b. Alternatively draw a and b from the same point and use 
the rule above. 


(iii) Draw a followed by —2b. 


Example 4 


In AABC, AB = a, AC =b and M is the midpoint of AB (Fig.8.17). 
> ~ 
State in terms of a and b, (a) AM, (b) MC, (c) CM. 


ee ee | 
(a) AM = 5AB = 5a 


= ~ τον 
(0) MC = AC -- AM (from the end of AM to end of AC) 
=b- ja 


ὦ CM=-MC= !a-b. 


Example 5 


OA, ob and oc are the vectors a, Ὁ and ¢ respectively. D is the midpoint of AB and 
E lies on BC where BE = 2BC (Fig.8.18). State in terms of a, Ὁ and ς, 


~ ~ > - - > τῷ 
(a) ΑΒ, (b) AD, (c) OD, (d) BC, (e) ΒΕ, (f) OE, (g) DE. 


= }(a+b) 


- 
Ἐ ΒΕ ΞΡ τ7(ς -- Β) Ξ 26 -- ἢ 
- OD -2ε-- ἔα 1 5)- 2ς-  - 3" 


z 


Exercise 8.2 (Answers on page 624.) 


1 Given the vectors a and b in Fig.8.19, draw the vectors 
(a) a+ 2b, (Ὁ) 2a—b, (c) 38 -- 2b. 


ve 
Fig. 8.19 


> - =) > 
2 In ABC, AB = a and BC = b. State in terms of a and b, (a) AC and (b) CA. 


3 Given the vectors a, b and ¢ in Fig.8.20, draw 
(a) a+ 2b, (b) a+ 2b+e, (c) a-~b+e, (d) $a +b—2c. 


σε 
— 


4 If|a|=|b| but a+b, explain why a + b bisects the angle between a and b and is 
a aomeacaael toa—b. 


Fig.8.20 


5. In AOAB, OA = a, OB = b and M is the midpoint of AB. State in terms of a and b, 
(a) AB. (b) AM, (c) OM. 
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-} ὁ 
6 In AOPQ, OP = p. OQ = q. R is the midpoint of OP and S lies on OQ such that 
~ 
OS = 3SQ. State in terms of p and q, (a) OR, (b) PQ, (ὦ OS, (ὦ RS. 
7 In AOAB, OA =a, OB = Ὁ. BC is drawn parallel to OA (in the same direction) and 
ον > => -ὰ 
BC = 20A. State in terms of a and b, (a) ΑΒ, (0) BC, (c) OC, (d) AC 
8 OACB is a parallelogram with OA Ξ ἃ and OB = b. AC is extended to D where 
-- τ - 
AC = 2CD. Find, in terms of a and b, (a) AD, (Ὁ) OD, (c) BD. 
9 OAB is a triangle with OA =a and OB = Ὁ. Mis the midpoint of OA and G lies on 
2 3 τὰ 
MB such that MG = 108. State in terms of a and Ὁ (a) ΟΜ, (b) MB, (c) MG, (d) OG. 


10 OA =p+q, OB = 2p -q, where Ρ and q are two vectors and M is the midpoint of 
ΑΒ. Find in terms of p and q, (a) AB, (Ὁ) AM, (c) OM. 


POSITION VECTORS 

If O is the origin, then the vector OA is called the position vector of A. For example, if 
- 

the position vector of A is 2a -- 3b, then OA is 28 -- 3b. 


Using Vectors 


The following principles should be carefully noted: 
(1) If ma + nb = pa + qb then m = p and n = q. (Sec Examples 6 and 9). 


(2) Ifthe points P, Q and R are collinear, then PQ = kOR (and conversely) because PO 
- 
and QR are parallel but meet at Q. (See Examples 7 and 8). We could also use 
- ~> 
PQ =kPR. 


(5) If the vectors ma + nb and pa + qb are parallel, then = πὶ (See Example 10.) 


a 
q 


Example 6 
If p = 2a — 3b and q =a + 2b, find numbers x and y such that xp + γα = ἃ -- 12b. 
xp + yq = x(2a -- 3b) + y(a + 2b) = (2x + y)a + (-3x + 2y)b 


By (1) above, if this vector is to equal a -- 12b, then the multiples of a and the multiples 
of b on each side must be separately equal. 

Hence 2x + y = 1 and -3x + 2y =—- 12. 

Solving these equations, x = 2, y = -3. 

Checking this, 2(2a -- 3b) -- 3(a + 2b) = a — 12b as required. 
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Example 7 


The position vectors of P,Q and R are ἃ -- 2b, 2a — 3b and pa - 6b, where pis a scalar 
constant. If the points Ρ. Ο and R are collinear, find 
(a) the value of μὶ and (δ) the ratio PQ:QR. 


+ > 
First we find PQ and QR. 


> - ἡ 
(a) PQ = Οὐ - OF = 24 -- 30 --ἰ -- 28) =a—b 
= ~ 
QR = OR — OQ = pla - 6b -- (28 -- 3b) = (μ -- 2)a -- 3b 


Now if P, Q and R are to be collinear, PQ = KQR. 
~ ot 
PQ =a-—b and QR = (μ -- 2)a -- 3b 
Comparing these, the multiple of —b in QR is 3 so the multiple of a must also 
be 3. Hence p — 2 =3 or p=5. 

(b) When 2 =5,|PQ|=|a—b]and| QR |=| 3(a—b) | which gives the ratioPQ:QR 
as 1:3. 


Example 8 

~ > > 

OP = 3a +b, OQ = μία — Ὁ) and OR = 4a + 4b. 

Given that P, Q and R are collinear, find the value of μὶ and the ratio PQ:OR. 

> 23> 3 

PQ = OQ — OP = pa -- μὴ -- 3a—b = (wu -- 3) -- (μ + 1)b 

QR = OR - 00 = 4a + 4b -- μα + μὴ = (4 -- pa + (μ τ 4)b 

The relation between these vectors is not as straightforward as it was. in Example Ts 


We shall have to find an equation for μ. If P, Q and R are collinear, PQ = ΠῚ so the 
multiples of a and of b in the two vectors must be in the same ratio. 


Then BS = AA which leads to μὲ Ὁ αὶ -- 12 = μὲ -- 30-4 giving p= 2. 


Hence PQ = -a - 3b and QR = 2a + 6b = -2(-a - 3b). 


The ratio PQ:QR = 1:-2 which means that QR is twice as long as PQ but in the 
opposite direction as shown in Fig.8.21. 
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Example 9 


a} 
In Fig.8.22, OA = a and OB = Ὁ. C lies on OA where OC = OA, D is the midpoint 
of AB and BC and OD intersect at M. 


; ον τὸ -ὸ - 
(a) By taking OM = pOD and BM = qBC, where p and q are numbers, find two 


vector expressions for OM. 
Hence find (b) the values of p and q, (c) the ratios OM:MD and BM:MC. 


Fig.8.22 
A 


> > > > 
First find OM as of OD. To obtain OD we find AD. 
AB = --α 80 AD = }(b—a) 
- τὸ -ῷ 1 1 
Then OD = OA + AD Ξ 8 ὁ 5Ξ(Ὁ -- 3) Ξ- 5(a + δ) 


So OM = pOD = 8 (a+b) = ὅ8 τ Pb. 
“- 


= - 
Now to find another expression for OM, we use OB + BM. 
> - 
First find BM as part of BC. 
> 72 3 2 - 2 
BC = OC - ΟΒ = 38 -ἢ so BM = q( 3a -- b) 
= σὰ το 5 
Then OM = O + BM =b+q(2a-b) = *4a+(1-g)b (ii) 


As (i) and (ii) are expressions for the same vector, then by (1) above, the multiples 
of a and b are equal. 


τ and ξ = 1-gq. We solve these equations. 
= 1-4@ giving g= ξ and hence p = 5, 
20D so OM:MD = 4:1 and BM = 3BC so BM:MC = 3:2. 


Ratio Theorem (Optional) 


This theorem is not necessary for this syllabus but may be found useful. It gives a direct 
way of finding the position vector of a point dividing a line in a given ratio. In Fig. 8.23, 


-- 
δὰ =a, OB = b and P divides AB in the ratio p:q. We wish to find OP. 
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fe) Fig. 8.23 


> - 39 
OP = OA + AP =a+ 52. AB =a+ 52 (b-a)= meee 

This is known as the ratio theorem for vectors. Note carefully that g multiplies a (on the 
other side of P) and p multiplies b. 

For example, if P was the midpoint of AB, then p = q = 1. 


> ~ > > 
So OP = ask, If AP = | AB then p = 1, q = 2 and OP = 25. 9 Similarly, if 


= 
AP = : AB where the position vectors of A and B are 3a -- 2b and -ῶἃ + 50, then p = 3, 


q = 2 and the position vector of P will be 2|38 - 25) 5 3-a + 5b) -- 38 tb 


- 
Note: Care must be taken when P divides AB externally i.e. P lies outside AB. One of 
p or q must then be taken as negative (Fig. 8.24). 
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Example 10 


In Fig. 8.25, the position vectors of the 
points A, B and C are 2a -- δ, 4a + 5b and 
~a + 4b respectively. L and N are the 
midpoints of AB and AC ea ia 


- 
M is a point such that LM = Lie. 


(a) Find the position vectors 4 L, Mand 
N and (b) show that B, M and N are 
collinear and state the ratio BM:MN. 
(c) P is a point on BN produced such that 
BP = pBN. If PC is parallel to AM, find 
the value of p. 


(a) The position vector of L is Ga - ἢ + (60+ 5) = 3a + 2b. 
As LM= SLC, LM:MC = 1:2. 


The position vector of M is 248+ 20 Ὁ tee 8.48) - Sa Σ 80 


The position vector of N is Ga- 9) 85. 40) = 5:3 


Ξ 8b _ (4a + 5b) = Ξῖβ τῖν = —T(a+b) 


a+3b_ Sa+8b _ -7a~7b__7 

3 Ξ Z(a + b) 
: a ar : 

Then B, Μ and N are collinear as BM is a multiple of MN 

BM:MN = -2:—2 = 2:1. 


BP + PC = BC 

so pBN + PE = (a+ 4b) — (4a + 5b) 
i.e. pl ®+® - (4a + 5b)] + PC =-Sa—b 
so p(=28= 1) 4 Pt =-Sa-—b 


giving PC = (2a + (2=)b 


AM = 58485 _ (2g—p) = =8+1b -_1ay4 Up 
° 3 3 3 3 
If these are parallel, » multiples of a and of b must be in the same ratio. 


Ip-10 Tp- 
Hence = a ie. pa = pa? 
3 3 


which simplifies to 77p — 110 = —7p + 2 or p 
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Exercise 8.3 (Answers on page 625.) 
1 Given that p = 3a -- b and q = 2a — 3b, find numbers x and y such that 
xp + yq =a + 9b. 
2 If a = 3i + 2], b = -2i + 3} and ¢ = 12i — 5j, find numbers p and gq such that 
pat+qb=c. 
3 Given p = 2i + 3j and q =i —j, find numbers x and y such that xp + yq = —4i -- 11). 
4 If p = 2a - Sb, q = a + 2b and r = a — 16b, find numbers x and y such that 
xpt+yq=r. 
- ΕΣ ~ 
5 If OP = 2a -- 5b, OQ = 58 -- ὃ and OR = | 1a + 7b, show that P, Q and R are collinear 
and state the ratio PQ:QR. 


6 The position vectors of P, Q and R are a — 2b, 2b and -4a + kb respectively. If P, 
Ὁ and R are collinear, find the value of k. What is the ratio PQ:QR? 


7 Given that OP = a + b, OQ = ka and OR = 7a — 2b, find the value of k if Q lies 
on PR. 


8 The position vectors of P, Q and R are 2a — b, μίβ — b) and a + b respectively. Find 
the value of μὶ if PQR is a straight line. State the ratio PQ:QR. 


9 (a) The position vectors of L, M and N are p + 2q, m(p + 4) and p — q respectively. 

Find the value of m for which LMN is a straight line, and state the ratio LM:MN. 

(b) The position vectors of A, B and C are a + 2ub, ya — b and 2a — 3b respectively. 
If AB is parallel to OC, where O is the origin, find the value of μ. 


10 The position vectors of A and B are -a — 2b and 3a + 4b respectively. Using the ratio 
theorem or otherwise, find the position vector of P where (a) AP = 2PB, 
> 2 - - : ᾿ 
(0) AP = 7 AB, (c)4AP =3 AB, (d) P lies on AB extended and AP = 3BP, (e) P lies 
on BA extended and AP = 2BA. 


= - 

11 OA = 28 -- 4b and OB = 4a + 6b, where O is the origin. P and Q are the midpoints 
of OA and AB respectively. (a) State the position vectors of P and Q. (b) G lies on BP 
such that BG = 2GP. Find the position vector of G. (c) Show that O, G and Q are 


collinear and state the ratio OG:GQ. (d) R lies on OA where OR =pOA. If BR is 
parallel to GA find the value of p. 

12 P and Q divide the sides BC and AC respectively of ABC in the ratio 2:1. 
If AB = a and AC = b, find (a) QP and (Ὁ) show that QP is parallel to AB and 
one-third its length. 

13 OABC is a parallelogram with OA =a and oc Ξς Ὀ lies on OB where OD:DB = 1:4. 
AD meets OC at E. By taking OE = pOC and AD = gAE, show that 
; (a +c) =(1 -q)a+ pge. 
Hence find the values of p and q and the ratios OE:EC and AD:DE. 
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14 OABC is a parallelogram in which OA = ἃ and OC = b. Μ is the midpoint of ΑΒ and 
MC meets OB at X. 
=> = 2 - > 
(a) By taking MX = pMC and OX = qOB, express OX in terms of 
(i) p, a and b, (ii) g, a and Ὁ. 
(b) Hence evaluate p and q and state the ratios OX:XB and CX:XM. 

15 C lies on the side OA of AOAB where OC:CA = 2:1. D lies on the side OB where 
OD:DB = 1:2. AD meets BC at T. 

. 2 = - - > => > 
(a) Taking OA =a, OB=b, AT =pAD and CT = qCB, find two expressions for OT. 
Hence find (b) the values of p and q and (c) the ratios CT:TB and AT:TD. 

16 C and D divide OA and OB respectively in the ratio 1:3. E divides CB in the ratio 1:4. 
Taking OA = a and OB = b, use vector methods to prove that DEA is a straight line 
and find the ratio DE:EA. 

17 In AOAB, C divides OA in the ratio 2:3 and D divides AB in the ratio 1:2. OD meets 
ΕΒ ᾿ - - - > - - 

(8) Taking OA = a, OB = b, OE = pOD and CE = gCB, obtain two expressions for 
OE. 

(Ὁ) Hence find the values of p and q. 

(c) State the ratios OE:ED and CE:EB. 


18 The position vectors of A and B are a and b respectively relative to an origin O. C is 
the midpoint of AB and D divides OB in the ratio 2:1. AD and OC meet at P. 
(a) Taking OP = pOC and AP = gAD, express OP in two different forms. 
Hence find (b) the values of p and q and (c) the ratio OP:PC. (d) Q lies on BA 
produced where xO =kBA. State the position vector of Q. If OQ is parallel to DC, 
find the value of k. 

19 OABC i is a parallelogram with OA = a and oc =e OB is extended to D where 
OB = BD and ( OA is extended to E where AE = = SOA. CE and AD ) meet at X. 


(a) Taking AX = PAD and CX = ack, find two expressions for Ox. 
(Ὁ) Hence find the values of p and q and the ratios AX:XD and CX:XE. 


(c) F lies on AD and BF is parallel to CE. Taking AF = rAD,find the value of r. 
(d) Hence state the ratio BF:CE. 


20 OA= aand OB = b. OB is produced to C where OB = 2BC. Di is the midpoint of AB, 
OD produced meets AC at E. Taking OD = pOE and AE = gAc, derive two 
expressions for oD and hence find the values of p and q and the ratios OD:DE and 
AE:EC. 

21 OABC isa parallelogram with OA =aand OC =e. Dlies on oc where oD: DC = LR 2 
and E is the midpoint of CB. DB meets AE at T. Taking DT = pDB and AT = gAE, 
form two vector expressions for OT and hence find the values of p and q. 


22 The position vectors of A and B are a and b respectively, relative to O. C lies on OB 


=> 
where OC:CB = 1:3. AC is produced to D where AD = pAC. If DB is parallel to OA, 
find the value of p. 
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23 The position vectors of the poms A, B ad C are 7a -- 2b, a + b and a -- 2b 
respectively. L is the point where AL = : AB. M is the midpoint of BC and N is the 
point such that CN = 2CA. Find the position vectors of L, M and N and show that 
these points are collinear. State the ratio ML:LN. 


24 A, B and C have position vectors a — b, 3a + 2b and 4a — 3b respectively. P lies on 
AB where AP: AB = 2:3, Q lies on BC where BQ:BC = 3:4 and R lies on AC extended 
so that AC = CR. Find the position vectors of P, Q and R and show that P, Q and 
R are collinear. State the ratio PQ:QR. 


COMPONENTS OF A VECTOR: 
UNIT COORDINATE VECTORS 


> ον ᾿ Cc 
Suppose AB = a and BC = b (Fig.8.24). 


Fig. 8.26 a 


A 


Pay 
The resultant of a and b is AC =r =a + b. The vectors a and b are called the components 
of r. The components of a vector r are any two vectors whose resultant is r. A vector can 
therefore be resolved into two components in an infinite number of ways. However if 


we take the components parallel to the x- and y-axes (Fig. 8.27), they will be unique and 


perpendicular. 
LA 


Fig. 8.27 ο 


We now define two standard unit vectors i and j called the unit coordinate (or base) 


vectors (Fig. 8.28). y 


Fig. 8.28 G i 
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i is a vector in the direction of the positive x-axis and | i| = 1; 

j is a vector in the direction of the positive y-axis and | j | = 1. 

The perpendicular components of any vector can now be > expressed in terms of i and 
j in a standard form. For example, suppose the vector AC = r has components of 
magnitude 3 and 4 parallel to the axes (Fig. 8.28). The horizontal component AD= 3i and 
the vertical component DC = = 4j. 


-- 
Hence the vector r = AD + DC = 3i + 4j. 
r is now expressed in terms of the base vectors i and j. 


y 


Fig. 8.29 


r can also be written as (2), i.e. in column vector form. [Do not confuse with 
coordinates (3,4)]. For example, 2i — 3} can be written as ( 3). i=( ὁ) and [Ξ (9 1} 
Given r in terms of i and j, we can find | τ | and the angle θ it makes with the positive 
x-axis. 

From AADC (Fig. 8.28), AC? = AD? + DC?, so| τ |= 3? + 4? = 25 and | τ | = 25 =5. 
tan θ = $ giving @ = 53.13°. 


Note: Τὸ find 6 for a given vector, draw a diagram to locate the correct quadrant as 
tan 8 = δ will give two values for 0° < θ < 360°. 


In general for a vector r with perpendicular components of magnitude a and b (Fig. 8.30): 


τ Ξ αἱ τ δ) - (2) 4 | 
| 


|r| =|ai+dj| = Va? + δὴ and tan θ 


Fig. 8.30 


Example 11 


The position vector of A is -2i + 3]. 
(a) State the coordinates of A. 


(b) Find | OA | and the angle the vector OA makes with the x-axis. 


(a) The coordinates of A are (~2,3) (Fig.8.29). 
(b) | OA| =|-2i+ 3j| = V2 + 33 = Υ13 = 3.6 
tan 6 = 4 giving @ = 123.7° (2nd quadrant, Fig.8.29). 


Example 12 


3 - - 
(a) OC has the same direction as ( Ὁ ) and / OC / = 30. Express OC as a column 
vector. 


(b) The position vectors of A and B are (~3) and ( J) respectively, Find 
(i) AB . (ii) the equation of AB. 


2 ; 3 = 3k 
(a) OC must be a scalar multiple of (Δ) so OC = ( mre) where k > 0. 
| OC f=9k + 16% = 25k so | OC | = 5k = 30 and k=6. Hence OC = (~I8). 
. πὶ => . . . . , 
(b) ὦ AB = OB - OA -ἰ-- 2} -- (21 + 30} = 31-5). 
(ii) The coordinates of A and B are (—2,3) and (1,-2). 
y-3 χε 


Hence the equation of AB is 5- tak ee 5x +3y=-l. 
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Example 13 


The position vectors of A, B and C are 2i -- j, 31 + 2] and -3i + 4j respectively 
(Fig. 8.32). 


(a) Find | AB |, [BC | and [AC | and show that AABC is right angled. 
(b) If the position vector of Ὁ is -4i -- j, find the angle BD makes with the x-axis. 


γ 


Β Sl + 2) 


Fig. 8.32 


(a) Ab = 3i + 2j - Οἱ -- ἢ =i 6.3}: | AB | = τὸ 
BC = -31 + 4] - (3i + 2j) = -6i + 2); BC | = a0 
CA = 2k - §- CBI + 40 = 51 -- 5}: | CA | = V50 
As |CA 2 =| AB [2+] BC )?, the triangle is right angled. 


(b) Bb = ~4i - -j-Gi+2j) =-7i-3j 
tan @ = = giving @ = 203.2° (3rd quadrant). 


Unit Vectors 


The magnitude of the vector a = 31 + 4j is | 31 Ὁ 4] | =5 so the vector is 5 units long. Hence 


the vector As4 is one unit long and is in the same direction as a. This is the unit 


vector in the direction of a (Fig. 8.33). It is written as 4 (read ‘vector a cap’). 


a ἃ =z (ai + 4)) 
7 


Fig. 8.33 


If r = ai + δ], then ἢ = ANH 
: ear A 21 - 
For example, if a = 2i —j then a = a 
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in if δὰ =C2 i xe -ῶι - 3i 
Again, if OA = (4). the unit vector parallel to AO would be mare 


Exercise 8.4 (Answers on page 625.) 
1 On graph paper, mark the positions of the points with position vectors i + j, —2i -- j, 
31 + 2], — 3). 
2 A, Band C are points with position vectors 21 -- 3j, i+ 2] and 4i —j respectively. Find 
=> 
in terms of i and j, the vectors AB, BC and CA. 
3 The position vectors of A and B are 3i + j and 2i + 3j respectively. Points C and D 
> = => 
have position vectors given by OC = AO and CD = AB. 
(a) Find the position vectors of C and D in terms of i and j and show the positions 
of the four. points on a diagram. 
(0) Express DB in terms of i and j. 
(c) Find | DB | and the angle DB makes with the x-axis. 
4 Find the magnitude and the angle made with the x-axis of the vectors 
(a) (ἢ) ΟΦ) (3) © 21:3} @ -ἰ -- 2) 
5 (a) The coordinates of A are (—3,2) and the position vector of B is 2i + 4j. Find the 
vector BA. τὰς 
(0) The γεοίοῦ OA has magnitude 25 units and is in the same direction as (_}). The 
vector OB has magnitude 6.5 units and is opposite in direction to (ἐλ State 
the vectors KO and AB in column vector form. 


6 The point with position vector 3i -- 2j is displaced by a vector (4). Find its new 
position vector. 


- 
7 If the coordinates of A are (2, 4) and AB = i + 2]. find the position vector of Β. 
8 (a) If a = 6 -- 8] and b =i + 3], find ἃ and b. 
> 3 = Pier : > > 
(Ὁ) OA =(_4) and OB = (_;). Find the unit vectors parallel to AO and BA. 


9 In this question, take a = 3i + j, b = -i + 2j, ς = 3i. Find (i) ἃ and (ii) b. 
Express in terms of i and j, (iii) a + 2b, (iv) 2ς — 3b, (v) a + Ὁ — 2c. 
Find (vi) | a + 2b |, (vii) | 2e — 3b |, (viii) | a + b — 2c |. 
10 The position vectors of A, B, C and D are i + 3], 2i—j, -i—4j and 3i + 2j respectively. 
~> - =) - 
Find in terms of i and j the vectors (a) AB, (0) BD, (c) CA, (d) AD. 


11 The position vectors of A and B are 2i + 3j and 31 — 8j respectively. D is the midpoint 
of AB and E divides OD in the ratio 2:3, Find the coordinates of E. 


12 P and Q have position vectors 5i + 2j and i — 4j respectively. If OP = 300 + 20R, 
find the position vector of R. 


13 A, Band C have coordinates (1,2), (2,5) and (0,-4) respectively. If AB = CD, find the 
position vector of D. 
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14 The position vectors of. Aand B are 31 Ὁ and —4i + 2j respectively. Find the position 
vector of C if AB = BC. 
15 Points A and B have Position vectors 2i —j and i + 3j respectively. 
(a) Given that OC = AB and AD = CB, find the position vectors of C and D. 
(b) Show the positions of the four points on a diagram. 
(c) Find ICDI and the angle CD makes with the x-axis. 


16 The position vectors of A and B are 4i + 5] and -- 2] respectively. Find the position 
vector of C if 30A = 20B + oc. 


17 The coordinates of. A and B are (2,3) and (—2,5) respectively. Find the position vector 
of C if 20A = 20B + BC. 


18 Show that the points with position vectors 4i + 5j, 3i + 3j and —3j are collinear. 


19 What is the gradient of the line joining the points with position vectors 2i + j and 
i+ 3j? 


20 Show that the triangle whose vertices have position vectors 2i + 4j, 5i + 2j and 
3i + 5j is isosceles. 


21 (a) The velocity v πὶ 5." of a body is given by the vector v =i + 3j. 
Find the speed of the body and the angle its path makes with the x-axis. 
(b) If its position vector at the start was i + j, what is its position vector (i) after 1 sec, 
(ii) after 3 secs, (iii) after ¢ secs? 
(c) After what time will it reach the position given by 7i + 19j? 


22 A body is moving with velocity v m s*' where v = 21 — 31. If it started from the position 
i + 4j, what is its position after 3 seconds? How long will it take to reach the position 
11 -- ἢ 

23 The position vector r of a point on a straight line is given by r =i + j Ὁ ((2] -- [) where 
t is a number. 

(a) What is its position vector when Ἢ = 2? 

(b) Find the position vector of another point on the line by taking any other value 
of ¢, 

(c) Hence find the gradient and the equation of the line . 


24 Find the gradient and equation of the line given by r =i —j + A(i—j) where k is a 
number. 


25 The position vector r of a point is given by r = 21 —j + “(i + 2j), where 1 is a number. 
What is its position vector when (a) tf = -1, (b) 1 = 3? 
(c) What is the value of ¢ when its position vector is 7i + 9j? 


26 If the vectors mi -- 2j and 4i -- 6j are parallel, state the value of m. 


27 The position vectors of A and B are 3i —2j and fi + j respectively. Find the value of 
tif OAB is a straight line. 
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28 OABC is a parallelogram where O is the origin. The position vectors of A and B are 
4i + 6] and δὲ + 8] respectively. D is the midpoint of CB and E is the midpoint of AB. 
OD meets CE at F. 

(a) State the position vectors of C, D and E. 
(b) By taking OF = mOD and CF = nCE, find the values of m and n and the ratio 
OF:FD. 


29 (a) State the condition for the lines y = m,x + c, and y = m,x + c, to be perpendicular. 

(Ὁ) The points A, B, C and D have position vectors i + j, 31 -- 2j, -3i -- 3j and -j 

respectively. Find the gradients of AB and CD and show that these lines are 
perpendicular. 


30 The points A, B, C and D have position vectors i, 2i + 3j, 2i + j and Si respectively. 
Show that AB and CD are perpendicular. 


31 P,Q, R and S have position vectors i + 2}, 31 -- j, -i—j and ki + j respectively, where 
k is a number. 
(a) Find the gradients of PQ and RS. 
(Ὁ) For what value of k will the lines PQ and RS be perpendicular? 


32 If a = 31 + 4] and | b | = 2, what are the greatest and smallest values of | a + b |? 


SCALAR PRODUCT OF TWO VECTORS 


Vectors can be ‘multiplied’ in two ways. In one, the result is another vector, called the 
vector product but we shall not use this method. In the other, the result is a scalar so it is 
called the scalar (or dot) product. 


We write the scalar product of a and b as a.b and define it as 
a.b=|a{x|b|x cos @=abcos 0 


where 6 is the angle between the vectors (Fig. 8.34). 


Fig. 8.34 


For example, if | a | = 2, | b|=3 and the angle between a and b = 60°, then 
ab =2x3x05=3. 


The scalar product is always a number. This will be negative if 90° < θ < 180° as 
cos 6 is then negative. | a| and | b| are always positive. From the definition we can 
derive the following important facts: 


I The scalar product is commutative 


Δ. =|a|x|b| x cos θ and b.a=|b|x|a]xcos@ 
Hence a.b= ba 
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Il Parallel vectors 


If a and b are parallel but in the same direction, then θ = 0° (Fig. 8.35(a)). 
a.b = ab cos 0° = ab=|a|x|b|. 


Fig. 8.35 ——<—$ — (b) 


If a and b are parallel but in opposite directions, then @ = 180° (Fig. 8.35(b)). 
a.b = ab cos 180° = -ab. 


Hence i.i (written as i?) = 1 and j? = 1. 
Also (3i + 4j).(3i + 4j) = | 3i + 4j |? = 25. 


ΠΙ|Ι Perpendicular vectors 
If a and b are perpendicular, then 6 = 90° and cos 90° = 0. 
Hence a.b = ab cos 90° = 0. 


a.b = 0 if a is perpendicular to b 


Hence i,j = j.i = 0. 


Conversely, if a.b = 0, then a and b are at right angles (unless either a or b or both 
are 0). 


IV Distributive law for a scalar product 


In ordinary algebra, a(b + c) = a X(b + c) = ab + ac, i.e. we can ‘remove the brackets’. 
The ‘x’ is distributed over the ‘b + ε΄. This is known as the distributive law for 
products. The same law is true for scalar products: a.(b + Ὁ) = a.b + a.c. 


᾿ Example 14 | 
| If a = 21 + 3j and Ὁ = i - 2), find ab. 

| ab = (2i + 3j).(i - 2j). 

j = 2i.(i — 2j) + 3j(i -- 21) by the distributive law 

2i.i — 21.2} + 3}.} -- 3j.2j using the law again 
2-0 + 0 - 6 asii=jj=1andij=ji=0 
' =-4 

. From this we see that we only need to multiply the two i and the two j terms and add ; 
_ the results, The i,j terms are ignored. ; 
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ἘΞ. - 
So (2i + 3j).i- 2) Ξ2 -- ὁ Ξ --4, 
6 
By the same method we can show that in general: 


(ai + bd), + b, ἢ = (8). G)= 4,4, + bb, 


Example 15 


The position vectors of P and Q are 2i + j and --31 + 2] respectively. 
Find ZPOQ (Fig. 8.36). 


Fig. 8.36 


From the definition, a.b = ab cos 6 


= ab 
Then cos 8 = ab 


i.e. the cosine of the angle between two vectors is the scalar product divided by 
the product of their moduli. 


— Αἰτ) 3.1. _6+2 _ 
Hence cos <POQ = [atx] <3 al = VG =-0.4961 


giving ZPOQ = 119.74°. 


Example 16 


The position vectors of A and B are 21 -- 3j and ti + 2j respectively. 


(a) Find the value of t for which OA and OB are perpendicular. 
(b) Ift =4, find ZAOB to the nearest degree. 


(a) If OA is perpendicular to OB, then their scalar product = 0. 
So (24 — 3}).(ti + 2§) = 2ι.- 6 = 0 and 1 = 3. 
_ _Gi-3).Gi+2) _ 2 
(b) cos ZAOB [21 + 3j | x | 4i + 2j | via V¥20 
Hence ZAOB = 83°. 


= 0.1240 
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Example 17 


Find the relationship between p and q if the vectors a = pi + 3j and Ὁ = 2i + qj are 
at right angles. Given that q = -2, find [ἃ +b ]. 


To be at right angles, (pi + 3j).(2i + gj) = 0. 
Then 2p + 3q =0. 

If q =-2, then p = 3. 
Ja+b| =| 3i+ 3} + 2i-2j| =| 5i+j | = V26 


Example 18 


A straight line passes through the point A whose position vector is 31 +j and is parallel 
to the vector 4i + 3]. 
(a) If the position vector of any point P on the line is p, show that 
Pp = 3i + j + {4 + 3j). 
(b) Find the value of t for which oP is perpendicular to the line. 
(c) Hence find the distance of the origin from the line. 


Ρ 
Fig. 8.37 


(a) In Fig. 8.37, A is the point with position vector 3i + j. 
AP is parallel to 41 + 3j so AP = t(4i + 3j) where 1 is any number. 
Then OP = p= OA + AP = 3i+j + 1(4i + 3}. 

(b) OP = = (3 + 42) + (1 + 32] 
If OP is perpendicular to 4i + 3j then (3 + 41) x 4+ (1 + 34) x3 =0. 
This gives a 16¢+3+9t=Oo0rt=- 2. 

(Ὁ When t= -, the position vector of P = 3i + j - 24 + 3j)= 7. 


The distance from Ὁ to the line will then be | OP | = 
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Exercise 8.5 (Answers on page 626.) 
For questions I -- 7, take a = 2i + 3j, Ὁ = -i + 2), c = 3i-2j, d = -4i. 
1 Find the scalar products (a) a.c, (Ὁ) b.d, (c) b.c. 
2 Which two of the vectors are perpendicular? 
3 Evaluate b’. 
4 Find the angles between (a) b and ς, (b) a and d. 
5 The vector fi + j is perpendicular to Ὁ — a. Find the value of r. 
6 Find the angle between a + b andc +d. 
7 Find the relation between m and n if ma + nb is perpendicular to ὁ — b. 
8 Given a = 3i -- 2j , b = 4i + j and c = 2i + 7j, verify that a.(b + c) = a.b + ac. 


9 If p= 3i+ 4], q = 21 -- 3] and r = 51 + j, show that p.(q — r) = p.q — p.r and find the 
angle between p and q. 


10 The position vectors of A and B are 4i + 3] and 7i —j respectively. Show that OA is 
perpendicular to AB and find ZAOB. 


11 The position vectors of A, B and C are 3i + j, 4i + 3j and 6i + 2j respectively. 
(a) Show the positions of the points on a diagram. 
(b) Find ZB. 
(c) Hence find the area of AABC. 


12 Two bodies are moving in a plane, one parallel to the vector 31 — j, the other parallel 
to -4i + 2j. Find the angle between their paths. 


13 If the vectors ti + 2] and ri — 8] are perpendicular, find the values of f. 
14 If the vectors 2pi — 3] and pi + 6j are perpendicular, find the values of p. 
15 A(2,3), B(-1,4) and C(5,-2) are three points, Evaluate BA.BC and hence find ZABC. 


16 The Position vectors of A, B and C are 2j, 3i + 4j and Si respectively. 
- 
Find BA.BC and hence find ZABC. 


ΝΣ -ο 
17 OABC is a parallelogram with OA = 4i + 2] and OC = --Οἰ + 4]. P and Q are the 
midpoints of BC and AB respectively. 
(a) Find the position vectors of P and Q. 


-Ὁ τῷ 
(0) Evaluate OP.OQ and hence find ZPOQ. 


18 OABC is a parallelogram where the position vectors of A and C are 31 + 6j and -2i + 4j 
respectively. (a) Find the position vector of B. D is the midpoint of OC and E divides 
OA in the ratio 2:1. Find (b) the position vectors of D and E and (c) ZBDE. 


19 ABCD is a quadrilateral where the position vectors of A, B, C and D are a, b, ¢ and 
d respectively. τὸν τς τῷ τὰ 
(a) State in terms of a, b, c, d (i) AB, (ii) CD, (iii) AC, (iv) BD. 
(b) If (c — d) = k(b — a) where Καὶ» |, what type of quadrilateral is ABCD? 
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(c) State in terms of a, b, c, d, the condition for the diagonals to be at right angles. 
(d) If|d—b||c-—a]=2(d—b). (c —a), what is the angle between the diagonals? 


20 The Position vectors of A, B and C are 3i + j, -i — 3] and 5i respectively. P is a point 
such that AP = ΚΑΒ where k is any number. 
(a) Find the position vector of P in terms of k, i and j. 
(Ὁ) Find the value of k if PC is perpendicular to AC. 


21 If r, = 3i, τ, = i + j and r, = -i — 3), find the values of ¢ so that ¢r, + r, will be 
perpendicular to rr, + r,. 


22 A and B have position vectors 3i + 6j and 6i + 3j respectively. C lies on OA where 
OC:CA = 1:2 and D lies on OB where OD:DB = 2:1. 
(a) Find the Position vectors of C and D. 
(b) Find CD and AB in terms of i and j. 


(c) Hence find the angle between cb and AB. 


23 The position vectors of A and B are 4i + j and i + 7j respectively. 
(a) Find ZAOB. 
(b) C lies on AB where AC:CB = 2:1. Find the position vector of C. 
(c) Hence find ZAOC. 


24 The points A, B and C have position vectors 31 + 3], 8i + 2j and pi + 11j respectively, 
where [J is a positive number. Ὁ lies on BC where BD:DC = 1:2. 
(a) Find the position vector of D in term of μ, i and j. 
(b) Express AD in terms of μ, i and j. 
(c) If AD is perpendicular to BC, find the value of μ. 
25 The position vectors of A, B and C are 31 4], 8i—6j and mi + nj respectively, where 
m and n are numbers. 
(a) Evaluate. (3i + 4j). (mi + nj). 
(b) Find | OA | and | OC |. 
(c) Hence express cos ZAOC and cos ZBOC in terms of m and ἡ. 
(d) If ZAOC = ZBOC, find the relation between m and n. 
(ec) Hence find the equation of the line OC. 


SUMMARY 


Φ Magnitude of vector a Ξ [8] =a. 


Φ Ifa=kb, where k is a scalar (a number) τὸ 0, then the vectors a and b are parallel 
and in the same direction if k > Ὁ but in opposite directions if k < 0. 
Jal=|k|x|b| 


@ Conversely if a and b are parallel (a 4 0, Ὁ #0), then a = kb. P, Q and R are collinear 
if PQ =kQR (or PQ = kPR) and conversely. 
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> - 
Φ If OA =a, OB = b, a+b is the diagonal OC of the parallelogram OACB. 


Φ ἃ --ἢ is the vector from the end of Ὁ to the end of a, 
b —a is the vector from the end of a to the end of b, 
where a, b start from the same point. 


Φ If ma+nb = pa + qb then m =p andn=q. 
» 
The position vector of A is the vector OA where O is the origin. 


© i,j are unit vectors in the directions of the positive coordinate axes. 
Column vector form: { 1) = ai + bj 
If r = ai + bj =( 4), then |r| = Va? δῆ, tan @ = 2 (check for the correct 


quadrant). 
Φ The unit vector in the direction of r is F. 
If r = ai + bj, then ἢ = SL 
a 4, ~ Vat + bP 


® Scalar product of a and b = a.b =|a| |b] cos 0 where 6 is the angle 
between a and b. 
a-b 
fal] | 
Commutative law: a.b = b.a 
Distributive law: ab +c) =a.b + a.c. 
if a and b are parallel, a,b = ab (same direction), or a.b = -ab (opposite 
directions). 
If a and b are perpendicular, a.b = 0. 


(a,i + b,j)(a,i + b, ) = (3)-(¢') =a,a, + b,b,. 


cos 8= 


REVISION EXERCISE 8 (Answers on page 626.) 
A 
1 Given a = 2i -- 5]. ἢ = -Si -- 12j and ς = mi + nj, calculate 
(a) a.b, (Ὁ) the angle between a and Ὁ. 
(c) If a.c = b.c, find the relation between m and n. 


Py 
2 The position vector of A relative to an origin O is 31 + 5]. Given that AB = 8i + 2], 


evaluate OA.OB and hence find angle AOB. (C) 
3 The points A, B and C have position vectors p + q, 3p — 24 and 6p + mq relative to 
an origin Ο. Find the value of m for which A, B and C are collinear. (C) 


4 The position vectors of A_and B relative to an origin Ὁ are δὶ + 4] and 3i + pj 
respectively. Express AO.AB in terms of p and hence find (i) the value of p for which 
AO is perpendicular to AB, (ii) the cosine of ZOAB when p = 6. (C) 

5 A,B and C are points with position vectors 4p τῷ μίρ Ἐς 4) and p 24 respectively, 
relative to an origin Ο. Obtain expressions for AB and AC. Given that B lies on AC, 
find the value of pL. (C) 
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=> - 
6 (a) OA is perpendicular to (3) and | OA | = 15. State OA in column vector form 
if A lies in the first quadrant. 
(b) | αἱ Ὁ δ] | =5 and ai + dj is perpendicular to 8i — 6j. Find the value of a and of 
b. 


7 Points A and B have position vectors a and b respectively relative to an origin O 


(Fig. 8.38). The point D is such that OP = pOA and the point Ε is such that AE = 


qAB. 
B 


Fig. 8.38 
ο 


The line segments BD and OE intersect at X. If OX = 20E and XB = = DB express 
ox and XB i in terms of a, b, p and ἐς and hence evaluate cP and q. (C) 


8 (a) Given that OM =i+3j and ON = i + j, evaluate OM.ON and hence calculate 
ZMON to the nearest degree. 
(b) The position vectors, relative to an origin O, of two points S and T are 2p and 2q 
respectively. The point A lies on OS and is such that OA = AS. The point B lies 
on OT produced and is is such that OT= 2TB. The lines s ST and AB intersect at R. 
Given that AR = λ AB and that SR = μ ST, express OR (i) in terms of p, q and 
A, (ii) in terms of p, q, μ. Hence evaluate A and pt and express OR i in terms of p 
and q. {C) 
9 The position vectors of A, B and C are a, b and ς respectively relative to an origin O. 
Draw a diagram showing the positions of O, A, B and C given that (i) a.c = 0 
(ii) b -- a = k(c — a), (iii) b.(a — ο) = 0, (iv) 2| Ὁ Ξ [4 -- ς!. 
What is the position of B relative to A and C? 
10 The position vectors, relative to an origin O, of three points A, B and C are 2i + 2j, 
Si+ 11] and μεν 9) respectively. 
(i) Given that OB = mOA + nOC, where m and n are scalar constants, find the value 
of m and of nn, 
(ii) Evaluate AB.BC and state the deduction which can be made about ZABC. 
(iii) Evaluate AB.AC and hence find ZBAC. (C) 
11 The position vectors of A and B are i + 3j and —2i + j respectively. 
(a) Evaluate OA.OB and hence find ZAOB. 


- 
C is a point whose position vector is given by OC = OA+ TAB, 
(Ὁ) Find the values of t for which (i) OC is perpendicular to AB, (ii) ἰοῦ! = = IACI. 
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12 The position vectors of points A and B relative to an origin O are a and b respectively. 
The point P i is oar" that OP = 40Β. The midpoint of AB is the point Q. The point R 
is such that OR = £09. 

Find, in terms of a and b, the vectors 00. OR, AR and RP. Hence show that R lies 
on AP and find the ratio AR:RP. τὶ 

Given that the point S is such that OS = pt OQ, find the value of μὶ such that PS is 
parallel to ΒΑ. (C) 


13 P and AQ have Bosition vectors 2Π + (¢ + L)j and (¢ + [}] -- (¢ + 2)j respectively. 
If | OP] = | 00} show that 3 3f -- ΔΙ - 4 = 0 and hence find the possible values 
of ¢. For each one, calculate OP. 00 and the angle POQ. 

14 OABC is a quadrilateral with OA =aand OC =c. 


If (a + ¢).(a — c) = 0, what type of quadrilateral is OABC? 
If, in addition, a.c = 0 what is the quadrilateral? 


- 

15 OA =a and OB = b. C is the midpoint of AB and D divides OB in the ratio 2:1. AD 
and OC intersect at P. 

μ ~ τον ~ ~ ᾿ ΕΣ 
(a) Taking OP = pOC and AP = gAD, find two vector expressions for OP and hence 
find the ratio OP:PC. 
(b) E divides OB in the ratio 1:2 and AE meets OC at Q. By a similar method, find 
the ratio OQ:QC. 
(c) Hence find the ratio OQ:QP:PC. 

16 The position vectors of A, B and C are —a + 2b, 2a + 3b and 3a + 5b respectively. 
P divides BC i in the ratio 3:4. Q lies on AB so that AQ = 2AB. R lies on AC so 
that CR = = “ἀξ. Find the position vectors of P, Q and R. Show that these points are 
collinear and state the ratio PQ:QR. 


17 The points A and B have position vectors 4i + 3j and i + ¢j respectively. 
If cos ZAOB = τ. find the values of ¢. 


18 The position vector p of a point P is given by p = (cos 8)i + (sin 9)j. 
Find the equation of the curve on which P lies for all values of 6. 


19 If a.b = a.c, show that a is perpendicular to Ὁ -- c. 


20 In AAOB, OA =a, OB = b. The altitudes BD and OE intersect at H and OH = h. 
(a) State BH in terms of h and b. 
(Ὁ) Show that (ἢ - b).a = 0 and that h.(b — a) = 0 and hence deduce that 
b.(h -- a) =0. 
(c) Hence state a geometrical result about the altitudes of a triangle. 
ΕΙΣ 
21 If AB=aand AC= b, show that the area of the (\ABC is given by 5V( (ab)? ~(a.by*. 


Hence find the area of ,ABC if the coordinates of A, B and C are (3,2), (-1,—1) and 
(5,-3) respectively. 
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22 The points A, B and C have position vectors a, Ὁ and ¢ respectively. L, M and N 
are the midpoints of AB, BC and CA respectively. G lies on CL so that CG = 2GL. 
Find the position vector of G. Show that A, G and M are collinear and state the 
ratio AG:GM. (Similarly B, G and N are collinear and BG:GN = 2:1. G is called the 
centroid of the triangle ABC.) 


Calculus (1): 
Differentiation 


Calculus is a very important branch of Mathematics. It was developed by Newton 
(1642-1727) and Leibnitz (1646-1716) to deal with changing quantities. The gradient of 
a curve is an example of such a quantity and we begin with this. 


GRADIENT OF A CURVE 


The gradient of a straight line is constant. It is equal to 
the ratio a between any two points of the line (see 
Chapter 1, page 8). On a curve however, the gradient is 
changing from one point to another. We define the gradi- 
ent at any point on a curve therefore to be the gradient of 
the tangent to the curve at that point (Fig.9.1). Fig.9.1 


range’ 


We now find a gradient function, derived from the function represented by the curve, 
using a method called a limiting process. Consider the simple quadratic curve y = .° 
(Fig.9.2) and take the point P(3,9) on that curve. 


Fig.9.2 
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Now take a point near P, say Ὁ) (4,16). The gradient of the line PQ, is 6:9 Ξ 7 which 
only approximately equals the gradient of the tangent at P. 


To get a better approximation we try again, this time with Q,(3.5,12.25) which is closer 
to P. 


The gradient of PQ, = 35 = 6.5. 


Now see what happens ἣν repeat this, taking positions of Q closer and closer to P, using 
a calculator (Fig.9.3). 


Fig.9.3 
Coordinates of Q OR PR Gradient 
(3.3,10.89) 1.89 0.3 6.3 
(3.1,9.61) 0.61 0.1 6.1 
(3.01,9.0601) 0.0601 0.01 6.01 tending to 6 
(3.001 9.006001) 0.006001 0.001 6.001 


(3.0001 ,9.0006000 1) 0.00060001 0.0001 6.0001 


The sequence of values suggests that as we continue, taking Q closer and closer to P, the 
gradient approaches 6. We say that 6 is the limiting value or limit of the sequence. As 
Q —— (tends to) P, the gradient of PQ) ——> 6 and we take this limiting value as 
the gradient at P. 

Note that we cannot find this value directly. We have to use this limiting method. (We 
also have to be sure that there will be a limit but this will be assumed in our work). 


Exercise 9.1 (Answers on page 626.) 


1 Repeat the limiting process to find the gradient where x = 2 and x = --ἰ on the curve 
yer. 


2 Use the limiting method to find the gradient at the point where x = 2 on the curve 
y=2r. 


3 By the same method, find the gradient where x = 4 on the curve y = vx. 
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GENERAL METHOD FOR 
THE GRADIENT FUNCTION 


To find the gradient at another point on the curve we must repeat the calculations. A 
better approach would be to find a formula for the gradient, using the same method. 
In Fig.9.4, we take a general point P whose coordinates are (x,°). 


Fig.9.4 


Now take a nearby point Q where x, = x + h. At present the value of ἡ is not specified 
except that ἢ τὸ 0. 


Then Yg= (e+ hy. 


Gradient of PQ ΩΝ 
5 α τ λ)} -- χα 
h 
_ e42ehe Rv 
oa h 
- 2h+eh 
h 


2x+h (A #0) 


Now suppose Q moves closer and closer to P, i.e. ἢ ——> 0. Then 2x + h ——> 2x. 
The limiting value of 2x + h is 2x and we take this as the gradient at P. When x = 3, the 
gradient = 6, as we found before. When x = 0, the gradient is 0, which can be seen from 
the graph as this is the turning point. 

The function x -——= 2v is the gradient function for the curve y = °. Each curve 
will have its own gradient function which we find by the limiting method, known as 
working from first principles. 
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Example 1 
Find the gradient function for y = 2x -- 3 (Fig.9.5). 


Fig. 9.5 


P is a general point (x, 2x* — 3). 
Q is a nearby point with x, =x +h, Yq = 2 + ἢ)" - 3. 
QR = 2(x + A)? -- 3 -- (2x? - 3) 

= 2 + 4xh + 2h? - 3-243 

= 4xh + 2} 


QR - dht2h = 4x4 2h 


Now as h———> 0, 4x + 2h ——> 4x. The limiting value is 4x. The gradient function 
is therefore x -+—* 4x, 


Example 2 


(a) Find the gradient function for the curve y = χ' + 2x (Fig.9.6). 
(b) Hence find the gradients at x = 0 and x = --ἰ. 
(c) Is there a value of x where the gradient is 0? 

Y= + 2x 
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(a) Take P as (x.° + 2x) and a nearby point Q where Xy=xth, 
Yq = (x + hy + 2x +h). 
Then QR = (x + A) + 2x Ὁ ἢ) -- αὐ + 2.) 
=x + 3xh + Bxh? +h) + 2x + 2}} -- χ' - 2x 
= 3x7 + 3xh? +h + 2h 
Gradient of PQ = ge = Beh + 3 tH ε 2 = 3x + 3xh +i? +2 


As h ——~> 0, 3xh and h? each ——> 0. The limiting value is 3x? + 2 and the 
gradient function is x +——» 3x° + 2, 


(b) When x = 0, the gradient = 2; when x = -1, the gradient = 5. 


(c) The equation 3x? + 2 = 0 has no solution so the gradient of the curve is never 0. 


NOTATION 


If the equation of the curve is y = f(x), we write the gradient function as f’(x). 


If we take a point P on y = f(x) (Fig.9.7), the coordinates of P are (x,f(x)). The 
coordinates of Q are (x + ἡ, f(x + h)). 


y Q 


Fig.9.7 


Then QR = f(x + A) — f(x) and the gradient of PQ = ee 

The limiting value of fahety as h ——~ 0 will be f(x). 

We write this as f(x) = lim ἢ Ξ- 
ho h 


lim means ‘take the limiting value when ἢ ——> 0’. 
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Example 3 
If f(x) = 4 (xe 1), find £00. 
f(x + h) -- fi) = 


(ι τὰ -- )ὰ -- Π 
— ae 
( τ -- ᾿γὰ -- Ὁ 
Then (τ) -ίὰ) - | 

h (x+h-1)(x-1) 
As h——~ 0,x+h-1—~ x-1. 


f(x + A) — fi a = i ΟΒΕ 
So the limiting value of SEO will be (x “> and f(x) = α- 1" 


Note that this is always negative, so the gradient on the curve is always negative, as 


seen from the sketch (Fig.9.8). 


Exercise 9.2 (Answers on page 627.) 


1 Find the gradient function for the following curves: 


(a) y=3x (Ὁ) y=3r-1 (c) y=Xr+x-1 
(d) y=2-# (e) y= 4(¢#0) () y=e-¥ +1 
(g) y= 4 


2 For each of the curves in Question 1, find the gradient where (i) x = 2, (ii) x = -1, 
(iii) x = O (except curve (e)). 


3 (a) Find the gradient function for y = 3x° -- 6x + 2. 
(b) For what value of x is the gradient 0? 
(c) Hence find the minimum value of the function. 


4 (a) If f(x) =x -- χ', find f(). 
(b) For what values of x is the gradient on the curve y = f(x) zero? 
(c) Find the values of f(x) at these points. 


§ By finding the gradient function, show that the curve y = 1 — 4x — x* has a tuming 
point where x = —2. Is this a maximum or minimum point? 


6 Find the gradient function for the curve y = 4 + 4x (x τὶ 0). 
Hence find the values of x where the gradient on this curve is zero. 


7 Find the gradient function for y = ax* + bx + c where a, b and c are constants. 


The dy, 5x Notation for the Gradient Function 


To find f’(x), we took two points whose x-coordinates were x and x + h. We now introduce 
anew and important notation. Instead of ἡ, we write 5x (read delta x) which is one symbol 
for the change in x, called the increment in x. 

We use the curve y =. again (Fig.9.9). Now if x changes to x + dx, y will also change 
to y + dy, where dy is the corresponding increment in y. 


Fig.9.9 


PR = &x, QR = ὃν. 
The coordinates of Q are (x + Sx, y + 5y) and so y + dy = (x + δι)", 
QR = (x + δὺ-α 
=x? + 2xdx + (δι) - 
= 2χδχ + (8x) 
The gradient of PQ = δ = Br τ GO" = 2r + δι 


Now we let 6x ——> 0. The limiting value of 2 will be 2x, so the gradient function is 
2x as before. 
The special feature of this notation is = we write the gradient as τ (read dee y ὃν 


dee x) to symbolize the limiting value of 4 as &x ——> 0. 
(The curly δ is straightened to ordinary d to show that we have taken the limiting value). 
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So P(xy= i = {πὶ ὃ as. Yin 


fix + δι) = fx) 
J ὅτ - 0 al 


This dy, 6x notation will be used from now on, 


Note: te is to be taken as one symbol and NOT as a fraction. 


Example 4 


Ify = 16x + 4, find “ from first principles. 
Find the value of x where the gradient is 0. 


x 


f(x) = 16x + + and f(x + δὺ = Ι6( + δι) + τε 


Na TRS ὠς abn! = ah 
Hence f(x + Sx) — f(x) = Lox + 165x + us 8? l6x - = 
αἱ -- τ + δ) 
Ch Ee ee 
x -- x? ~ 2χδχ - 
(x + xp? 
= 168x ~ 2τδτ + (8x)? 
(x + Gyr 


= 168 + 


ὃν 2x + Gr 
Then — = a 
Mae = ee 


As 6x ——= 0, 2x + &x ——= 2x and x + ὃχ —— x. 


gy _ jim = 16- 
Then τς = Jim, 3 = 16 ; 


Η giving x = 5. 


Exercise 9.3 (Answers on page 627.) 


1 Find εν from first principles for 
(a) νΞ 31:1 (0) νΞ2 -- 4 (c) y= 4x3 
(d) y=x-+ (Ὁ εξ -αῦϑ ® y=4 


2 What is the gradient of y = 5? Hence explain why - = 0 if y =k (a constant). 


3 Given y = 2x? — 4x + 1, find (a) b and (b) the coordinates of the point on the curve 
where the gradient is (i) 0, (11) --ὃ. 


4 (a) Find ° if y =x° + ax + 3 where a is a constant. 
(b) Find the value of a if the gradient where x = 3 is 2. 
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MEANING OF 3% 


The notation & for the limiting value of ΕΣ as ὃχ ——~ 0 is appropriate as it is ἃ 
reminder that 2 is derived from am We call this differentiation (as it uses the differ- 
ence 8x) and Ξ is called the derivative or the differential coefficient of y with respect 
to x. We shall use the abbreviation ‘wrt’ for ‘with respect to’. 

i gives the gradient function for a curve and the value of EB at a given point is the 
gradient of the curve and therefore of the tangent there. 

Now the gradient at a point measures the rate at which y is changing wrt x. The steeper 


the gradient the greater this rate of change. For example, on the curve y = x°, the two 
quantities are each changing and the rate of change is 2x. When x = 3, y = 9 but y is 


changing at that point 6 times as much as x is changing. a measures this rate of change. 


This is what makes differentiation 4 powerful tool in Mathematics. 
The idea and notation can be applied to any function. For example, if s is a function 


of t, s = f(A), then oa is the rate of change of s wrt t. 
If A is a function of r, A = f(r), then 4 is the rate of change of A wrt r. 


Example 5 
If p = 38-21 +1, find &. 


p is a function of 1 so we take an increment δι in ¢. 
The corresponding increment in p is dp. 


lim 
& 0 


p+ Sp =3(0 + δὺ) -- 2( + δὴ + 1 


Now show that 8p = 615¢ + 3(δι)} -- 2δι 
$2 = 61 + 381 — 2 and the limiting value is 61 -- 2. 
Hence ee Ξ όι -- 2. 


NOTE ON INDICES 


We shall be dealing with negative indices shortly so this note recalls the rules for indices. 


To multiply powers of the same term, add the indices. 
Bx aeKxaxxxxX xe P= xh 
To divide powers of the same term, subtract the indices. 


XXXKNKXKY 


=y = x2 
XXX ax =x: 


Perez 

FXO] x= and = 1 
ex = y2 ἌΝ 

xe ax'3=x7 but 5 = 5. : 


A negative index means the reciprocal: x” = = 
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THE DERIVATIVE OF ax’ 


Here are listed some of the derivatives we have already found: 


Function Derivative 
x 2x 
2 4x 
4x 12° 
ὌΝ “4 το 
Can you see a pattern in these? 


The derivative of x? is 2x = 2x*"'. 
The derivative of 4x° is 12x? = 4 x 3x*'. 
The derivative of x! is —x? = -Lr""'. 
We deduce the following rule (which we shall not prove): 
to differentiate a single term, multiply by the index and then reduce the index by 1. 
For example, to find the derivative of 5x°: 
the index 3 becomes a multiplier 


5x3x <— the new index is 3- 1 =2 


The derivative of ax* is anx*’. 


What about the derivative of a constant, say y = 5? This is 0, as the gradient is always 0. 
The derivative of a constant is 0. 


If y = ax", = anx™! 
If y = & (a constant), a =0 


THE DERIVATIVE OF A POLYNOMIAL 


In Example 5, we saw that the derivative of the polynomial 31 -- 21 + 1 was 6. — 2. The 
derivative of 312 is 6r, the derivative of —2r is --2 and the derivative of 1 is 0. These are 
added to obtain the derivative of the polynomial. 


The derivative of a polynomial is the sum of the 
separate derivatives of the terms. 


This rule applies only to polynomials and does not apply to functions such as V3x-1 or 


ant which are not polynomials. 
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Example 6 

Differentiate wrt x (a) 3x° +7, (b) x -- ΗΣ - ἐ͵ (c) (2χ -- 3}, (d) 4, 
(e) ax? + 2bx? — cx +7 where a, b and c are constants. 

(a) If Ξ 3x5 +7, then 2 =3 x Sx! +0 = 15x. 


Note: Do not write 3x° + 7 = 15x*. This is incorrect. Use a letter such as y for the 
function and then write Ὡς 


Ὁ) Ify=x-$e-lay- deer 
dy _ 1 Ξ 1 
then & =32- 1 x 2c - Cyr? =3e-x+ ἢ 
Rewrite reciprocals such as + in terms of negative indices before differentiating. 


(c) Here we express (2x — 3)? as a polynomial first by expansion. 
(2x - 3} = 4 -12r+9 
If y = 4x? - 12x +9, then 2 = 8x -- 12x + 0 = ὃχ - 12, as x9 = 1. 
Ify= 4 =4r, then 2 = 4-3)! = - 12.’ 


which can be left in this form or written as — Ὡ 


If Ξ ax + 2bx? -- cx +7, then Ξ = 3ar + 4bx -- cx + 0 = 3αχῇ + 4bx -- α. 


Example 7 


Find the coordinates of the points on the curve y = x3 —3x° — 9x +6 where the gradient 
is 0. 


The gradient = ΕΝ 

B= 3x? — 6x -- = 36 -- 2x -- 3) = 30 -- 3). + 1) 

If the gradient = 0, then Ὁ ΞῸ and so 36 -- 3γ Ὁ 1) =0 which gives x = 3 or x=-1. 
When x = 3, y = 3) — 3(3?) — 9(3) + 6 = -21: coordinates (3,-21) 

When x =-1, y = (- 1} -- 3(-1)* -- 9(-1) + 6 = 11: coordinates (-1,11) 


Example 8 
(a) Differentiate A = 2m +2arh wrt r, where h is a constant. 


(b) IfT = Gert , find ζ and the values of p for a = 0. 


(a) “4 = 2n x 2r' + 2nhY = 4πν + 2th 
dr 
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(b) Here we rewrite the expression as a polynomial first. 


Gp+1P _ 9p? +6p+1 


= 1 sat gs ᾿ 
τ, τ =9p+6+ Ρ (dividing each term in 


=9p+6+p" the numerator by p) 


dT ea ι 
Then ἘΡῚ =9+0+(Clp?=9- 5 


If = 0, then 9 = > and p=+ 3 


Exercise 9.4 (Answers on page 627.) 


1 Differentiate wrt x: 


(a) 5x (b) 4x (c) 7 
(4) 3.0 - 5 (0) 3xr-x-1 (Ὁ e-r-x-1 
(g) 1-32 (h) (x= 1)? ὦ ¢ 
ὦ 3e4++4 (k) ἃ -- 2) () ὦα-}» 
(m) = ἐξ += Ἐξ () vate. (0) Boy 
2 


2 Differentiate s = 3 -- Δι -- 2 writ. 
3 If W τ 3" - 2° +r-3, find ὅς 
4 Given u = (31 -- 2), find ae, 


5 y=4% —j1v + 6. Given that the rate of change of y wrt x is 2 when x = 1, find the value 
of pt. 


6 Find the gradient on the curve y = 4x° -- 10x + 1 at the point where x = -1. 
7 The gradient on the curve y = ax° -- 3x + 4 where x = --Ξ is 13. Find the value of a. 


8 Find the coordinates of the points on the curve y = 3x° -- 4x + 2 where the gradient 
is 0. 


9 Find the coordinates of the points on the curve y = χ' — 3x7 + x — 5 where the gradient 
is 1. 
10 Find the values of z for which ra = 0 where P = 47) -- 277 - ὃζ +5. 


11 Show that there is only one point on the curve y = x* — 32x + 10 where the gradient 
is Ὁ and find its coordinates. 


12 Given that u = 4° + 30} -- 61 — |, find the values of ¢ for which 4 i = 12. 
13 Find the values of ¢ for which a“ = 0 given that s = 4° +P - -5. 


14 Given v = 45) - 12s -- 7, find Ἢ . For what value of s is 8" w= 4? 


15 Given that the curve y = ax* + F has a gradient of 5 at the point (1,1), find the values 


of a and b. What is the gradient of the tangent to the curve at the point where 
=19 
CBee 5 
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16 If the gradient on the curve y = ax + ὃ at the point (--Ἰ.--ξ} is 5, find the values of 


a and ἢ. 
17 The curve given by y = av’ + bx? + 3x + 2 passes through the point (1,2) and the 


gradient at that point is 7. Find the values of a and b. 


18 Given y = 2x’ - 3x° - 12x + 5, find the domain of x for which ἘΣ 2 0. 


a 


19 The function P is given by P = F + bf and when t= 1, P=-I. 
The rate of change of P when ᾿Ξ 3 is —5, Find the values of a and b. 


20 Given {πε R = mp’ + np* + 3, find =. . When p = 1,2 ἂρ = 12 and when p = i, 
= =~ 3, Find the values of m and ns 


COMPOSITE FUNCTIONS 


In part (c) of Example 6, to find the derivative of (2x — 3), we first expand it into a poly- 
nomial. Similarly, if we want to find the derivative of y = (3x —2)°, we first expand it into 
a polynomial. This would be rather lengthy so we look for a neater method. To do this we 
take (3x — 2)" as a composite or combined function. 
The function y = (3x -- 2) can be built up from two simpler functions, ἡ = 3x — 2 and 
then y = εὖ, We call μ the Ἔτι function. 
Now u is a function of x so de = 3. yis a function of the core u so ae = δι“. To obtain 
& from these two derivatives we use a rule for the derivative of composite functions 
(which we shall not prove): 
dy dy du 
pt An EO pcan 
dx du dy 
where y is a function of uv and u is a function of x. 
Note: du cannot be cancelled on the right hand side as these are not fractions but deri- 
vatives. However the notation suggests the result and is easy to remember. 


Then $ = Sut x3 = 15,’ = 15(3x - 2)". 


Paes 9 
Find a  biven that y = (χὶ —3x +1). 


Take u = x° -- 3x + ἃς the core. Then y = μ΄. 
Σ = 4μ᾽ differentiating y wrt the core u. 


τ = 2x -- 3, differentiating the core wrt x. 


Multiply these two derivatives to obtain 2 5 
B= διὸ x (2x -- 3) = 4(2x - 3) -- 3x Ὁ 1) 
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Example 10 

Find & ify = (ax + bx Ἐ0). 

Take u = ax? + bx + c and then y = μ΄. 

is =nu™' and u = 2ax + ἢ. 

Then 2 = nu! x (2ax + δ) = n(2ax + b)(ax? + bx + 6)". 


With practice, ΕΝ can be written down in two steps on one line. 


Suppose y = (core)" (core being a function of x) 
Step I Step 2 
d(core) 


1 


derivative of (core)" derivative of core 
wrt core wrt x 


dy = I 
a n(core)” x 


Example 11 


2 
Differentiate 3,4] Wit x. 


Take y = 2(x° — 3x + 1}! 
core 
Then $2 = 2(-1)(x? - 3x + 1)? x (2x - 3) 
-2(2x - 3) derivative of core wrt x 


“Ὡς πεν; 


Example 12 
Given that s = 3t- sts. find (a) 4s and (b) the values of s when m7 


it 
(a) 5:Ξ31:- [ - 2) 
core 


de = 3~ ΟἸΧῚ ~ 29-2) 

derivative of core wrt ἢ 
(1 - 27 

2 25 σις: οτος 

If 3- am Ξ 9 then G-m Ξ 9 ie. 9 = (1 -- 22). 
Hence 9 = 1 — 41+ 41} or 41 -- 41-8 =0 
which gives 12 —1-2=0 or (t—2)(¢ + 1) Ξε Ο andr Ξ 2 οἵ --ὶ. 
When t = 2,5 Ξ6- a =64 


and when ft =-l, s Ξ --3 -- 5 =-34. 


=3- 
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Exercise 9.5 (Answers on page 627.) 


1 Differentiate the following wrt x. 


(a) (x-3) (b) (3x- 1) (c) (5- 2x) 
(d) (4x-5)" (e) (4x - 3)" () (@-x+1) 
ὦ G—x- 207 th) τὸς a + 

9 Te (k) @- 1) 0 shy 

(m) =+— (n) (ax + by" ©) πεῖς 
® THF @ Qx- 3) 


2 If s = (Ἱ -- 1), find (a) ἐξ and (Ὁ) the value of ¢ for which 4 = 24, 
3 If vy = (38 — 21 + 1) find the value of 4% when r =-I. 
dr 
4 Given that A = 5 - “= find % and simplify the result. Hence find the value 
οὔτ for which 44. -- 1. 
oe 
5 Ifs= 73 


i 
6 
6 The equation of a curve is y = 2x — oy. Find (a) 2 and (b) the gradient of the curve 
when x = -3. 


7 Find the gradient of the curve y = = where x = 2. 

8 Ify= ee 

9 Ify= oy Se : 

10 Given that v = ἡ —3_, find (a) § ἐν , (b) the values of t when # =3. 

11 Ify=3r+1+ ‘i find (a) 2 nim eee ans = 23. 

12 When x= 

13 Given that L = => and that L = 1 and & = 3 when x = 1, find the values of 
aand ῥ. 

14 The curve y = στα passes through the point (1,—1) and its gradient at that point is 
2. Find the values of a and b. 


ds ds - 
find ar and the values of s when = 


THE SECOND DIFFERENTIAL COEFFICIENT 52 


If y is a function of x, then 2 ΕΗ is also a function of x (or a constant). 
Hence we can differentiate 4 wit x. This gives the second differential coefficient 


a(@) which is written as τς (read dee two y by dee x two) for brevity. The 2’s are not 


a 
squares but symbolize differentiating twice. 


The square of o is written as (22). 
4 is sometimes also written as f“(x) where y = f(x). 
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ae 13 
Find Σ and (2 2)? if 
(a) y=2e°-3r +1, (δ)ν Ξ (4χ -- 1}, (y= τῖτι 
(a) ® = 6x - 6x 
fy = 12-6 
dae 
ἂν 


ἀν — br)? which j ΡΝ dy 
(2 = (6x? — 6x)? which is quite different from <% 


(b) = = 3(4x - 1)? x 4 = 12(4x- 1) 


ee = 24(4x — 1) x 4 = 96(4x -- 1) 


dys? _ -- 17γ5 
es = 144(4x -- 1)". 


(c) y=(2-3x)" 
= (-1)(2 — 3x)? x (3) = 3(2 - 3x)? 
ay = 3(-2)(2 — 3x) x (-3) = 18(2 - 3x) 
=. 9 
(2 -3x¥ 


2. 
As we shall see, has important applications. It is also possible to find further 


3. 


δοῦν ον 4 
derivatives, such as a etc. but we shall not use these. 


Exercise 9.6 (Answers on page 626.) 
1 Find a and ἘΣ oe for 
(a) 40-502 +8 (b) (2x-7)° (c) (1 -- 4.)" (d) } 
() e-1 ® τς (g) “τας 
2 Ifs = 3 - 2, find ἃ 4 and $F. 
3 If y = (ax + 2) and ot = = 18, find the values of a. 


4 y=ar + bx. Given that Ὁ Ξ -Ἴἰ and that ΕΝ Ξ3 when x= 4, find the values of 
a and ἢ. 


5 For the function y = (ax + δ)", ee =—-6 when x = 5 and sy = = 18. 
Find the values of a and ῥ. 
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6 If the gradient of the curve y = 2χ᾽ + ux? -- 5 is --2 when x = 1, find the value of μὶ and 
the value of ΠΩ at that point. 


7 Ify = σῦς, find (2)? and $2. Show that y $2 = 2( Ὁ}. 


8 If s=3r -- 307 + 36r + 2, find the values of ¢ for which & = 0 and the value of ¢ for 


9 If y = 2x — 4x? + 9x -- 5, what is the range of values of x for which ab 20? 


SUMMARY 
Φ If y = f(x), ΓΑ) is the gradient function. The value of f(x) is the gradient at a 
given point. 
ha whe OR ep OP Ne fix+ δὺ -- ἃ) ὁ Hs ἢ τ τ, 
φΦ f(iy= tes im, x Jim, —— τοσε πε where &x is the increment in x. 


e τ is the derivative or differential coefficient of y wrt x. It measures the rate 


of change of y wrt x. 
ὁ Ify=av, & sna: if y=k (a constant) dy 9 
φ ' de χ Ph ete 5 * dv 


@ The derivative of a sum of terms or a polynomial is the sum of the derivatives of 
the separate terms. 
dy ἀν. du 


Φ ify=f h is a functi ἔχ; = 
f (u) where uw is a function of x wer aide 
Metis ὲ , ss 3 dy 5 

Φ ἘΞ is the second differential coefficient of y wrt x, written as a or as f(x) 
: 


if y = f(x). 


REVISION EXERCISE 9 (Answers on page 628.) 


1 Differentiate wrt x: 


(a) ἃ -- 5) (Ὁ) (1 -- 2x5 

© τῆς ὦ (x= 1)! 

(e) (1-3x-2e) © ais 

(g) (2x- 1)" (hy S=3++ 

(i) weiss (j) ae τς 


2 If y =x -- 3x + 7, for what range of values of x is Ὁ <0? 


3 Find the gradient of the curve y = 5 + 2x -- 3χ at each of the points where it meets the 
x-axis. 
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4 (a) Find the gradient of the curve y = g where x = 3, 
Hence find (b) the equation of the tangent at that point and (c) the coordinates of the 
points where this tangent meets the axes. 
(d) Calculate the distance between these points. 


5 Given that s = 3 — 4: + 1, find the rate of change of s wrt 1 when s = 5, 
6 Ify=4x- +> find 2 and &. 
Ps. d & 
7 For the function y = 2x3 -- 4x, find 2 and re 
dy 


dx 
Hence find the value of ~——== when x = 2. 
ji + dy 
de 


8 IfA= τὴς: where Η is a constant > 0 and the rate of change of A wrt r is — 3 when 
r= 0.4, find the value of μ. 

9 The tangent at the point (a,b) on the curve y = 1 — x — 2x* has a gradient of 7. Find the 
values of a and ὃ. 

10 The curve y = g + bx (a, b constants) passes through the points A(1,-1) and 
Β(4,-11 4), (a) Find the value of a and of b. (b) Show that the tangent to the curve at 
the point where x = —2 is parallel to AB. 


11 (a) Show that the gradients of the tangents to the curve y = x* — x — 2 where the curve 
meets the x-axis are numerically equal. 
(b) Find the equations of these tangents and show that they intersect on the axis of 
the curve. 


12 The line y = x + 1 meets the curve y = x — x — 2 at the points A and B. Find the 
gradients of the tangents to the curve at these points. 


13 If p = 2s’ — s? -- 28s, find the values of s which make Ῥ = 0 and for these values of 
5 find the value of oe 


14 The gradient of the curve y = ax? + bx + 2 at the point (2,12) is 11. Find the values of 
a and b. 


15 If y = χ᾽ + 3x° — 9x + 2, for what range of values of x is ¢ negative? 
16 Given that y = (x + 2)? — - — 2)’, find the range of values of x for which a 20. 


17 Ify= A + Bx, where A and B are constants, show that rf + x% =). 
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18 The velocity v of a moving body whose position vector r is given by r = αἱ + yj, where 


x and y are functions of f, is the vector v = Qj + oj (Fig.9.10). 


(a) If r = 2ὴ + (5 — ἢ], use the above to find the vector v. 
(b) Find the value of ¢ for which v is perpendicular tor . 


path of 
direction of 
velocity 


Fig.9.10 ὃ 
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Calculus (2): 
Applications of 
Differentiation 


INCREASING AND DECREASING FUNCTIONS 


y - increasing 


Fig. 10.1 


On any stretch of the curve y = f(x), where i > 0, the curve slopes upwards. Hence y 
increases as x increases and f(x) is an increasing function. 

Similarly if dy < 0, y decreases as x increases and f(x) is a decreasing function. 

At any point where e = 0, f(x) has a stationary value and is neither increasing nor 


decreasing. Such a point is a stationary point. 


Example 1 


For what range of values of x is the function y = χ' — 3x — 9x +4 (a) decreasing, 
(b) increasing? 


ΕΣ = 3x? — 6x —9 = 3α-- 2x - 3)-3α - 3 + Ὁ 


(8) ΕἾ «0 for -1 <x « 3 and the function is decreasing in this interval (Fig.10.2). 


decreasing 


γισοστόν 
increasing 


Fig. 10.2 


| 
| 
| 
3 


(b) a > 0 for x <-1 or x > 3 and the function is increasing in these intervals. 
The function has stationary values at x = 3 and at x =-1. 


Example 2 


(a) For what range of values of x is the function y = x + 
the coordinates of the stationary points? 


1 


γι increasing? (b) What are 


dy = _— 
(a) ἐξ ᾿ 4x7 

ν a 1 * 4 1 

—>0if1> Zar he. 4? > lorx>-. 


Hence x <-! orx> 1. 


This is illustrated in the sketch of the curve in Fig. 10.3. 


dy = --=0i 2.1 =+! 
(b) τ 0 where 1 rr O ie. x* 4 and x Ἐς. 


So the coordinates of the stationary points A and B are (4) and (-4,-1). 


ad 
Ζ.. 
increasing B 
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TANGENTS AND NORMALS 


As we have seen, if y = f(x) is the equation of a curve, then ¢ gives the gradient of the 
tangent at any point (Fig. 10.4). 


Fig.10.4 


Associated with the tangent is the normal, which is perpendicular to the tangent. The 
gradient of the tangent is 2, so the gradient of the normal is -. 


dx 


Example 3 


Find the equations of the tangent and the normal to the curve y = x — 2x -- 3 at the 
point where it meets the positive x-axis. 


When y = 0, χϑ -- 2x -- 3 = (x -- 3)(x + 1) = 0. So the curve meets the positive x-axis 
where x = 3. 


ene = 9 Oe 
a = 2x 2 and when x = 3, τ = 4. 


We write this briefly as (2) _ 43 4, meaning the value of 2 when x = 3. 

The equation of the tangent is then y = 4(x — 3) i.e. y = 4x -- 12. 

The gradient of the normal = -} so the equation of the normal is 
Ξξα -- 3) 1.6. ἦγ τ Ξ 3. 


Example 4 


(a) Find the equation of the normal to the curve y = x + Ξ at the point P where 
x= 4. 
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(b) If the normal meets the curve again at Ν, find the coordinates of N (Fig.10.5). 


Fig.10.5 


(a) va coordinates of P are (4, 4 + 4) ice. (4,5). 


= 3 
% =1-4 50 so (2 Pt oe at 
Hence the gradient of the normal = -- $. 
The equation of the normal is -- 5 = — 4 (x~ 4) ie. 3y + 4x = 31. 


To find where the normal meets the curve, we solve the simultaneous equations 
3y+4x=31 rae 3. 


xX+ 35* ie. 3% + 12=31x- cehuee a 31x + 12=0. 

Then (7x -- 2α- 4) = 0 which gives x = 4 or 2, 

x= 4 is the point P so the coordinates of N are (3, 3 + +) i. (3, 
1 


Example 5 


(a) Find the x-coordinate of the point on the curve y = 2x° +x -- 2x Ὁ] where the 
curve is parallel to the line y = 2x. 
(b) 15 any part of the curve parallel to the line y + 3x = 1? 


(a) a = 6x? + 2x — 2 and this must equal 2 (the gradient of y = 2x). 
Then 6x + 2x — 2 = 2 which gives 3x* + x -2 = 0 or (3x -- 2)(x + 1) =0. 
Hence x = Ξ or --ἰ. 
At these points the curve is parallel to y = 2x. 
d ΗΑ 
(b) If = = 6x + 2χ-- 2 =—-3 (the gradient of y + 3x = 1), then 6 + 2x + Ξ 0. But 


this equation has no real solutions. Hence the gradient of the curve is never equal 
to --Ξ3 and the curve is never parallel to y + 3x = 1. 
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Exercise 10.1 (Answers on page 628.) 
1 Find the range of values of ¢ for which V is increasing if V = 41) -- 31. 
2 In what interval must x lie if the function y = x* — χ' is decreasing? 


3 For what values of x is the function y = Ἢ + L increasing? State the coordinates of the 
stationary points on the curve. 


4 Find the range of values of x for which the function y = 1 — x + 2x? — x is increasing. 


5 Find the interval in which x lies if the function y = 2x’ + 3x° -- 12x + 4 is decreasing 
and the coordinates of the stationary points. 


6 For what values of ἢ is the function s = 4 — 31 + 2 decreasing? 


7 Find the equations of the tangent and the normal to the following curves at the given 
point: 


(a) y=r-2,x=-3 (b) y=2r,x=1 

(c) γε1--α -- 3χ) χ -ῖ (4) νΞ 2χ'᾽ -x-1,x=-l 

(6) y= t;x=-2 (f) yerduyel 

() y= yogi y=-l (h) y=2x+ $;x=-2 

(i) y=2e-3;x=2 (j) yel-x-32-x;x=-1 
Ὁ y=3-2;y=7 (1) y= quel 


8 The tangent to the curve y = x* -- 2x + 3 at a certain point is parallel to the line y = x. 
Find the equation of the tangent and the coordinates of the point where it meets the 
x-axis. 

9 Find (a) the coordinates of the point on the curve y = 3x* + 2x + 1 where the tangent 
is parallel to the line 4x + y = 5 and (Ὁ) the equation of the normal at that point. 


10 (a) Find the equation of the tangent to the curve y = x — 2x + x at the origin. 
(Ὁ) At what point does it meet the curve again? 


11 The normal to the curve y=2x- 74+ 
P. Find 
(a) the equation of the normal, 
(b) the coordinates of P, 
(c) the equation of the tangent at P. 


12 The normal to the curve y = 2x -- ara at the point where x = 1 meets the curve again 
at a second point. Find the x-coordinate of this point. 


13 A and B are points on the curve y = 2χ -- £ whose x-coordinates are 1 and 3 
Tespectively. Find the equations of the tangents at A and B and the coordinates of the 
point where they intersect. 


14 Show that the function y = x + x7 + 5x + 6 is always increasing. 


where x = 2, meets the curve again at the point 


15 If the function y = χ' + ax* + 3x — 1 is always increasing, find the range of possible 
values of a. 
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16 (a) The normal at the point A(—1,2) on the curve y = 3 -- x* meets the curve again at 
B. Find (i) the equation of the normal at A and (ii) the coordinates of B. 
(b) Find the coordinates of the point C on the curve where the curve is parallel to the 
normal at A. 


STATIONARY POINTS: MAXIMA AND MINIMA 


As we have seen, a curve y = f(x) has a stationary point where δ = 0. There are three 


types of stationary point: maximum, minimum and point of inflexion (Fig.10.6). 
Maximum and minimum points are also called turning points as the tangent ‘turns 
round’ at these points. 


(a) maximum 
(b) minimum 7 (c) point of inflexion \ 


Fig. 10.6 


The essential condition for a stationary point is * — iF 
τ 


If this equation has solutions, they are the x-coordinates of the stationary points. We then 
test for the type of point. A curve may have one or more or none of these points. 


(a) WY 0 (b) 
dx ~ αν ΟΝ minimum / αν. 9 
dy dx dx 
dv 50 ἣν 0 
dx maximum ἣν 
dx 0 
(c) ay >0 
dy 
avs 0 
ΠΡ 
Fig. 10.7 dx dy_9 
dy point of dx 
dx 9. ἰπῇοχίοπ ἐπ «0 


Maximum point 


* passes from positive values through Ὁ to negative values (Fig. 10.7(a)). 


Minimum point 


2 passes from negative values through 0 to positive values (Fig. 10.7(b)). 
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Point of inflexion 
A has the same sign on each side of the zero value (Fig.10.7(c)). 


Note that maximum and minimum apply only in the neighbourhood of the stationary 
point. The values of the function at this point are not necessarily the greatest and least 
values of the function overall. 


Quadratic Function 


We have already seen that the quadratic function y = ax + bx + c always has either a 
maximum (when a < 0) or a minimum point (a > 0). 


As % = 2ax + b, this equation always has a solution. 


Example 6 


Which type of stationary point does y = 1 — 2x — 2 have and what is the value of y 
at that point? 


As a =-2 <0, the curve has a maximum point. 
dy 1 


gy __2- dy = 0 gives x=—1 
as 2 4x and τ 0 gives x 3: 


So the curve has a maximum at (-- i, 1 ἢ ). 


Example 7 

Find the nature of the stationary points on the curve y = 4x5 — 3x° - 6x +2. 
ὍΣ 2 12x? - 6x -ὁ = 62x — x- 1) = 62x + Ix 1) 

* = 0 whenx =~} or |. 

A simple test to decide on the nature of the stationary point is to examine the sign of 


~ on cach side of that point. 


sign of (2x + 1)(x - 1) 
sketch of tangent 


210 


The sketch of the curve around x = -- 4 is ~\ i.e. there is a maximum point at 


2 
slightly > 1 


xs}, 
ee re 
ee Ἐς [ἰ πτ᾿ 


The sketch of the curve around x. = 1 is \_/ i.e. there is a minimum point at x = 1. 
When x = — 4, y= 4(-3) - 3(4) - 6(- ἢ) +2= 33 (a maximum value), and when 
x= 1, y =-3 (a minimum value). 


Example 8 
Examine the nature of the stationary point(s) on the curve y = 8 -x +5x-1. 


ΕΝ = 3x° -- 2χ + 5. For stationary points, 3x* -- 2x + 5 = 0. This equation has no 
solutions, so the curve has no stationary points. 


Example 9 

What type of stationary point(s) does the curve y = χ᾽ — 3x + 3x — 1 have? 
Ὁ = 3x Gx + 3 = 3x? - 2x + 1) = Hx 1F 

δ = 0 gives x = 1, There is only one stationary point on the curve. 


The sketch of the curve is ζ΄ which is a point of inflexion. 


The oe Test for Maxima and Minima 


. ᾿ A . dy P 
The sign test is adequate for simple functions but τε can be used to test for maxima and 
minima. ἂν 
Around a maximum point, τ passes from positive to negative so it is a decreasing 
Σ ‘ : ἂν... dy , : 5 
function (Fig.10.8). Hence the gradient of τ. i.e. at is negative at that point. 
Around a minimum point, ¢ passes from negative to positive so it is an increasing 


d 2 
function (Fig.10.9). Hence the gradient of ~ i.e. Ὥς is positive at that point. 
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d 
= decreasing 
es 


= dy + 
= ax”? A 
i 
Oe 
αν; A 
τὰ increasing 
Fig. 10.8 Fig. 10.9 
Maximum point Minimum point 
dy ἂν ἂν ὧν 
F κῶν d τῷ <9 = =O and i >0 


If ΕΙΣ = 0, this test is indecisive. For such cases the sign test should be used (see 


Example 11). 


Example 10 


Find the type of stationary points on the curve y = 4x + t and the coordinates of 
these points. 
aye eel. 

=4-53 


dr 

If Σ Ξ0, then x? = + and x=+ i. 

ἐξ 

de # 

When x = + }, a > 0 so this is a minimum point at (4,4). 


2 
When x =~ 3, “ <0 so this is a maximum point at 4,4). 


1 
y ax+e 


| minimum 


Fig. 10.10 
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Example 11 
Find the nature of the stationary points on (a) y = x’, (b) y = xt. 
(a) * = 3x? so Ἢ =0 gives x =0. 


ὦ = 6x = 0 when x = 0. 


The sign test shows that this is a point of inflexion (Fig.10.11(a)). 


Fig. 10.11 


= = 4 and again ἂς ΞῸ gives x = 0. 


de 
fy 2 12x? = 0 when x = 0. 
af = when x 


pwr f - fel + | 


The sign test shows that this is a minimum (Fig.10.11(b)). 


Exercise 10.2 (Answers on page 628.) 


1 For each of the following functions, find (i) the x-coordinates and the nature of the 
stationary points (if any) and (ii) the value of the function at these points. 


(a) 7 ~ 6x -- x7 (b) x7 -3x 
(c) χ᾽ -3x-2 (d) χ'" - 2 
(e) 2x9 τ 3x7 - 36x τ 4 (ἢ 2P-x +1 
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(g) 3. - 4x0 +1 (h) χε 3 


ὦ 3x- + ὦ 8-62 + 121: 2 
(k) χ' :3χ---2 (Ὁ χ᾽ τ 3χ τάχ Ὁ 4 
(m) x + 18 (n) 3x°-Sx-2 
(0) x (p) e+e 41 
(q) χ᾽ -- αὐ --δδὰ --Ἰ (ἡ χ᾽ ε3. ε3χ-- 4 
6) xo Ἢ χες; 

16 6 
(u) + 1 (V) 2x= =f 


2 The function y = ax’ -- 12x + 2 has a tuming point where x = 2. Find (a) the value 
of a, (b) the nature of this turning point. 


3 The function y = 2x3 + ax? — 12x — 4 has a minimum point where x = 1. Find (a) the 
value of a, (b) the position of the maximum point. 


4 The function y =.° + αχϑ -- 7χ -- | has a stationary value where x = 1. Find (a) the value 
of a and (b) the type and position of the stationary points. 


5 Find (a) the positions and nature of the stationary points on the curve 
y =x? — 21 + 1 and (Ὁ) the coordinates of the point where the gradient on the curve 
is a minimum. 


6 For what value of fis s = fF -- 95 + 15r- 10 
(4) ἃ maximum, 
(δ) a minimum? 


For what value of ¢ is Ξε ἃ minimum? 


7 Given that vy = 1 —1 + 2 -- 2, find the value of 1 for which a is a maximum and 
explain why it is a maximum. 


8 The function y = ax’ + bx* -- 12x + 13 passes through the point (1,0) and has a 
stationary point where x = -1. Find 
(a) the value of a and of 6, 
(b) the type and position of the stationary points. 


9 Find the value of x for which y = 4x° — x? — 2x + 1 has 
(a) ἃ maximum, 
(Ὁ) a minimum value. 
Hence find the values of 8 for the function T = 4 cos’ θ — cos? θ -- 2 cos θ + | at its 
maximum and minimum values. 


10 For the function A = mr — 6r? + 3, find, in terms of π, the values of r at the stationary 
points, and find which type each point is. 


11 If y= 4x + 3ax* + 48x — 3, in what interval must a not lie if y has stationary points? 
If a = 10, find the x-coordinates and the nature of the stationary points. 


12 Find the type and position of the stationary point(s) on the curve y = τὴς Ὁ τὶ 


τ 
i} 
- 
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MAXIMUM AND MINIMUM PROBLEMS 


The methods we have learnt can be used to find the maximum and minimum values of a 
quantity which varies under certain conditions. 


Example 12 


Two numbers x and y are connected by the relation x + y = 6. Find the values of 
x and y which give a stationary point of the function T = 2x + 3y’ and determine 
whether they make T a maximum or minimum. 


We must express T in terms of one of the variables x or y. 
Choosing x, y = 6 -- x and T = 2° + 3(6 -- x)*. 
For a stationary point, we put τ =0. 

a = 4x -- 6(6 — x) = 10x — 36 = 0 and so x = 3.6 and y = 2.4. 
To decide whether this gives a maximum or minimum we find aT. 
10 which is positive. 


Hence T will have a minimum value when x = 3.6, y = 2.4. 


Example 13 


A cylindrical can (with lid) of radius r cm is made from 300 cm? of thin sheet metal. 

(a) Show that its height, h cm, is given by h = ἘΠΕ Σ ΚΣ 

(b) Find r and ἢ so that the can will contain the maximum possible volume and find 
this volume. 


(a) The surface area A of a cylinder radius r, height ἢ is given by 
A = 2nr + 2nrh = 300. 


Hence 2nrh = 300 -- 2nr and h = tone 

The volume V = nh and V is to be maximized, We must express V in terms of 
one variable and so we substitute for ἡ from (a). 

Then V = x2 SO=BP _ (150 -- nr) = 150r -- mr’. 

To find the maximum value of V, we set & =0., 


ἂν ΛΒ 
«, = 150 -- 3m? = Ο and so 3nr? = 150 giving r = ΝΞ =4cm. 


2 
Checking that this is a maximum, SY = ~6nr which is <0. 


150 - 50 
1x4 
Hence to obtain the maximum volume, the radius = 4 cm and the height = 8 cm. 


The maximum volume is then πὴ = 14? x 8 = 402 cm’. 


From (a), when r = 4 cm, A = =8cm. 


[Note that the height = the diameter. A can of this shape will give maximum volume 
for a given surface area.] 


Example 14 


The length of a closed rectangular box is 3 times its width (Fig.10.12). If its volume 
is 972 cm’, find the dimensions of the box if the surface area is to be a minimum. 


Fig. 10.12 x 


Take the width as x cm, length 3x cm and let the height be y cm for the moment. 
The volume V = 3x°y = 972 ice. xy = 324 (i) 
The surface area A = 6x* + 6xy + 2xy = 6? + Bxy (ii) 
We must now express A in terms of one variable. 

324 
From (i), y = 


324 2592 dA 
and so A = 6x? + 8x 22! Ξόχ + = and τ΄ 


= 12x - 2 | 


To minimize A, we set το αι 70: 


Then 12x -- 2 here 12x° = 2592 or χ᾽ = 216. Hence x = 6. 


2 x 2592 


To verify that ‘this i is a minimum, i = 12+ στ which will be positive. 


From (i), when x = 6, y = 324 + 36 =9. 


Hence the dimensions are 18 cm by 6 cm by 9 cm for the minimum surface area. 


Example 15 


Triangle ABC is isosceles with AB = AC = 20 cm and BC = 24 cm (Fig.10.13). A 
rectangle PORS is drawn inside the triangle with PQ on BC, and 8 and R on AB and 
AC respectively. 
(a) If PQ = 2x cm, show that the area 

A cn? of the rectangle is given by 

A= δι τα, 


(b) Hence find the value of x for 
which A is a maximum. 


(a) We need to know the height of the rectangle. 
Let SP = y cm (Fig.10.14). 
If M is the midpoint of BC, then BM = 12, BP = 12 — x and, by Pythagoras’ 
Theorem, AM = 16. 


| 

| 

| 

| 

| 
Fig. 10.14 Bi2-xP M 


From ASBP, tan ZSBP = 7;*y and from ABM, tan ZSBP = 18 = 4. 


2-x 12 


Then ay = 4 soy= 402=%) 
12-x 3 3 


Hence A = 2xy = Bu 


ὦ) A= 58" = 321. 8 ang A = 32). 18. 
When  =0,x=6. 
τᾷ Ξ- 48 which is negative thus confirming that this gives a maximum. 


Exercise 10.3 (Answers on page 629.) 


1 Given that x + y = 8, find the minimum value of x + γῇ. 
2 Find the minimum value of x* -- xy + y* given that x + y = 10. 
3 x and y are numbers such that x + y = 4. Find the minimum value of x + xy + 2y’. 


4 Given that u = 3 + 46 -- 2, find the maximum value of u for the domain 0 < ¢ < 2, 
showing that it is a maximum. 


5 If s=7 + 81+ 57 —P, find the value of ¢ which gives a minimum value of s, showing 
that it is a minimum. 


6 What is the minimum value of x + | if x > 0? 


7TWR= + + ΕΝ find the value of V for which Καὶ is a minimum. 
8 A rectangular box, with a lid, is made from thin metal. Its length = 2x cm and its 
width = x cm. If the box must have a volume of 72 cm’, 


(a) show that the area A cm? of metal used is given by A = 4x7 + 216 
(b) find the value of x so that A is a minimum. 
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9 The cost $C of running a boat on ἃ trip is given by C = 4ν + 1000 where ν is the 
average speed in km h~'. Find the value of v for which the cost is a minimum. 

10 It is estimated that the load L which can safely be placed on a beam of width x, length 
y and height ἢ is given by L= ay If h = 30 and x + y= 15, find the greatest load that 
the beam can bear. 

11 A piece of wire of length 20 cm is formed into the shape of a sector of a circle of 
radius r cm and angle 6 radians. 

(a) Show that @ = 29:2 and that the area of the sector is r(10 -- r) cm?. 
(b) Hence find the values of r and 6 to give the maximum area. 

12 Acylinder is placed inside a circular cone of radius 18 cm and height 12 cri so that 
its base is level with the base of the cone, as shown in Fig.10.15. 

(a) If the radius of the cylinder is r cm, show that its height A cm is given by 
h=3 (18-7). 

(b) Hence find the value of r to give the maximum possible volume of the cylinder 
and find this volume in terms of π. 


<s 
eI 


13 A straight line passes through the point (2,3) and its gradient is m. It meets the 

positive x— and y— axes at A and B respectively. 

(a) State the equation of the line in terms of m. 

(Ὁ) Show that OA = 2 - 3 and find a similar expression for OB. 

(c) Show that the area of AOAB = 6 -- aa - 2m. 

(d) Hence find the value of m for which this area is a minimum, showing that it is a 
minimum. 

14 From a rectangular piece of thin cardboard 16 cm by 10 cm, the shaded squares each 
of side x cm are removed (Fig.10.16). The remainder is folded up to form a tray. 
(a) Show that the volume V cm? of this tray is given by V = 4(χ — 13x? + 40x). 

(Ὁ) Hence find a possible value of x which will give the maximum value of V. 


Fig. 10.16 


16 cm 
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15 The cost of making x articles per day is $( 18 + 50x + 50) and the selling price of each 
one is $(80 -- $x), Find 
(a) the daily profit in terms of x, 
(b) the value of x to give the maximum profit. 


16 Ship A is at O at noon and is sailing due East at 10 km ἢ ' (Fig.10.17). At that time, 
ship B is 100 km due South of O and is sailing at 20 km ἢ“ due North. 
(a) State the distances in km of A and B from O after ¢ hours. 
(Ὁ) Show that the distance S km between A and B is then given by 
S* = 500 -- 40001 + 10 000. 
(c) Find the value of ¢ for which S? is a minimum and hence find the minimum dis- 
tance between the ships. 


Sey | 


A 10 km h-’ 


100 km 


Fig. 10.17 
ig } ᾿ 


17 The dimensions of a cylinder of radius r are such that the sum of its length and its 
circumference is 8% cm. 
(4) Show that its length is πίϑ -- 2r) cm. 
(b) Hence state its volume in terms of r and find the value of r which gives the 
maximum volume. 


18 In Fig.10.18, ABCD is a rectangle which fits inside the semicircle of radius 10 cm 
and centre O. 


(a) If AB = 2x cm, show that the area A cm’ of the rectangle is given by 
A? = 4°(100 -- ). 

(b) Find the value of x which makes A? a maximum. 

(c) Hence find the maximum area of the rectangle. 


Fig. 10.18 


19 In Fig.10.19, ABCD is a rectangle where AB = 9 πὶ and AD = 6 m. CE Ξ 4 πὶ and FE 
is parallel to AD. X is a point on FE where XF = x m and M is the midpoint of BC. 
Find 
(4) AX? and XM? in terms of x, 

(b) the value of x for which AX? + XM? is a minimum. 


Ό Ε 4m Cc 
M 
6m 
Fig 10.19 
ν Α Ε B 
9m 


20 In AABC, ZBAC = 60°, AB = 4.cm and AC = 2 cm. P lies on AB extended where 
BP = x cm, while Q lies on AC extended where CQ = y cm. Given that x + y = 10, 
show that PQ? = 3.7 -- 24x + 112 and find the value of x which will make PQ? 
a minimum. State the ratio of BC:PQ in that case. 

21 The position vectors r, and r, of two points A and B are given by r, = 21 + (1 + ἢ] 
and r, = (f+ 1)i-(¢ + 2)j. 

(a) Find the values of t for which OA is perpendicular to OB where O is the origin. 
(b) Find the vector AB in terms of & 

(c) Find the value of 1 for which | AB |? is a minimum. 

(d) Hence find the shortest distance between A and B. 


22 A can is in the shape of a closed cylinder with a hemisphere at one end (Fig. 10.20). 
Its volume is 45% cm*. Taking r cm as the radius of the cylinder and h cm as its height, 
show that 
(a) rh+ 22 = 45, ; 

(b) the external surface area A of the can is given by A = ar + on 
(c) Hence find the value of r for which A is a minimum and find the minimum value 
of A. 


(Volume of a sphere = ar surface area of a sphere = 4nr*). 


Fig. 10.20 
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23 ABC is an isosceles triangle with AB = AC = 10 cm and ZBAC = 60°. A particle P 
starts from B and moves along BA at a speed of 2 cm 5". Another particle Q starts 
from A at the same time and moves along AC at a speed of 4 cm ς΄". 

(a) Write down the distances of P and Q from A at time 1 seconds after the start. Find 
(b) an expression for PQ? in terms of ¢ and 

(c) the value of ¢ for which PQ? is a minimum. 

(d) Hence find the minimum length of PQ. 


24 Fig.10.21 shows a framework in the shape of a rectangular box made from straight 
pieces of wire. The total length of these pieces is 60 cm. 
(4) Show that y = (15 — 5x) cm. 
(b) Find an expression for the volume enclosed by the framework in terms of x and 
hence find (c) the value of x which makes this volume a maximum and (d) the 
maximum volume. 


4x yN 
Fig. 10.21 


25 A piece of wire 48 cm long is divided into two parts. One part is formed into the shape 
of a circle of radius r cm while the other part is formed into a square of side x cm. 
(a) Show that r= δι πὶ 
(0) Find an expression in terms of x for the total area A of the two shapes and hence 

calculate (correct to 3 significant figures) the value of x for which A is a 
minimum. 

26 In AABC, ZA = 60° and AB = x cm, AC = y cm where x + 2y = & (a constant). 
Find an expression for BC? in terms of x and & and hence find the ratio x:y for which 
BC is a minimum. 

27 ABCD is a square of side 10 cm. P lies on BC where BP = x cm and Q lies on CD 
where CQ = a cm. (a) Find an expression in terms of x for the area of AAPQ and 
hence (b) find the value of x which makes this area a minimum. 


28 A rectangular box has a square cross-section and the sum of its length and the 
perimeter of this cross~section is 2 πὶ, If the length of the box is x m, show that its 
volume V m} is given by V = ween, 


Hence find the maximum volume of the box. 


29 Fig. 10.22 shows part of the parabola y = 8x -- αὐ with a rectangle ABCD which fits 
between the curve and the x-axis. Taking AB = 2x show that (a) OB = x + 4 and 
(b) the area of ABCD = 32x — 2x° units”. Hence find the value of x which makes this 
area a maximum and state the maximum area. 


Fig. 10.22 


VELOCITY AND ACCELERATION 


A common rate of change is the speed of a moving body. This is the rate of change of 
distance travelled with respect to time. The average speed is 
distance travelled 
time taken 
Speed is usually measured in m 5.) but also in cm s or km h"'. 


If the direction is to be taken into account, then we speak of the velocity of the body. 
The magnitude of the vector velocity is the speed. 


Now if the time ———~ 0, we shall have the limiting value of the average speed, i.e. 
the speed at a particular instant or the instantaneous speed. So if s is the distance 


travelled in time ¢ and s is a function of f, then a will give the speed v at a given instant. 


v= — where s is a function of ¢ 


If v itself is changing, then we have the rate of change of speed v with respect to 1, called 
the acceleration (a). 


y ds e" : 
Now Ml Ba ΠΣ a, ΔῸΣ where ν is a function of ¢ 


Acceleration is the rate of increase of the velocity with respect to time and hence its stan- 
dard unit is metres per second per second, written m 5.2, 

A positive acceleration means that the speed is increasing, while a negative accelera- 
tion (or a deceleration or retardation) means that the speed is decreasing. 


If the distance s is measured from a fixed point O, its value at any time 1 is also called the 
displacement of the particle from O. This is its actual distance from O at time t which is 
not necessarily the same as the distance travelled up to time t. This is illustrated in 
Example 16. 


Example 16 


A particle starts from a point O and moves in a straight line so that its distance s cm 
from O after time t seconds is given by s = 2P - τ. Find 

(a) its initial velocity and acceleration, 

(b) the time after the start when it comes to a momentary halt, 

(c) its distance from O at this time. 

(d) What maximum velocity does it reach before that time? 

(e) After what time does the particle pass through O again? 


(A ‘particle’ means a body small enough for its dimensions to be ignored.) 


ae £ Promo: | fhe pean ct ᾿ 
If s = 20 -- ~, then the velocity v = 7 - 4! -- Ὁ (i) 


and the acceleration a = a =4-1 (ii) 


(a) When ¢ = 0 (the start), v = 0 and a = 4. The particle starts from rest (motionless) 
with an acceleration of 4 cm 5.2. 
From (ii), note that the acceleration decreases to 0 in the first 4 seconds and then 
becomes negative. 


From (i), v = 0 when 641: - £ =Oie. (4 -- 5) = 0 which gives ¢ = 0 (the start) or 
{Ξ8. 

Att = 8, ἃ Ξ 4 - 8  -4 so the particle stops and instantly reverses direction, 
moving back towards O. Such a position, where v = Ὁ but a # 0, is called 
‘instantaneous rest’. 

When ¢ = 8, s = 2(8)?- © = 138 cm, 

The maximum velocity occurs when * =0. 


From (ii), this occurs when ¢ = 4 and v is then 4(4) — = =8ems". 

s = 0 when 2 -- £ =Oie. P(2 — £) = 0 which gives ¢ = 0 or or t= 12. 
Hence the particle passes through O again after 12 seconds, now moving in the 
reverse direction. 


The following diagram shows the features of the motion. 


a = +4 decreasing a negative 
v=0 
Start O 
t=0 
reverses 
direction 
t=12 negative velocity 


At time ¢ = 8, the displacement = distance travelled = 12 


At time ¢ = 12, the displacement = 0 but the distance travelled was 28. The particle 
reversed during that time. 
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Example 17 


The distance s πὶ of a particle moving in a straight line measured from a fixed point 
O on the line is given by s = τὶ — 3 +2 where t is the time in seconds from the start. 
Find 
(a) its initial distance from O, 
(b) its initial velocity and in which direction, 
(c) its initial acceleration, 
(d) the times when it passes through O and with what velocity, 
(e) when and where it is at instantaneous rest. 
(a) At the start, ¢= 0. Then s = 2 m. The particle starts 2 m from O. 
ὦ) v= ὶ -2ι- 3 
When ¢ = 0, ν =-3, i.e. in the direction towards O. 


(@) a= & =2 
The acceleration is constant i.e. 2 πὶ s*. 

(d) s=0 when ἢ -- 3¢ + 2 = (t—2)(t— 1) = Oie. when s = 2 or 1. 
When ¢ = 1, Ξ --ἰ and when f= 2, v= 1. 

(6) The particle is at instantaneous rest when v = 0, i.e. when t = 14 seconds. 
Then s = (13)? - 3(1) + 2 =-0.25 m. 


Putting these facts together, the following diagrammatic representation of the motion 


reverses 


Exercise 10.4 (Answers on page 629.) 


1 A particle, moving in a straight line, starts from rest and its displacement s m from a 
fixed point of the line is given by s = [ἢ — kt where k is a constant and ¢ is the time (in 
seconds) after the start. If it comes to instantaneous rest after 2 seconds, find 
(a) the value of k, 

(b) the initial velocity of the particle. 


2 The distance s m of a particle moving in a straight line measured from a fixed point 
O on the line is given by s =  — 21 where ¢ is the time in seconds after the start. 
(a) What is the initial velocity of the particle? 

(b) When is the particle at instantaneous rest? 
(c) When does it pass through O for the second time? 
(d) What is the acceleration of the particle? 


224 


3 For ἃ particle moving in a straight line, its displacement s m from a point O on the line 
is given by s = f° -- St + 6, where ¢ is the time in seconds from the start. Find 
(a) the initial distance of the particle from O, 
(b) its initial velocity, 
(c) when it is at instantaneous rest, 
(d) at what time(s) after the start it passes through O. 
(e) the distance travelled in the first 3 seconds. 


4 A small body moves along the x-axis so that its distance x from the origin at time f s 
is given by x = 2° -- 15f + 241 + 20. Find 
(a) the velocity with which it starts, 
(b) when it is at instantaneous rest, 
(c) the minimum distance of the body from the origin. 
(d) Between what times is the particle moving towards the origin? 
(e) What is its acceleration at the times in (d)? 


5 A particle moves in a straight line. Its displacement s m from a fixed point on the line 
is given by s = f -- 41 -- 5, at a time ¢ after the start, where 1 2 0. Find 
(a) where the particle starts and its initial velocity, 
(b) when and where it comes to instantaneous rest, 
(c) when it passes through the fixed point, 
(d) its acceleration. 


6 A particle moves along the x-axis and its x-coordinate at time fs after the start is given 

by x = 2° -9f + 12r-1 fort Σ 0. 

(a) Find its x-coordinate and velocity at the start. 

(b) At what times does the particle come to instantaneous rest? 

(c) What is its maximum velocity in the direction of the negative x-axis? 
(e) When is its acceleration zero? 

7 The velocity ν cm s"' of a particle moving in a straight line is given by v = 61 — kr’, 
where k is a constant and / s is the time from the start. If its acceleration is Ὁ when 
t= 1, find 
(a) the value of k, 

(b) the time when the particle comes to instantaneous rest, 
(c) the maximum velocity of the particle. 


SMALL INCREMENTS: APPROXIMATE CHANGES 


Given a function y = f(x), suppose x is changed by an increment &x to become x + 8x. 
Then y changes by an increment dy. We can find an approximate value for dy in a simple 


way using oy, provided 5x is small. 
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In Fig. 10.23, A is the point on y = f(x) where x = k. AB = &x and BC = dy. AT is the 
tangent at A and the gradient of this tangent = (ᾧ ), oy 


y = f(x) 


Fig. 10.23 


x(k) 


Now if x is small, we can take Ἐς Ξ = to be approximately equal to the gradient of 
the tangent at A. 


dy 
Then & = (ἕλω, and so 


Example 18 
Ify= 2 , find the approximate change in y if x is increased from 3 to 3.01. 


dy Ξ 
dr x=3 Ξ-2. 


Then ὃν = (42) x Sx =-2x 0.01 = -0.02. 


Note that the negative value indicates a decrease in the value of y. 


and so ( 


Example 19 


Given that T = x -- 2x +1 and x is decreased from 2 to 1.985, find the new value of 
T approximately. 


i = 3x° -- 4x so (¢) =4, 


dT 
Then 87 = (ξ:λ.: x δχ 
= 4 x .(-0.015) (as x was decreased) 
= -0.06 
Hence the new value of T = 23 — 2(27) + 1 -- 0.06 = 0.94. 
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Example 20 


The volume V of a sphere is given by V = = where r is the radius. 

(a) State an expression for the approximate change in V if r is changed by a small 
amount Or. 

(b) Hence find the approximate percentage change in V if r is increased by 1%. 


(a) “ = 4πν2 
dv 
BV = ($-) x Or = 4? x δν. 


(b) If 7 is increased by 1% then 5r = 0.01r. 


The percentage increase in V = a x 100% = ae x 100% 


3 


= ᾿ x 0.01r x 100% = 3% 


Example 21 


If y = 3 -x +2 and x is increased from 4 by an amount Τῷ where r is small, find 
in terms of r 
(a) the approximate change in y, 
(b) the percentage change in y. 
dy _ wy - 
@ ἃ =-1+4x and (> a= 15. 
3r 
20° 
(b) The original value of y was 3 — 4 + 32 = 31 and the percentage change in 
ΕἸ 
157 


γε Σ x 100% - ἐν x 100% = ἘΠ %. 


Then dy = 15 x τὸ Ξ 


Example 22 


[γε 2χ - 3x + 1, find the positive value of x for which y = 3. Hence find the 
approximate increase in x which will change y from 3 to 3.015. 

When y = 3, 2° -- 3x + 1 =3 so 2 -- 3χ -- 2 =0 or (2x + 1)(x -- 2) =O giving x = 2 
(positive value). 


® = 4r- 3 and (2 >) ep = 53 by = 0.015. 


Then substituting in 5y ~ (2 πες dx, 


0.015 = 58x giving Sx = 0.003. 


Exercise 10.5 (Answers on page 629.) 


1 Ify=.?—x + 1, find the approximate change in y when x is increased from 4 to 4.025. 
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2 Given the function y =x? + αϑ -- 4, x is increased from 4 to 4.05. What is the approxi- 
mate change in y? 


3 If z = 21 — 7, find the approximate change in z when x is decreased from 4 to 3.99, 


4 Given that y = (x + 2)", find the approximate change in y when x is increased from 2 
to 2.005. 


5 Given that y = (x — x -- 1)*, find the change in y following an increase in x from 
2 to 2.01. 


6 For the function T = τῆς. find the new value of T approximately due to an increase 
in s from 9 to 9.1, 


7P=(1- t y. When x = 2, it is decreased by 3%. Find the approximate percentage 
change in P. 


8 Find the approximate change in T for the function T = 4 + 3u — 2u* when u is increased 
by 5% from the value of 2. 


9 The radius of a circle is increased by 5%. Calculate the approximate percentage 
increase in 
(a) the circumference, 
(b) the area of the circle. 


10 A piece of wire of length 20 cm is shaped into the form of a sector of a circle of radius 
rcm and angle θ radians. 
(a) Show that the area A cm? of the sector is given by A = r(10 —r). 
(Ὁ) Ifris increased by 2% when r= 2.5 cm, find the approximate percentage change 
in A. 


11 The height of a cone is 20 cm but the radius of its circular base is increased from 
10 cm to 10.01 cm. Find the approximate change in the volume of the cone in terms 
of π. 


12 If y Ξ χ᾽ -- 3x’, find, in terms of k, (a) the approximate increase in y if x is increased 
from 4 to 4 + k, where k is small and (b) the approximate percentage change in y. 


13 Each side of a cube is increased by p% where p is small. What is the approximate 
percentage increase in the volume of the cube in terms of p? 


14 y=¥- ay: If x is increased from 3 to 3,001, find the approximate change in y. 


15 If x is decreased from 5 to 4.98 in the function y = sy. what is the approximate 
percentage change in y? 

16 Find the positive value of x when y = 4 for the function y = x? -- 5x -- 2. 
Hence find the approximate change in x when y changes from 4 to 4.02. 


17 The y-coordinate of a point in the first quadrant on the curve y = 3x? -- 8x -- 1 is 2. Find 
its x-coordinate. What is the approximate change in x if the point is moved to a 
position on the curve where y = 2,04? 


18 For the function y = 3x7 + ax + b, where a and b are constants, when x changes from 
2 to 2.02, y changes from 2 to 2.12 approximately. Find the values of a and b. 
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19 In an experiment to find the values of T from the formula T = πῆς , values of x are 
read from a measuring device. A value of x is read as 2.04 but should be 2. What is 
the approximate error in the value of 7? 


20 U is calculated from the formula U = yy. Measurements of x are taken but they are 
liable to an error of +1.5%. When x is measured as 3, what are the greatest and least 
values of U? 


— find the approximate change in ν when u is increased from 


21 Given that v= ᾿ ἜΣ ag: 


2 to 2.04. 
22 For the function A = τ a small change in r when r = 2 (r — 1)? produces a 2% 
reduction in the value of A. Find the change in r approximately. 


Connected Rates of Change 


Example 23 

Some oil is spilt onto a level surface and spreads out in the shape of a circle. The 
radius r cm of the circle is increasing at the rate of 0.5 cm s"'. At what rate is the area 
of the circle increasing when the radius is 5 cm? 


The rate of change of the radius wrt time (4) = “ = 0.5. 
We wish to find the rate of change of the area A i.e. ΕΝ 


We can find a link between these two rates by using the rule for the differential 


coefficient of combined functions i.e. oa = wy ©. 


We know that A = nr? so a = 2nr = 2nx 5. 


Then a =2nx 5x 0.5 = 15.7 cm? s". 


This method can always be used to compare the rates of change of two connected 


quantities x and y with respect to a third quantity. The relation between x and y gives ΕΝ 


Example 24 


Water is emptied from a cylindrical tank of radius 20 cm at the rate of 2.5 litres s' and 
fresh water is added at the rate of 2 litres s' (Fig. 10.24). At what rate ts the water 
level in the tank changing? 


229 


" 2 litres 5." 


2.5 litres s~’ 
Fig. 10.24 


Let the depth of water be A cm at time fs. 
The rate of the change of the volume V cm’ of the water 


= x = +2000 -- 2500 = — 500 cm! s"! 


(1 litre = 1000 cm*; so 2000 cm? of water flowing in and 2500 cm? of water flowing 
out, per second). 


The rate of change of the water level = dh which we have to find. 


ἀν lh . 
Then — = qv x dh 


ΠΤ 
Since V = nh and x = 400n, 


therefore -500 = 400n x $ giving %# = 3502 = Ὁ 40 em s" 


The water level is falling at the rate of 0.4 cm 5". 


Example 25 


A hollow circular cone is held upside down with its axis vertical (Fig. 10.25). Liquid 
is added at the constant rate of 20 cm’ s"! but leaks away through a small hole in the 
vertex at the constant rate of 15 cm’ s'. At what rate is the depth of the liquid in the 
cone changing when it is 12 cm? 
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. 10.25 
Fig 15cm 5. 


If V cm? is the volume of the liquid in the cone at time ¢ 5, then 
ΕΝ = 420 -- 15 -- 5 οπι 5... 


Let A cm be the height of the liquid at time ¢ 5. We have to find a 


ἂν ἀν, Gh Ρ 
uth x qr 80 we find a relation between V and A. 


Taking r as the radius of the water surface, from Fig. 10.26 we have: 
t sors ἢ and V= darn = το 4 ἐπὶ 


25 Χ5 ὧ κι 

0.28 cms". Fig. 10.26 
The depth of liquid is rising at the rate of 0.28 cm 5.". 
Note that in this example the rate of change of the depth depends on how much liquid 


is already in the cone as the cross-section is not constant. 


Example 26 


The pressure P units and the volume V m' of a quantity of gas stored at a constant 
temperature in a cylinder are related by Boyle's Law PV = k (a constant). At a certain 
time, the volume of gas in the cylinder is 30 m’ and its pressure is 20 units. If the gas 
is being compressed at the rate of 6 m' s"', at what rate is the pressure changing? 
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PV =k so k= 70 x 30 = 600 units m’. 
The relation between P and V is PV = 600 or P = 


We are given that & = -6 (decreasing). 


So ΓΝ Ξ- x (-6) = 4 units per second (increasing). 


Example 27 


A street lamp is 8 m high, A man of height 1.6 m walks along the street away from the 
lamp at a steady rate of 1 m s'. At what rate is the length of his shadow changing? 


In Fig. 10.27, L is the lamp and OL = 8 m. 
MN = 1.6 m is the man and MS = s m his shadow. 


Fig. 10.27 


Let OM =x m. 
Now x, rate at which the man is walking = 1 πὶ 5". We require φ᾿ 


—=—x dx so we find the relation between s and x. 


dr dr 
8 


ae x 
πος Which gives s = 5. 


is increasing. 


Exercise 10.6 (Answers on page 630.) 


1 At what rate is the area of a circle decreasing when its radius is 8 cm and decreasing 
at 0.4 cm 5.7 


2 The area of a circle is decreasing at the rate of 2 cm? 5". How fast is the radius 
decreasing when the area is 9π cm?? 
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3 The radius r cm of ἃ sphere is 10 cm and it is increasing at the rate of 0.25 cms". At 
what rate is (a) the volume, (b) the surface area, increasing? 
(For a sphere, volume = ae and surface area = 4πν2). 


4 A spherical balloon is being inflated by blowing in 2 x 10° cm’ of air per second. At 
what rate is its radius increasing when its diameter is 20 cm? 


5 ABC is a triangle with ZB = 90° and AB has a fixed length of 8 cm. 
The length of BC is increasing at 0.5 cm s“'. At what rate is the area of the triangle 
increasing? 


6 A closed cylinder is of fixed length 10 cm but its radius is increasing at the rate of 
1.5 cm s~!. Find the rate of increase of its total surface area when the radius is 4 cm. 
(Leave the answer in terms of 7). 


7 A circular cylinder has a diameter of 40 cm and is being filled with water at the rate 
of 1.5 litres s“'. At what rate is the water level rising? 


8 The length of each side of a cubical framework of straight wires is expanding at the 
rate of 0.02 πὶ 5". At what rate in cm? s“' is the volume of the framework changing 
when each side is 0.2 m long? 


2 
9 xand y are connected by the equation y = * 3 if xis changing at a rate of 0.3 units 


per second, find the rate of change of y when x = 3, 


10 y=(2r?—r+ 1) and x=4r. At what rate is y changing with respect to x when r = 0.5? 


11 The height of a cone remains constant at 20 cm. The radius of the base is 5 cm and 
is increasing at 0.2 cm 5". At what rate is the volume of the cone changing? 


12 The volume V cm’ of liquid in a container is given by V = 2x° -- 4x7 + 5 where x cm 
is the depth of the liquid. At what rate is the volume increasing when x = 4 and is 
increasing at the rate of 1.5 cm s'? 


13 Liquid escapes from a circular cylinder of radius 5 cm at a rate of 50 cm’ 5.". How fast 
is the level of the liquid in the cylinder falling? 


14 A hollow cone of radius 15 cm and height 25 cm, is held vertex down with its axis 
vertical. Liquid is poured into the cone at the rate of 500 cm’ 5.". How fast is the level 
of the liquid rising when the radius of its surface is 10 cm? 


15 In an electrical circuit the resistance R = 10 where / is the current flowing in the 


circuit. If / is increasing at 0.05 units per second, what is the rate of change of R when 
R =5 units? 


16 Two quantities p and q are related by the equation (p — 1)(q + 2) = k where k is a 
constant. When p = 5 units, g is 7 units and q is changing at the rate of 0.04 units per 
second, Find the rate at which p is changing. 


17 Water is being poured into a cylinder of radius 10 cm at a rate of 360 cm? 5.' but leaks 
out at a rate of 40 cm’ s“'. At what speed is the water level changing? 
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18 In Fig. 10.28, the sides of the rectangle ABCD are 18 cm and 10 cm. The rectangle 
KLMN lies inside ABCD and the shaded area has a width of x cm at each side. 
(a) Express the shaded area in terms of x. 

(b) If the shaded area is % of the area of ABCD, find the value of x. 
(c) The area of KLMN varies as x decreases at a constant rate of 0.25 cm s“'. 


Find the rate at which the shaded area is decreasing when it is 4 of the area of 
ABCD. 


Fig. 10.28 Fig. 10.29 


19 A hemispherical bowl contains liquid as shown in Fig. 10.29. The volume V cm? of 
liquid is given by V= 4} mh?(24 — +h) where ἡ is the greatest depth of the liquid in cm. 
If liquid is poured into the bow! at the rate of 100 cm? s“', at what rate is the greatest 
depth of the liquid increasing when it is 2 cm? (Leave the answer in terms of π). 


20 Sand falls on to level ground at a rate of 1000 cm’ 5." and piles up in the form of a 
circular cone whose vertical angle is 60°. 
(a) Given that tan 30° = τ’ show that the radius r of the base is given by r= + 
where A is the height. 
(b) Show that the volume V of the pile is mh 
(c) Hence find the rate at which the height of the pile is increasing when ἢ = 20 cm. 


21 In Fig. 10.30, ABC is an isosceles triangle where AC = BC = 13 cm and AB = 10cm. 

PQ moves towards AB at a steady rate of 0.5 cm 5.) keeping parallel to AB. If PQ is 

x cm from C, show that c 

(a) PQ= = cm, 

(b) the shaded area = 4 (144 -- 2) cm?, 

(c) Hence find the rate at which the shaded 
area is decreasing when PQ is half way 
towards AB from C. 


Fig. 10.30 A 


10 cm 
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22 (a) If a = k where k is a number, show thar 2 = 2kL. 


(b) ABC i is a triangle in which ZCAB = 60° ni AB is of fixed length 5 cm. If 
AC = 8 cm, show that BC = 7 cm. 
(c) Taking AC =x cm and L = length of BC, find an expression for L? in terms of x. 


(d) Find oe when x = 8 and is increasing at 1 cm s“'. 
(e) Hence, using (a) find the rate at which the length of BC is changing. 


SUMMARY 


@ As x increases, 

dy 

= > 
dr 0 
dy 


= f(x) is decreasing for aes 0 


@ Gradient of tangent to y = f(x) is 2. 


y = f(x) is increasing for 


x ἔν αἰ 
Gradient of normal is -- τ΄. 
ar 


@ Fora stationary point (maximum, co ain or point of inflexion), Hl =0. 


@ = 
The stationary point is maximum it ΕΣ < 0, minimum if >> > 0. 
αὖν 
If ἼΣΞ 0, use the sign test. 
@ If distance s is a function of time ¢, then velocity v =<, 
leration a = eed 
acceleration a = 4° = a 


@ If y= f(x) and x is changed from a value & by a small increment 6x, 


ὃν = (2 aa 8 
Φ ify=f, =x & 


REVISION EXERCISE 10 (Answers on page 630.) 
A 
1 Find the range of values of x for which the function y Ξ χ᾽ — 6° — 15x + 3 is increasing. 


2 For what value of x does the function y = 4x° — 6° -- 9x + 5 have a minimum stationary 
point? 


3 The area of a circle increases from 25z to 25.5π. Calculate the approximate increase 
in the radius. 
4 Variables x and y are related Ὁ the equation y = 


(i) Obtain an expression for “ and hence find an expeeaslon for the approximate 
increase in y as x increases Shion 4 to 4 + p, where p is small. 


#8 
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(ii) Given that x and y are functions of ¢ and that = 0.4, find the corresponding 
rate of change of x when y = 1. (C) 


5 The area, A cm’, of the image of a rocket on a radar screen is given by the formula 
A= 3 where r km is the distance of the rocket from the screen. The rocket is 
approaching at 0.5 km s~'. When the rocket is 10 km away, at what rate is the area of 
the image changing? When A is changing at 0.096 cm? s“', how far away is the rocket? 

(C) 


6 A piece of wire, 60 cm long, is bent to form the shape shown in Fig. 10.31. This shape 


consists of a semicircular arc, radius r cm, and three sides of a rectangle of height 
xcm. 


xcm 


Fig. 10.31 


Express x in terms of r and hence show that the area enclosed, A cm’, is given by 
A = 60r -- 2r? - τ 


Hence determine, to 3 significant figures, the value of r for which A is either ἃ maxi- 
mum or a minimum. Determine whether this value of r makes A a maximum or a 
minimum. (C) 


7 If y= 10 --α + 52’, find the approximate percentage change in y when x is increased 
by p% (p small) when x = 4. 


8 Under a heating process, the length, x cm, of each side of a metal cube increases from 
an initial value of 9.9 cm at a constant rate of 0.005 cm 5.". Express the volume, V cm’, 
and the surface area, A cm’, of the cube in terms of x. 

Write down expressions for a“ and a ἃ 
Hence find (i) the rate at which V is increasing when the cube has been heated for 


20 5, (ii) the approximate increase in A as x increases from 10 to 10.001 cm. (C) 


9 R= ¥ + 10800 Find the value of V for which R is least. 


10 A piece of wire, 100 cm in length, is divided into two parts. One part is bent to form 
an equilateral triangle of side x cm and the other is bent to form a square of side y cm. 
Express y in terms of x and hence show that A cm’, the total area enclosed by the two 
shapes, is such that 


— V3 , (00-347 
ΞΖ 16" 
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Calculate the value of x for which A has a stationary value. 
Determine whether this value of x makes A a maximum or a minimum. (C) 


11 Show that the equation of the normal to the curve y = 2x + § at the point (2,7) is 


y + 2x = 11. Given that this normal meets the curve again at P, find the x-coordinate 
of P. (C) 


12 The diagram shows a solid body which consists of a right circular cylinder fixed, with 
no overlap, to a rectangular block. The block has a square base of side 2x cm and a 
height of x cm. The cylinder has a radius of x cm and a height of y cm. Given that the 
total volume of the solid is 27 cm’, express y in terms of x. 

Hence show that the total surface area, A cm’, of the solid is given by 


A= 44 8x. 


yom 


Ue 


Fig. 10.32 


Find 
(i) the value of x for which A has a stationary value, 
(ii) the value of A and of y corresponding to this value of x. 
Determine whether the stationary value of A is a maximum or a minimum. (C) 


13 Fig.10.31 shows part of the curve y = 4 + 3x — x? and the line 2. -- 2 = x. OB = b and 
BCD is parallel to the y-axis. 
(a) Express the length of CD in terms of b. 
(Ὁ) Hence find the value of ὃ for which the length of CD is a maximum. 
y 


Fig. 10.33 


14 A circular cylinder of height 2h cm is fitted inside a sphere of radius 10 cm. Find an 
expression for the radius of the cylinder in terms of ἢ and hence find the maximum 
volume of the cylinder. 


15 A point moves on the x-axis and its position at time ὦ is given by x = (f — 6t + 12). 
Show that its velocity at the origin is 12 and find its position when it comes to instan- 
taneous rest. If v is its velocity and a its acceleration at time {, show that a? = [2ν. 


.16 A piece of wire, of fixed length L cm, is bent to form the boundary OPQO of a sector 
of a circle (Fig. 10.34). The circle has centre O and radius r cm. The angle of the 
sector is 6 radians. 


Show that the area A cm’, of the sector is given by A = τι, - 


Ρ Q 


Fig. 10.34 Ὁ 


(a) Find a relationship between r and L for which A has a stationary value and find 
the corresponding value of 6. Determine the nature of this stationary value. 

(b) Show that, for this value of 6, the area of the triangle OPQ is approximately 
45.5% of the area of the sector OPQ. (C) 


17 A line of gradient m (m <0) passes through the point (3,2) and meets the axes at P and 
Q. Find the coordinates of P and Q in terms of m and show that the area of APOQ 


is 6— 2 — 2. Hence find the minimum area of APOQ. 


18 A particle is travelling in a straight line and its distance s cm from a fixed point on the 
line after ¢ seconds is given by s = 121 -- 15f + 49°. Find. 
(a) the velocity and acceleration after 3 seconds, 
(b) the distance between the two points where it is at instantaneous rest. 


19 A rectangular box without a lid is made from thin cardboard. The sides of the base are 
2x cm and 3x cm and the height of the box is A cm. If the total surface area is 200 cm’, 


show that 


~20 x 
πλες - 


and hence find the dimensions of the box to give the maximum volume. 


20 Show that the height of a circular cone of volume V and radius r is given by x. If 
V remains constant but r is increased by 2%, find the approximate percentage 
change in ἡ. 
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21 A particle P travels in a straight line so that its distance, s metres, from ἃ fixed point 
O is given by s = 11 + 6 —# where ¢ is the time in seconds measured from the start 
of the motion. Calculate 
(i) the velocity of P after 3 seconds, 

(ii) the velocity of P when its acceleration is instantaneously zero, 
(iii) the average velocity of P over the first two seconds. 


22 In Fig. 10.35, ABCD is a rectangle with AB = 6 cm and AD = 8 cm. DE = x cm. 
EC meets AB produced at F. Find the value of x which gives the minimum area of 
A\AFE and show that it is a minimum. 


8 οπὶ 


Fig. 10.35 
A 6cm B F 


B 

23 Given the function y = ax’ + bx* + cx + d, find the values of a, b, c and d if the curve 
(i) passes through the point (0,-3), 
(ii) has a stationary point at (—1,1), 


(iii) the value of τς =2 when x= 1. 


24 Find the nature of the stationary points on the curve y = 3χ' + 4x° + 2. 


25 A cylinder of radius r cm is placed upright inside a cone so that the top of the cylin- 
der is 4 cm above the top of the cone as in Fig. 10.36. The cone has a radius of 6 cm 
and a height of 18 cm. The part of the cylinder inside the cone is h cm deep. 

(4) Show that ἢ + 3r= 18. 
(b) Find an expression in terms of r for the volume of the cylinder. 
(c) Hence find the value of h for which the volume of the cylinder is a maximum. 


Fig. 10.36 


26 (a) If ὦ + 1 =2, show that w= ="~ and that this equals 4(1+ <1). 


(Ὁ) If vis increased by 2% when it is 2, find the percentage change in u. 


.27 A water trough 100 cm long has a cross section in the shape of a vertical trapezium 
ABCD as shown in Fig. 10.37. AB = 30 cm and AD and BC are each inclined at 60° 
to the horizontal. The trough is placed on level ground and is being filled at the rate 
of 10 litres 5.}. 


10 litres 85" 


Fig. 10.37 


(a) Given that tan 60° = V3, show that the volume V cm? of water in the trough when 
itis x cm deep is given by V = 100x(30 + ποὺ 
(0) Hence calculate the rate at which the water level is rising when x = 15 cm. 


28 A point A moves along the positive x-axis away from the origin O at a speed of 
4 cm s' where OA > 5 cm. B is a fixed point on the positive y-axis where 
OB = 20 cm. P is a fixed point on the positive x-axis where OP = 5 cm and Q lies on 
the line joining B and A with PQ parallel to the y-axis. 

(a) Show that when OA = x cm, PQ = 20(1 -- 3) cm. 

(b) Hence find the speed of Q along PQ as A moves when (i) x = 12 cm, 
(ii) x = 20 cm. 

(c) Obtain an expression in terms of x for the acceleration of Q along PQ. 


29 In AOAB, ZAOB = 60°, OA = 10 cm and OB = 4 cm. P lies on OA where 
_OP =x cm and Q lies on OB. Given that the area of OPQ is twice that of AOAB, 
find in terms of x, (a) OQ, (b) PQ®. Hence find the value of x which will make PQ? 

a minimum and the corresponding length of OQ. 


30 Find the point of intersection P of the curves y? = 4x and 4y = and sketch the parts 
of these curves which lie between the origin O and P. A lies on y? = 4x with x- 
coordinate 2. B is a variable point (x,y) on the curve 4y = 2°, lying between O and P. 
Find an expression for the area of (AOAB and hence find the maximum area of this 
triangle. 
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Calculus (3) : 
Integration 


ANTI-DIFFERENTIATION 
dy 


If we differentiate y = 3x° — 4x + 3, we obtain ax = 6x -- 4. 


. δ dy 2 5 Ν 
Supposing we were given τς = 6x -- 4, can we do a reverse operation, i.c. anti- 
differentiate, to find y? 


This is easily done for a single term as follows. 


+1 
Start with y = a. (You will see why we choose this in a moment). 


dy a(n + Dx’ 


dy _ ain+ DY _ yan 
Then ὦ Ξ περὶ =a". 

A : dy a att 
So if we are given ae = ax", then y= ΣΤ: 


To obtain this result, the index (n) has been increased by 1 to n + 1, and we then divide 
by the new index. Here is the rule for single terms: 


ac! 
n+1 


d > 
If = = ἀχ", γε provided n τὸ --ἰ 


This process of anti-differentiation is actually called integration. We integrate ax’ 
wrt.x. ax" is the integrand and the result is called the integral. A notation for this will be 
given later. 


Example 1 


Integrate wrt x (α) χ' (bj) 2x (c) 4x (4) 7 (e) 4 


We show here the steps taken to obtain the integral. With practice these would not be 
written down, only the result. 


(a) Increase the index by 1 to 4: then divide by 4. 


x 
Result Τ᾽ 
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(Ὁ) New index is 3: then divide by 3. The factor 2 is left as it is. 
Result ae 
(c) 4x = 4x'. New index is 2, divide by 2. 
Result 4° = 2x2, 
Always simplify when possible. 
(d) 7 = 7x°. New index is 1, divide by 1. 
1! 


Result +> = 7x. 
ὦ 3 = 3x. New index is -2 + 1 = -1. Divide by -1. 
Result a =- 3 


Now check each result by differentiation and verify that the original expression is 
recovered. 


Before we go further there is one important point to note. This is discussed in the 
next section. 


THE ARBITRARY CONSTANT: 
INDEFINITE INTEGRAL 


If y = x2 — 3x + c where c is any constant, then oy =2r-3. 
Now if we start with ὩΣ = 2x—3, then y =x? -- 3x. 


But this is not the original expression. The constant c is missing and so it must be added 
to the result. The correct result is x* -- 3x + c. c is called the arbitrary constant as its 
value is not known, unless we are given further information. It must always be added 
to an integral. Such an integral is called an indefinite integral. 

It is easy to get confused between differentiation and integration. It may help to 
remember: 

Differentiation : multiply by the index and then Decrease the index. 

Integration : Increase the index and then divide by the new index. 


As in differentiation, the integral of a sum of terms is the sum of the separate integrals. 


So we can integrate for example χ᾽ — 3x? + 1 or (x + 2)*, provided it is expanded first, but 
= 
x+l° 


not 


Example 2 
χ'- 3χ 4} 
Integrate wrt x (a) 2x°-3x+1 (δ) ὑπ 3} (ὦ) = 
(a) Integrate each term: ue - 315 - Ξ +c= £ - a +xX+C 
(Ὁ) Expand first: 4x? -- 12x + 9 
Now integrate: an - ne +9x+c= ae -6r + 9x+¢ 
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(c) Divide by 2χ᾽ first: + -3S + 


Notation 


The symbol for integration is f. For example we write J 3x dx. This means that the 
integrand 3x is to be integrated wrt x. 


So faxdv= +e and [ἀμ πὲ ες 


{ἋΣ - τοὺ, hen y= [1 ἀκ το 


Example 3 

Find 

(a) {x8 dx, (b) fax, (ὦ f2e dt, (ὦ) f(s?-2s+3)ds, (ὁ) f(p- 12 -p) dp 
@) Jods ες 


(b) | dx means fiar= Jx°dvexte 


(c) Here the variable is 1: [ 2 dt= 26 +c= f +c. 
(d) If the integrand is a polynomial, it must be placed in brackets between the [ sign 
and ds. 
Jie-25+3)ds= 2-28 43s¢c=8-st3s4c 
(e) Expand first. 


J-2+3p-p) dp =-29+ B-B +e 


Note that an integral such as j 4x dy is not possible unless x can first be expressed in 
terms of y. 


Exercise 11.1 (Answers on page 630.) 
1 Find the indefinite integrals wrt x of: 


(a) 4x (Ὁ) 4¢ (c) -7 

(4) 3x (e) 3-x (ἢ 4x* 

(g) 2x (h) x -3 (i) 1--α -- αὖ 
ᾧ ¥-% (k) 1-- 3χ -- 4. () 8-32 
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(m) 2 (n) (x + 2} (0) @&- Ὁ) 


@ 1-4) ῳ (2-2) @) e-+ 
3x x 
(s) (x + 2)(x- 3) (t) x+ 4 (u) 421 
3x 


(v) αὐ + 2)(x - 1) 


2 (a) [6 - 4) ἀν (b) [3 ὦ 
(©) J Ge flan @ fe-4yar 
() [ Gx-2)dx () f%ar 
(g) fay (h) fcb+2yqu 
3 Find 
(a) f (44) du ὦ) [ Gr-2y dr 
ὦ) [ Gp-2Xp-3) dp ὦ [{ - αν de 
(e) feb ar () [6 - tras 
(g) [{ -- 4) + 3s) ds chy f Hy ἃ 
ὦ J@-Ha @ fa-2Fay 
(k) J ep-4r+ 1) ἂν (l) fx+ Ay dx 
αὐ f PE*E=2) ὦ (a) f p(2p + 3)(3p - 2) dp 


The Integral [ ᾧ dx 


If we use the rule for this integral, fx dx, the result is a which is not possible. Hence 
f : dx is an exception to the rule. 
In Part Il of this book, we shall see that a special function is created for this integral. 


APPLICATIONS OF INTEGRATION 


Example 4 
Find y given that 2 = 2x —3 and that y = -4 when x = ]. 
If 4 = 2x-3, then y= f (2x-3)dr=x°-3rtc. 


This is the indefinite integral and is illustrated in Fig.11.1. For all values of c, the 
family of curves y = x* — 3x + c are parallel, one vertically above the other. The 
equations could be y = x* — 3x or y =x? -- 3x + 5 etc. 
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Fig.11.1 


For any given value of x (say 3), the gradient on each curve at x = 3 is 3 as 
dy = 2x — 3 and the tangents at these points are parallel. 


dr 
Further information is therefore needed to identify a particular member of the family. 


In this example, we have this information to find c. 


When x= 1,y=1-3+c=—4 soc=-2. 
Hence y = x* -- 3χ-- 2. 


Example 5 


The gradient of the tangent at a point on a curve is given by x +x — 2. Find the 
equation of the curve if it passes through (2,1). 


Gradient = ΠῚ =x +x—-2. 


Then y = Jot+x-Dar= t+ x 


When x = 2, y= 5 + 2 πά4εεξιίι. 


Hence c = 3. 
The equation of the curve is y = Eat + or 6y = 2x + 3x? - 12x +2. 
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Example 6 


A curve has a turning point at the point (-1,1). If the gradient is given by 
6x + ax — 12, find the value of a and the equation of the curve. 


° = 6x7 + ax - 12 

When x = -l, Η Ξ0. 

Then 6 -- α -- 12 Ξ 0 giving a =-6. 

So 2 = αὐ - 6x- 12. 

Hence y = [ (6x? -- 6x -- 12) dx = 2x' - 3x? - 12k +. 
When x =-1, y=-2-34+12+c=1,soc=-6. 
The equation is y = 2x° -- 3x° - 12x - 6. 


Example 7 


For a curve y = f(x), ὅν = ὅχ -- 2. Given that y = 11 and a = 10 when x = 2, find 
the equation of the curve. 
[a is obtained by differentiating o wrt x. Then = is found by integrating τι 


wit x, 


d dy 
& = [9 ἃ - [ὦ -- 2) ἀν τ 3. -2τες 


But δ = 10 when x = 2. 


Then 12-4 +c = 10 giving ¢ = 2. 

Ὁ -λ-2. 2 

Now we integrate again to find ν. 

y=] (.᾽ - 21:1 2) ἀχ τ α' - αὐ ε 2χ Ἐς, 
When χβξ,γε8ὃ -- 4ε 4 Ἐς, Ξ.Ὶ] soc, Ξ3. 
Hence the equation is y = χ᾽ -- x7 + 2x + 3. 


Example 8 


A particle moves ina straight line so that its velocity ν ms at time ts from the start 
is given by v = αὶ — 21-3 (t= 0). 

If it started 3 m from a fixed point O of the line, find 

(a) the value of t when it is at instantaneous rest, 

(b) its distance from O at that time, 

(c) for what values of t its acceleration is positive. 
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(a) It is instantaneously at rest when ν = 0. 
v= (t-3)(t + 1) so 1 Ξ 3 (-1 not being allowed). 
ὦ v= δ =P- 2-3 
Then s = f(@- 2-3) dr= § -P-3r+e. 
But s = 3 when t=0, soc Ξ- 3. 
Hence s= § -?- 3443. 
When t=3,s=9-9-9+3=-6m. 


(c) a= a = 2t-2. Hence α » Ὁ whens > 1. 


Example 9 


For a particle moving in a straight line, its acceleration a m s* is given by a = ἴ -- 3 
where t is the time in s from the start. 

Given that its velocity v at the start was 3 m s"', find (a) an expression for v in terms 
of t, (b) the time t when the particle is at instantaneous rest. (c) If the particle started 
from a fixed point O on the line, how far is it from O after 2 s? 


When ἐξ 0, v = 3. 
Soc=3andv=§ - 243 
= P=5t+6 _ - 3-2) 
2 


2 
(Ὁ) v=0 when =3 ort Ξ 2. 
ds 2 
(Ὁ) v= τῷ ΞΈἪβ - 2 +3sos=f(f - $43) αἱ 
wae 
= ‘ -F+3+e, 


When t=0,5=0 soc, =0. 


fe 


Therefore s= £ - * 4 3¢ and if ¢=2,5=24m. 


Exercise 11.2 (Answers on page 631.) 
1 Acurve is given by ΠῚ = 2χ -- 1. If it passes through the point (2,6), find its equation. 


2 Ifacurve is given by 2 = x(x -- 1), find (a) its equation if it passes through the point 
(1,0) and (b) the nature and coordinates of its turning points. 
3 Given that 2 = | — 5x and that y = ~5 when x = 2, find the value of y when x = 1. 
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4 The rate of change of a quantity P is given by & =t+2.If P=5 whens =2, find 
the value of P when t = 3. 


5 The velocity v m s* of a particle P moving in a straight line at time fs is given by 
v = 20 — 31. Find an expression for its distance s m from a fixed point O on the line 
if OP = 4 m when ¢ = 1 and its acceleration at that time. 


6 Given that a = 2x + | and that a = y =3 when x = -ἰ, find y in terms of x. 
i @y . - dy 

7 Given that we 3, find y in terms of x if an 4 and y = 6 when x = 2. 

8 A ccurve has gradient x* -- 4x + 3 at the point (x,y) on the curve and it passes through 
the point (3,—1). Find (a) its equation and (Ὁ) the types and coordinates of its turning 
points. 

9 For the function y = f(x), 2 = =x? + kx where k is a constant. If y has a turning point 
at the point (3,—2), find the value of & and the value of y when x = 4. 


10 i & ΞῚ- ὦ» find the value of y when ¢=4 if y= 4 when r= 1. 


1 if 2 = 6x7 + 4x -- 5 and y = 10 when x = 2, ΒΟΥ Comers 


12 The rate of change of a quantity L with respect to fis given by & =31-2.1fL=3 
when ¢ = 2, find the value of L when 1 = 4. 


13 A curve passes through the point (1,0) and its gradient at any point (x,y) on the curve 
is 3x? — 2x — 1. Find (a) the equation of the curve, and (Ὁ) the coordinates of the points 
where y has a maximum and minimum value, identifying each one. (c) For what range 
of values of x is the gradient on the curve decreasing? 


14 A small body moves in a straight line so that its velocity v m s“' at time 1 5 is given 
by vy = — 6% + 9¢ + 2. Find (a) the times when its acceleration is zero, and (b) its 
distance from a fixed point on the line when ¢ = 2 given that it started from this point. 
(c) For how long was its acceleration negative? 


15 The velocity v ms" of a particle moving in ἃ straight line is given by v = 12 — 41 where 
t is the time in seconds after starting from a fixed point O on the line. Find 
(a) the time when the particle is instantaneously at rest, 
(b) its velocity and acceleration at the start, 
(c) its distance from O when ¢ = 3. 


16 The velocity v ms"! of a particle moving in a straight line at time 1 seconds is given 
by v=1+ 3 for 1 Ξ 53. 
When ¢ = 3, the particle is 6 m from a fixed point on the line. 


(a) Find an expression in terms of ¢ for its distance from this fixed point. 
(b) How far does it travel between ¢ = | and t = 3? 


17 Given that ts Ξ3-- χε where kisa ἐξορίας and that 2 =-6 when f=—] and 9 when 
t = 2, find the value of k. If y = -5 ¢ When t=1, find y y in terms of f. 
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18 A particle passes ἃ fixed point O on ἃ straight line with a velocity of 10 ms“! and 
moves on the line with an acceleration of (4 — ) πὶ s~? at time fs after passing through 
O. Find 
(a) its velocity when ¢ = 4, 
(Ὁ) the distance of the particle from Ὁ when 1 = 2. 


19 A quantity u varies with respect to ¢ so that a =a + bt where a and b are constants. 


Given that it has a maximum value of 54 when f= 1 and that its rate of change when 
t = 2 is -3, find u in terms of f. 


Area Under a Curve 


An important application of integration is in finding the area under a given curve y = f(x). 
Up to now, such areas could only be found approximately, for example, by counting 
squares or by the trapezium rule. Using calculus, we can now find the exact value of areas 
bounded, by curves. 

Fig.11.2 shows part of a curve y = f(x). The shaded area A lies between the curve and 
the x-axis, bounded by the ordinates at a and b. This area is called the area under the curve 
between a and b. 


Fig.11.2 


We now show a method of finding A. For the moment we can only deal with areas 
which lie above the x-axis. 


Fig.11.3 


Let P be a point on the x-axis where OP = x (Fig.11.3). PQ = y, OA = ἃ and AB is 
perpendicular to the x-axis. The shaded area under the curve from a to x is A. 
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Now take an increment &x in x to reach R and draw the ordinate RS. RS = y + dy and 
the increment in A = 6A = the area PRSQ. 


Fig.11.4 


QT and US are drawn parallel to the x-axis (Fig.11.4). 

Area of rectangle PRTQ < 8A < area of rectangle PRSU. 

i.e. yix < δὰ < (y + Sy) bx soy < S <y+ by. 

Now if dx > 0, ὃν > 0 and ν + ὃν > y. 

The left hand term of the inequality remains fixed at y but the right hand term > y. Hence 


δὰ ; . . ΔΑ 
Ἐν — y and in the limit nT 


We then have A= fy det c= Frc dy be 
We can find c from the fact that A = 0 when x = a. 
Example 10 


Find the area under the curve y = x +2 between x = | and x = 3 (Fig.d1.5). 


y 


Now when x= 1, A =0. 


Hence 0 = 4 +2+c giving c= -24. 
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Then ΑἹ = Bs +2x- 24 where ΑἹ means the area between the ordinates 1 and 


x(x> 1). 
We want the area from 1 to 3. So put x = 3. 


Ai=9+6-24 = 124 units, 


If we had required the area from | to 2, ie. A?, then we put x = 2 etc. 


Example 11 
Find the area under the curve y = 2 +x- x. yo2+x-¥ 


The curve meets the x-axis where y = 0, 
ice. where (2 -- x)(1 +x) =0 
giving x Ξ -Ἰ or x = 2 (Fig.11.6). 


Fig.11.6 


SoA=J(Q+x-x)dr=2x+ 5 - π τὸ 
But A = 0 when x ΞΞ --ἰ. 


Hence 0 = -2 + 4 + ἢ +c giving ἐξ 12. 


3 
Then At, = 2x4 2-2 εἰς. 


Now put x = 2 to obtain the required area. 


A =442-§ 41h =45 units? 


DEFINITE INTEGRALS 

We can shorten the above process by using the concept of a definite integral. 
Suppose A’ is the area under y = f(x) from a to x (Fig.11.7). 

Then A = f f(x) dx = g(x) + c where g(x) is the indefinite integral of f(x). 


γι 


Fig.11.7 


Now when Ξ ες A = 0 50 0 = g(a) + τ giving © =-g(u) 
Hence A‘ = g(v) -- gta). 
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Now we putx=b 
and A? = g(b) — g(a) 
= (value of the integral at Ὁ) — (value of the integral at a) 


We write this as Ε f(x) dx and it is called the definite integral of f(x) wrt x between 
the limits a (the lower limit) and b (the upper limit). The arbitrary constant c disappears 
in the subtraction. 

Hence if y = f(x), the area under the curve between the ordinates a and b, where 
a<b, is 

J) f(x) dx = g(b) - g(a) 
where g(x) is the indefinite integral of f(x). 
At present this is only true if f(x) 2 0. We investigate what happens if f(x) < 0 later. 


Example 12 
Find the area under the curve y = x + 2 from x τὸ --ἰ to x = 2 (Fig./1.8). 


Fig.11.8 


A=J yar 


=f’ ὦτα gix)= 42x40 
1 


] 2. upper limit g(x) is placed in square brackets with the limits at 
ἡ lower limit the right. The arbitrary constant is not included. 


=(24+2x2 - (CY 42x C)) 
substitute upper limit — substitute lower limit 
to obtain g(b), the to obtain g(a), the 
value when b = 2 value when ὦ = -1 


8 ( -2) 


8 (- 13) 
93 units* 
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Example 13 


(a) Find the coordinates of (i) the point A where the curves y = (x + 17 and 
y = (x -- 3} intersect and (ii) the points where the curves meet the x-axis. 
(b) Hence find the area of the region enclosed by the curves and the x-axis. 


(a) (i) The curves meet where (x + 1)? = (x — 3)? i.e. where x = 1. 
Hence the coordinates of A are (1,4). 
(ii) y = (x + 1? meets y = Ο where x = --ὶ, i.e. the point (-1,0). 
y = (x—3) meets y = 0 where x = 3, i.e. the point (3,0). 
(b) The curves are shown in Fig.11.9. The area required is divided into two parts 
because the boundary changes at A (x = 1). 


1 3 
Total area = [ἃ Ὁ 1} ἀν + [ἃ - 3} dx 


Ξ[[αὐτ2ι τ) ἀνε [αὐ - ὧι τ 9) dx 


=/= : Bs Ἶ 
ΠΕ +eex] + [Ξ 3x? + 9x | 
(5 +1+I-C 4 +1-1)+@-274+27)-( -3+9) 


substitute substitute substitute substitute 
upper limit 1 lower limit -1 upper limit 3 lower limit 1 


In the next two examples, only the value of the definite integral is to be found. 


Example 14 
Find f(x - 4) de. 
[la-par= [E+ αἴ 
(+d) - (+d) 


substitute the upper substitute the lower 
limit (-2) limit (-4) 


Example 15 
Evaluate fa -—t-P) dt. 


fia-1-Aa= [-- f -§] 


=(0)-[-2- GE - Gy 


0 
-2 


=0=(15)=15 


Example 16 


The volume V of the liquid in a container leaks out at the rate of 30t cm’ s' where t 
is the time in seconds. Find the amount of liquid lost in the third second. 


a = —30r (decreasing). 


The third second is between ¢ = 2 and = 3. 
So we find the (value of V when ¢ = 3) — (value of V when ¢ = 2) using a definite 


integral. 
f "War = f se], 
Change of volume = f Sar = [΄ (301) dr = [-1 i = -135 — (60) 
Ξ -75 
Hence 75 cm’ of liquid was lost in that time. 


Example 17 


The velocity v of a particle moving in a straight line is given by v = f -- 3t where t is 
the time after the start. What is the displacement of the particle between the times 
t=2andt=4? 


y= & = 2-3 τον τ [( - 30 a 


The displacement is the distance between the positions of the particle at times f= 2 and 


t = 4, so it is the value of the definite integral 


Γ @-30 a 

-G- δεῖ 
Note: As we have seen in Chapter 10, εν is not necessarily equal to the actual distance 
travelled by the particle. It may have gone, for example, 8 units to the left followed by 
82 units to the right. 


Example 18 
(a) Show from a diagram that 
[i a = [τα + {πὸ a where a <b<e. 
(b) Given that 7 fo) dx = 10, find (if possible) the values of 
(i) { * 2ftx) de, 
(ii) ftw) + 1] dx, 
(ii) [ify -- 2] de + [᾿χ)αχ 
(iv) ἐμ - $f(x)] dx, / 
[ρα 


(a) 


y= f(x) 


Fig.11.10 a b ce 


From Fig.11.10, |. f(x) dx = area A + area B 
= [κε [τὰ 
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ῳ ὦ [2 dx =2 ft ἃ =2« 10 = 20 
5 5 5 
(ii) J (fa) + 1] d= [πῶ dee ft ax 
= 10 + [x] 
= 10 + (5) -(2) = 13 
(iii) This equals f° f(x) dx- f'2dx+ [τῷ dx 
2 5 2 3 
= J fix) ἃ - (2x); 
=10-2=8 
7 5 1 δὶ 5 _1 5 
(iv) {Π|- Σ] de= [1 ἀκ - Σ ff τ) ax 
=3-5=-2 


(v) Not possible, as f(x) is not known. 


Exercise 11.3 (Answers on page 631.) 


τῷ fi ax ὦ) [χὰ 
(c) fea (d) [ (2x- 1) dx 
@) [i a-nax ©) fi var 
ῳ [τὰ th) [᾿α -αὐ de 
ὦ f° (@W-2p-3) ἀρ Φ [« 
tk) [}ὦ- 3) du ῳ faa 
(m) [ἢ κθ -1) ar ) [᾿ - τ αι 
©) i 3x? de (p) fea 
@ [1 -αὶ ἀν ω [686-20 ἃ 
(s) [ (x + I(x +2) de ω [ α- 4) dx 


(u) f ( -- αὐ +x) de 


2 If [α - 4) dx = 10, find the value of a, 
3 Given that f° (2x ~ 1) dx = 12, find the values of 1 


2 
4 Given that [ (x + p) dx = 3, find the value of p. 
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3 
5 κε, (f + μὴ dt = 3, find the value of μ. 
6 Find the value of μι if Γ “τάχα 1. 


7 Find the areas under the following curves between the coordinates given: 


(a) y=4-¥5x=-2,x=0 (Ὁ) y=x3-x);x=0,x=3 
(©) y= dxyaxslx=2 (4) γ5Ξ3 -2χ-- χε -ϑ, χε] 
(ὁ) y= 2-¥,x=-1,x=1 (Ὁ 2y=l4+xr;x=-2,x=1 

(g) y= +2;x=0,x=2 (h) y= P-x-2;x=-3,x=-1 


8 Find the area bounded by the curve y = 2x — 2x and the positive χ-- and y-axes. 


9 Find the area under the curve y = x? + 3 between the ordinates (i) x = 0 and x = 2, 
(ii) x = --2 and x = 2. Using a sketch of the curve explain the relation between the two 
areas. 


10 The area under the curve y =.x7 + ax -- 5 between the lines x = 1 and x = 3 is 142, Find 
the value of a. 


11 If the area under the curve y = £ between x = 2 and x = k, where k is a constant, is 
8 times the area under the curve between x = 1 and x = 2, find the value of k. 


12 Given that ΞΑ = 213 —1 + 5. find the change in the value of A between ¢ = 1 and 
t=3, 


13 If a =f-—r+ L, find the change in T as ¢ changes from | to 2. 


14 The rate of change of a quantity P is given by ἐς = rd +1fort> 2. Find the change 
in the value of P when ¢ increases from 3 to 5. 


15 If τΣ Ξ21-- 1, find the increase in y as x increases from 2 to 4 given that ¢ =6 
when wv = 2. 


16 The curve y = ax + bx +c passes through the points (0,—2) and (1,-3) and its gradient 
where x = 2 is 5. Find (a) the value of a, of b and of c and (b) the area under the curve 
between the lines x = 2 and x = 3. 


17 (a) If J (x- I de= 5 [76 + 1) dr, find the value of a. 
(b) Given that f° f(x) dx = 7, evaluate (i) {{ 30) de, Gi) f° (2 - £9) de, 
(iii) ΙΝ [f(x) -- 2] de + [τοὺ ax 


18 A particle starts from a fixed point O and moves in a straight line. Its distance s from 
Ὁ at time 1 seconds from the start is given by s = 1 -- 2f + 31, Find an expression for 
the velocity v of the particle in terms of t. At what times from the start is the particle 
at instantaneous rest? What is its displacement between those times? 
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19 Fig.11.11 shows part of the line y + 2x = 5 and the curve y = x(4 -- χ), which meet 
at A. 
(a) Find the coordinates of A. 
(b) Hence find the area of the shaded region. 


y 


Fig.11.11 


20 The curve y = 4 -- x? meets the positive x-axis at B and the curve y = x(4 — x) meets 
the positive x-axis at C. The curves intersect at A. Find 
(a) the coordinates of A, B and C, 
(b) the area of the region ABC bounded by the curves and the x-axis. 


21 (a) If y=x? -- 4x + 4, find (i) where the curve meets the y-axis and 
(ii) the x-coordinate m of the minimum point on the curve. 
(Ὁ) Sketch on the same diagram the graph of y = 4 — x* for -2 < x < 0 and the graph 
of Ξ χ -- χ τ 4 forOSxsSm. 
(c) Hence find the total area under the two curves. 


Further Notes on Areas 
I Area between a curve and the y-axis 
The area between y = f(x) and the x-axis fora Sx < bis fy dx. 


Similarly, the area between y = f(x) and the y-axis is i x dy where c and d are the limits 
on the y-axis and the equation of the curve is expressed in the form x = g(y) (Fig.11.12). 


y 


Fig.11.12 


258 


Example 19 
Fig.11.13 shows part of the curve (y -- 1 = x—1. Find the area of the shaded region. 


y 


Ky -1)' = x-1 


Fig.11.13 


1 
The area = fix dy as Ὁ and | are the limits for y. 


The equation of the curve is rewritten as x = (y — 1)? + 1 = y? - 2y +2. 
So the area is f (y? -- 2y + 2) dy [= - y+ 2y | 
0 3 a 
G -1+2)-(Q)= i units? 


Il Area under the x-axis 


The curve y = + - 3x + 2 = (x - 2)(x -- 1) meets the x-avis where x = | and x = 2 
(Fig.11.14). 
Ψ 


γεχ-ϑχε2 


Fig.11.14 


For all points in the domain 1 < x < 2, y will be negative. So J y dx will also be negative 
for this domain. 


fi ydr= ft-3r+2dr= [Ὁ - AF +20] 


2 
1 


3 2 
= (: -6+4)-(4 - 342) 
2224 

3 6 


1 ea * 
τς which is negative as expected. 


The numerical value of J y dx is - [ ydr= i and this is the area below the x-axis. 
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If part of a curve lies below the x-axis, the area 
between that part and the x-axis is - J y dx (Fig.11.15). 


Fig. 11.15 


If a curve lies partly above and partly below the x-axis (Fig.11.16), the total area will be 


Sry de -- ἰδ y ἀν. 


Fig. 11.16 


The two parts are evaluated separately. Hence a sketch of the curve must be made to 
check if any part is below the x-axis. 

Similarly the area of a region on the left of the y-axis will be negative. Its numerical 
value is — Jx dy. 


Example 20 
Find the area between the curve y = x(x -- 2) and the x-axis from x = -I to x = 2. 


The curve meets the x-axis at x = 0 and x = 2 (Fig.11.17). 


Fig.11.17 
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Area A = fw ay dr= [#-x]" =@-C ὃ το τι} 


2 
x 4] {8 τὰ 
Area B =~ | (?- 2 dr= [5 τὰ |= ((§-4)-@]=14 
Hence the total area=15 +12 = 23 
2 


Note that Γ (x? -- 2x) de = [+ = x] 


=(} -4)-(- 3 -)=0 
which is the correct value for the integral but not for the area. 


Ill Area between two curves 


Example 21 
Find the area enclosed by the curve y = 5 +x -- χὶ and the line y = x +4. 


First we find where these intersect: 
§+x-vPaxre4 
ie. x = 1 giving x= 1 or-l. 


Then we require the area of the shaded 
region in Fig.11.18 with limits x = —1 
and x = 1. 


Now the area under the curve 
= A (S+x-x) dr 
and the area under the line 
= =f) (x + 4) dv. 
Hence the shaded area = le (5+x-2x) dv- 5. (x + 4) ἀκ. 


Fig.11.18 


Since these two definite integrals have the same limits they can be combined into one 
definite integral: 


fe (5 +x—22) —(x+4)] ἀχ Ξ [ὁ 4χοχϑ. χ-- 4) dr 


= fia — x) dx 
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In Fig.11.19, y = f(x) and y = g(x) are two curves such that f(x) > g(x) fora Ξ χ <b. 


Fig. 11.19 


Then ἢ f(x) dx = area ABDE and f g(x) dx = area ABCF. 
Hence the area between the curves i.e. the shaded area 
= ABDE -- ABCF 


= [ πῶ - ge) dx 


Area between y = f(x) and y = g(x) fora Sx<b 
= J" tte) - ac] dx ᾿ 
where f(x) > g(x) 


This rule is still true if parts of either curve are below the x-axis (provided f(x) > g(x)) as 
the next example shows. 


Example 22 


Find the area enclosed by the curves y, = ° and y, = x — 2x and the lines x = 1 and 
x = 3 (Fig.11.20). 
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We require the shaded area. 
The curve y, meets the x-axis at x = 0 and x = 2. 
Consider the regions A, B and C. 


a=f- y, dx 
B= - f y, dx (as y, is below the x-axis in this interval). 
So Jy, dx- Jy, de= A+B. 
Hence the rule is true for areas crossing the x-axis. 
C= Γ », ἂχ - " y, dx (as both y, and y, are above the x-axis). 
Hence the total shaded area A + B + C 
Ξ [οι -ορ ἀκ τ f'0,-») ἀν 
Ξ[οι-ρὰ 
=f (2-27 + 2x dr 
Ξ[3]} =9-1=8 units? 


Example 23 


The tangents at x = 0 and x = 3 on the curve y = 2x — x — ] meet at T. 
(a) Find the equations of these tangents and the coordinates of T. 
(b) Calculate the area of the region bounded by the curve and the tangents. 


The curve and the tangents are shown in Fig.11.21. 


Fig.11.21 


If y = 2x-—2?-1, then : =2-2. 


(a) The tangent at P(0,—1) has gradient 2. 
Hence its equation is y + 1 = 2x. 
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The tangent at Ο(3,--4) has gradient 2 -- 6 = -, 
Hence its equation is y + 4 =-4(x -- 3) i.e. γ Ξ -ἀχ + 8. 


These lines intersect where 2x -- 1 = 4x + 8 ie. x= 14. 

When x = 13, y=2e- 1=2. 

So the coordinates of T are αἱ ays 

The shaded area is divided into two parts A and B as the boundary 
line changes at T (x = 3). 


Area of A= J? ((2x- 1) - (ἃ -- αἱ - 1}} de 


«ΓἈ 2q-- 21 - 9 
=f ran f= 5 


Area of B = fy (4x + 8) - (2x — 2 - 1] de 


“σε α 


[ξ -3' +9], 


Θ--271 27) -( - 24 3) - 2 


Hence the total shaded area = 3 units? 


Exercise 11.4 (Answers on page 631.) 
1 Find the area of the region bounded by the curve y = x* -- 9 and the x-axis. 


2 Calculate the area enclosed by the curve y = 3x -- x°, the x-axis and the lines x =-1, 
χε. 


3 Find where the curve y = x* -- τ -- 1 meets the line y = 5. Hence find the area of the: 
region bounded by the curve and the line y = 5. 


4 Part of the curve y = x(x — 1)(x — 2) is shown in Fig.11.22. Find the values of a and 
b. Hence find the area of the region enclosed by the curve and the x-axis from x = 0 
tox=b. 


y 


Fig. 11.22 
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§ Find the area of the region enclosed by the following curves or lines: 


(a) y=2x,y=r (Ὁ) yer, y=4 
(Ὁ) yer-2y=te (ὦ y=xX,y=xr 
(e) y=2r,yaxtl (ἢ y=x(2-x) y=x 
(g) y=2-xr,y=-2 (ἢ) yor +3,y=5-x 


(i) y=r-lysx+l 


6 In Fig.11.23, the curve (Ὁ -- 1)? = x + 4 meets the y-axis at A and B. 
(a) Find the coordinates of A and B and (b) calculate the areas of 
(i) the shaded region P, (ii) the shaded region Q. 


LP 


(y-1P =x+4 


Fig.11.23 


7 For a curve, * = 2x + k where k is a constant, and the curve has a turning point 


where x = 2. 
(a) If it passes through the point (—1,8), find its equation, 


(0) The line y = x + 3 meets the curve at points A and B. Find the coordinates of A 


and B. 


(c) Hence find the area of the region enclosed by the curve and the line. 


8 (a) Sketch the curve y = x(3 — x). 


(b) Find the equation of the normal to the curve at the origin and the x-coordinate of 


the point where this normal meets the curve again. 
(c) Find the area of the region bounded by the curve and the normal. 


9 The normal at the point A(x = 0) on the curve y = 2 -- x —° meets the curve again at 
B. Find (a) the coordinates of B, and (b) the area of the region bounded by the curve 


and the normal. 
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10 


11 


12 


Fig.11.24 shows part of the curve y = 1 — + 

Find (a) the coordinates of the point A where the curve meets the x-axis and (b) the 
equation of the tangent to the curve at A. (c) The line through B(2,0) parallel to the 
y-axis meets the curve at C and the tangent at T. Find the ratio of the areas of the 
shaded regions ABC and ACT. 


γ 


Fig.11.24 


Fig.11.25 shows part of the curve y = x° and the line y = 4. The line AB is drawn 
through A(0,2) with gradient —1 to meet the curve at B. Find (a) the coordinates of B, 
and (b) the ratio of the shaded areas P and Q. 


Fig.11.25 


(a) Sketch the curve y = x(4 — x). 

(b) Find the equations of the tangents to the curve at the origin O and at the point 
where x = 3. 

(c) If these tangents meet at T, find the x-coordinate of T and the area of the region 
enclosed by the tangents and the curve. 
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13 Fig.11.26 shows part of the curve y = x? -- x + 2 and ἃ line UV. 
(a) Find the coordinates of U and V and the equation of UV. 
(b) Hence find the area of the shaded region . 


Fig.11.26 


14 Fig.11.27 shows part of the curve y = 5 — x — x? and the line y = 2x + 1 which meet 


at A and B. Find 
(a) the x-coordinate of A and of B, and 
(b) the area of the shaded region. 


γ:5-χ-ὶ 


Εἰσ.11.27 


Α 


15 Εἰρ.11.28 shows part of the curves y = 4 and y = x - 4x, 
A is the point (1,2) and BC is part of the line x = 3. Find the area of the shaded region. 


y 


Fig. 11.28 
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SOLIDS OF REVOLUTION 


A portion of the curve y = f(x) between the ordinates x = a and x = ἢ is rotated about the 
x-axis through 360° (one revolution). 

The outline will be that of a solid, called a solid of revolution (Fig.11.29). The x-axis 
is an axis of symmetry and any cross-section perpendicular to that axis will be a circle. 
Examples of such solids are a cylinder, a cone, a sphere etc (Fig.11.30). 


y 


yet(x) 


Fig.11.29 


Fig.11.30 


We can use calculus to find the volume of such a solid. Suppose V is the volume of the 
solid between x = a and x = ὁ (Fig.11.31). Let x increase by &x. Then y will increase by 
Sy and V by ὃν. 


Fig.11.31 
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Fig.11.32 shows a section in the plane of the axes through the solid. The slice δὺ' has 
two circular faces of radii y and y + dy. 


Fig.11.32 


Hence its volume lies between the volumes of two cylinders of radii y and y + dy and 
thickness Sx (Fig.11.33). BV 
Then tty? dx < 6V < π᾿ + Sy)? δι which gives ny? < ee “πο τ by)? 
Now as 6x > 0, dy > 0 and y + dy > ν and the right hand term > zy”. 
δι dy’ ἂν; Ξ 
In the limit, αι - π΄ and V = [ “4 dv 
=n J y? dv as 1 is a constant. 


by 
The volume of revolution of y = f(x) between x = a and x = ἢ is nf » dx 
Similarly, if a portion of the curve y = f(x) is rotated about the y-axis (Fig.1 1.34), the 


volume of revolution will be 


d 
π i x? dy where c and d are the limits on the y-avis. 


y 


Fig.11.34 
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Example 24 | 


The portion of the curve y = x between x = I and x = 2 is rotated through 360° about | 
(i) the x-axis, (ti) the y-axis. Find the volumes created. 


2 2 
ὦ In Fig.11.35,V,=2 [ ydeen J x dx 


= § (32-1) 
= 35 units? 


Such answers are usually left in terms of 7. 


y 


! 
=n{(3)-(@)] 


Fig.11.35 


(ii) In Fig.11.36, the limits are now 1 and 4, corresponding to x = 1 and x = 2, and the 
function must be expressed as x = vy. 


Ven Jeaen [νῷ 
=(3] 


=n (8-3) 15x 


= 95 units? 
=> units 
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Solid of Revolution Created by a 

Region between Two Curves 

In Fig.11.37, y, = f(x) and y, = g(x) are two curves intersecting at x = a and x = ἢ. If the 

shaded region is rotated about the x-axis, the volume created by y, is π f. γῇ dx and that 

by y, is m f y} dx. Hence the volume created by the region will be 1 J, (y? -- y3) dx. 
The same principle will apply to rotation about the y-axis. 


Fig.11.37 


Example 25 


Fig.11.38 shows the part AB of the curve γ᾽ = x —2 where B is the point (3,1). CB is 
the tangent to the curve at B with gradient ἐ, The curve meets the x-axis at A. Find 
(a) the equation of CB, 

(b) the coordinates of C, 

(c) the volume swept out by the shaded region when revolved round the x-axis. 


Fig.11.38 


x~1 


(a) Equation of CB is y - 1 = $(x-3) ie. 2y=x-lory= τ. 


(0) The tangent meets the x-axis where x = 1 so C is (1,0). 
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(Ὁ) The x-coordinate of A is 2. 
Between C and A the boundaries of the shaded region are the line and the x-axis, 
but between A and B the boundaries are the line and the curve. So we have to find 
the volume in two parts. The simplest method is to find the volume produced by 
CB and subtract the volume produced by AB. 


3 
Volume produced by cB=nJ (451 ¥ ak 
3 
τα [αὐ - 2. τ de 
x 3 
=4([F-2+x] 
x 


(9-9+3)- (1 -1+1 


4 


3 χὲ 3 
Volume produced by AB Ἐπ J, (x-2)dr=n [¢ - ἃ} 


Ξπᾷ -6)—n(2-4) 


= © units3 
= 5 units 


Hence the required volume = 


Exercise 11.5 (Answers on page 631.) 
Unless otherwise stated, leave answers in terms of π. 


1 Find the volumes created when the parts of the curves given below are rotated about 


the x-axis: 
(a) y=X,0SxS1 (Ὁ) y=x(l-»,0Sx<52 
ὦ y= t,1s<xs2 (ὦ y=x-4,15x52 
(ἡ y=Vx, 15x54 (Ὁ y=V4—-¥,1Sx<2 
2 Find the volumes made by rotating the parts of the following curves about the axis 
stated: 


(a) y=x°+1,0S x5 2; x-axis 
(Ὁ) y=Vx,0< x 9; y-axis 
(c) y=r-—x,0Sx¢ 1; x-axis 
(d) y=t,1SxS3; x-axis 
(6) y= 1-7, 0s x 2; y-axis 


3 The part of the curve y = x* + 1 between x = | and x = 2 is rotated about the y-axis 
through 360°. Find the volume formed. 


4 The negative part of the curve y = x* — 2x is rotated completely about the x-axis to 
form a solid of revolution. Find its volume. 
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5 (a) Find the coordinates of the points of intersection of the line y = 2x and the curve 
yor. 
(b) The region enclosed by the curve and the line between these points is rotated 
about the x-axis to form a solid. Find its volume. 


6 The region between the curve y =. + 1, the 2 axes and the line x= | is revolved round 
the x-axis, Find the volume generated. 


7 Sketch the curve γῆ = x + 4. The area bounded by the curve and the y-axis is rotated 
about the y-axis through 360°. Calculate the volume created correct to 3 significant 
figures. 


8 (a) A point P(x,y) moves so that it is always 2 units from the origin O. State the 
relation between x and y and the name of the curve this relation represents. 
(b) The part of this curve above the x-axis is rotated about that axis to form a solid. 
Find the volume of the sphere created. 


9 Fig.11.39 shows an ellipse whose equation is x - Σ Ξ ]. 


(a) State the coordinates of the points A and B. 
(b) If the part above the x-axis is rotated about that axis through 360°, find the 
volume of the ellipsoid formed. 


Fig. 11.39 


10 Fig.11.40 shows part of the curve y = 4x — x? and a line OA where Ὁ is the origin. The 
x-coordinate of A is 2. 
(a) Find the equation of OA. 
(b) If the shaded region is rotated about the x-axis, find the volume formed. 
(c) If the curve meets the x-axis at B, what is the volume created if the unshaded 
region OBA is rotated about the x-axis? 


Fig.11.40 
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11 Show on a diagram the region enclosed by the curve y = x* + 2 and the line 
y =4x- 1, stating the coordinates of the points of intersection. If this region is rotated 
completely round the x-axis, find the volume of the solid formed. 


12 The curves y =. and y = 2— for x > 0, intersect at A. Find the coordinates of A. 
The region bounded by the curves and the y-axis is rotated about the x-axis through 
360°. Find the volume of revolution. 


13 In Fig.11.41, the curves y? = 4x and y = 2x? intersect at O and A. 
(a) Find the coordinates of A. 
(b) The region bounded by the two curves is rotated about (i) the x-axis, (ii) the 
y-axis. Find the ratio of the two volumes created. 
y y=2x 


Fig.11.41 


14 Fig.11.42 shows parts of the curves y= + (x > 0) and γῇ = x which intersect at A. 
(a) Find the coordinates of A. 
(b) The shaded region between the curves, the x-axis and the line x = 3 is rotated 
about the x-axis. Find the volume of revolution. 


Fig.11.42 


15 Copy Fig.11.43, which shows part of the curve y = 1} and add the curve y = x? and 
the line y = 2. If the region bounded by these curves and the line is rotated about the 


x-axis, find the volume generated. 


Fig.11.43 
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16 OA lies on the line y = 3x (x 2 0), where O is the origin, and AB is part of the curve 
y = 4-.2 (x 2 0). B lies on the x-axis. Find (a) the coordinates of A and B, and (Ὁ) the 
volume of revolution made by rotating the region OAB about the x-axis. 


17 Fig.11.44 shows st of the curve y = x — 1 x for χ» Ὁ. The curve meets the x-axis at 


A and the line y =1} at C. Find (a) the cooniicisies of A and C and (b) the volume 
made by rotating the shaded region about the x-axis. 


Fig.11.44 Fig. 11.45 


18 Fig.11.45 shows an arc of the circle y* = 4 — x? and a chord AB which lies on the line 
x = 1. Show that 


(a) the coordinates of B are (1, 3), 


(b) the volume created when the shaded region is rotated about the y-axis is 
4π 3 units’. 


19 Β is the point (4,0) and A the point (A,r). 
(a) Find the equation of OA, where O is the origin, in terms of A and r. 
(b) If OA is rotated through 360° about the x-axis, which solid is formed? 
(c) Find the volume of this solid in terms of ἢ and r. 


20 Fig.11.46 shows the part of the curve y= + for x > 0. A is the point (1,1) and the 
tangent to the curve at A meets the x-axis at B. C is the point (3,0). Find 
(a) the equation of the tangent and the coordinates of B, and 
(b) the volume made by revolving the shaded area round the x-axis. 


Fig.11.46 
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21 Fig.11.47 shows the part AB of the curve y = χὐ + 2 where B is the point (2,6). The 
tangent at B to the curve meets the x-axis at C. Find 
(a) the equation of the tangent, 
(b) the coordinates of C, and 
(c) the volume of the solid formed by 
rotating the shaded region completely about the x-axis. 


γ B(2,6) 


SUMMARY 

© if " = f(x), then y= J f(x) dx + c (indefinite integral). 
dy _ pasa Sih = 

e if dy Ξαχ, γΞτῖςτ Το, (ἱ τὸ --Ἰ}). 


Φ Definite integral ip f(x) dx = [g(x) 2 = g(b) -- βία) where g(x) is the indefinite integral 
of f(x). 


@ Area between y = f(x), the x-axis (a) 
and x = a, x = b (Fig. 11.48(a)) 


= i ydr= ih f(x) dx. 


Φ If f(x) <0 fora Ξχ Ξ ῥ, the area 


Ξ- f(x) dy. 


@ Area between y = f(x) and the 
y-axis for c S$ y Sd (Fig. 11.48(b)) 


= f x dy where x is found in terms of y. 


@ Area between y = f(x) and y = g(x) 
fora Sx Ξ Ὁ and f(x) > g(x) Fig. 11.48(c)) 


Fig. 11.48 


= ! [[( -- g(x] ἀν. 
Φ Ify=f(x) ἴογα Ξ χ Ξ ῥ is rotated completely round the x-axis, the volume of the solid 


of revolution produced = π [ ν᾽ dx: if rotated about the y-axis, volume = π fie dy, 
where c, d are the limits for y. 
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REVISION EXERCISE 11 (Answers on page 632.) 
Answers for volumes may be left in terms of π. 


A 
1 Onacurve for which a =p +x, where p is a constant, the tangent at the point (2,5) 
has a gradient of --2. Find the value of p and the equation of the curve. 
ae 1 χει 
2 Evaluate (a) Ἢ (x=) dx ὦ) J Stax 
3 Fig.11.49 shows part of the line y = 2x and part of the curve y = 4x — x’. Calculate the 


ratio of the areas of the regions P and Q. (C) 
y y=2x 
=4x-¥ 
Fig. 11.49 ᾿ 
0 


4 A particle, moving in a straight line, passes through a fixed point O with a velocity of 
8 ms". Its acceleration, a ΠῚ 5.2, t seconds after passing O is given by a = 12 — 61. Find 
(Ὁ the velocity of the particle when ¢ = 2, 

(ii) the displacement of the particle from Ὁ when ¢ = 2. (C) 

5 Fig.11.50 shows part of the curve y = x* — 2x + 2 and a chord PQ. Find 


(i) the coordinates of P and Q, 
(ii) the ratio of the area of the shaded region A to the area of the shaded region B. 
(C) 


Fig. 11.50 
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6 Fig.11.51 shows part of the curve y = 5 + 4x -- x7. A is the maximum point of the 
curve. Find 
(a) the coordinates of A, 
(b) the equation of OA 
(c) the area of the shaded region. 


y 


y=5+4x-¥ 


Fig. 11.51 3 x 


7 Fig.11.52 shows part of the curve y = 6x — x and the line y = 3x. Show that the area 
enclosed by the curve and the x-axis is 36 units”. Calculate the ratio of the areas of the 
regions marked A and B. (C) 


Fig.11.52 


8 Fig. 11.53 shows part of the curve y* = x and the line 2y = x. If the shaded region is 
rotated through 360° about the y-axis and the x-axis, find the ratio of the volumes 
formed. 


9 In Fig. 11.54, the line x + y = 5 meets the curve y = 3 at A and B. 
Find (a) the coordinates of A and B, and (b) the volume obtained by rotating the 
shaded area round the x-axis through 360°. 


Fig. 11.54 


10 A particle travelling in a straight line passes a fixed point O with a velocity of 
15 m s“', It moves in such a manner that, ¢ seconds after passing O, its acceleration 
ams”, is given by a = p + qt, where p and q are constants. 

Given that its velocity is 34 m 5. when ¢ = 2 and that it comes instantaneously to rest 
when /¢ = 3, calculate the value of p and of q. 
Find the distance travelled by the particle between ¢ = | and t = 2. (C) 

11 (a) Findf (4 - 4) de 
(b) In Fig. 11.55, the line y = dx is the tangent to the curve y* =.x— ] at the point (2,1). 

Calculate the volume swept out when the shaded region shown is rotated through 
360° about the x-axis. (C) 


Fig. 11.55 


12 A particle passes a fixed point O with a velocity of 3 and moves ina straight line with 
acceleration a given by a = 3 — 21 where £ is the time in seconds after passing O. Find 
the velocity and the distance of the particle from O when ¢ = 2. 


13 Calculate the volume generated when the shaded region in Fig. 11.56 is rotated 
through four right angles about the x-axis. (C) 


Fig. 11.56 


14 Fig. 11.57 shows part of the curve y* = x + 1. AB, CD are parallel to the y-axis where 
A is the point (1,0) and C is the point (k,0). If the volume produced by rotating the 
region Q about the x-axis is 3 times the volume produced by rotating the region P, find 
the value of k. 


c 
Fig. 11.57 (1,0) (k, 0) 


15 The tangent at the point (2,4) on the curve y = x7 meets the x-axis at A. 
(a) Find the coordinates of A. 
(b) If the region bounded by the curve, the x-axis and the tangent is rotated about the 
x-axis through 360°, find the volume created. 


16 The part of the curve y = 4 — x lying in the first quadrant meets the y-axis at A and 
the x-axis at B. C lies on the curve and the equation of OC is y = 3x, where O is the 
origin. 

(a) Find the coordinates of A, B and C. 
(b) The region OAC is rotated about the y-axis and the region OBC is rotated about 
the x-axis. Find the ratio of the volumes of revolution produced. 


17 (a) Explain the geometrical meaning of the result [ f(x) dx = 0 if f(x) is not every- 
where zero. . 


(Ὁ) Given that [νὼ dx = 6 evaluate 
ὦ J" 3pc dx, 


Gi) f° (2- peo) dx, 
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Git) J tp) - 21 d+ f° pe + 1 dr 


18 Fig. 11.58 shows part of the curve (Ὁ -- 2)* = x + 4 and part of the line y = bx, Find 
(a) the coordinates of B, (b) the area of the shaded region. 


Fig. 11.58 


19 Fig. 11.59 shows part of the curve y =x - 4. Given that C is the point (2,0), find 


(i) the equation of the tangent to the curve at the point A, 

(ii) the coordinates of the point T where this tangent meets the x-axis, 

(iii) the coordinates of the point B where the curve meets the x-axis, 

(iv) the area of the region enclosed by the curve and the lines AT and BT, 

(v) the ratio of the area found in part (iv) to the area of the triangle ATC. (C) 


Fig. 11.59 


20 Part of the curve y = 2x is shown in Fig. 11.60 where A is the point (a,0). AB is 
parallel to the y-axis and BC parallel to the x-axis. 


(a) Show that the area of region P is twice that of region Q. 
(b) If both regions are rotated about the y-axis, show the volumes produced are 


equal. 


Fig. 11.60 


21 νξ αὐ + bx +c where a, b and ς are constants. Given " xy dx = 0 find the value of 


b. If also y = 2 when x = | and fi y dr =0 find the value of a and of c. 


B 
22 (a) If f° £0) dx = 12, find the value of f° f(x ~ 1) de. 
(b) What is the value of a if [; f(x + a) de = fi f(x) dx. 
βνὰ 


23 If y= + 1, evaluate 
Ὁ yd 


24 Sketch the graph of y = | x? - 2x |. Hence find J |x? -- 2x | dx. 


25 A solid bowl is formed by rotating the parts of the curves y = 7 and y =.2 -- 1 for 
x >Oand 0< yS 1 about the y-axis (Fig. 11.61). Calculate 
(a) the capacity of the bowl, i.e. the amount of liquid it could hold, 
(b) the volume of material in the bowl. 


Fig. 11.61 


26 Fig. 11.62 shows part of the curve νὴ = 4x. P is any point on the curve and PN is 


perpendicular to the x-axis. 
Show that the volume generated by rotating the shaded region about the x-axis is 


equal to ξ x ON x PN?. 


Fig. 11.62 
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27 The region below the curve y = ax* (where ais positive) for 0 < x < 2 is rotated about 
the x-axis, while the region between the curve and the y-axis for 0 < y $ 4a is rotated 
about the y-axis. Find the value of a if these volumes are equal. 


28 Sketch for Ὁ < x < 4 the graph of the positive function f, where 
fix -——. et? forO<x<1, 
ἔχεν aos for 1 <x < 2 and 
fix τσ 8 -- 2x for2<x<4. 


Show that the gradients of the last two parts are equal where x = 2. If the resulting 
figure is rotated about the x-axis through 360°, calculate (in terms of π) the volume 
produced. 
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Revision Papers 
1-5 


PAPER 1 (Answers on page 632.) 


1 (a) Differentiate (x- iy with respect to x. 
(b) Evaluate i α -- 2)} dx 

2 Solve the simultaneous equations 2x -- 3y = 7, xy = x -- 6. 

3 The functions f and g are defined for x > 0 as f : x "το 3 - x, g: x H— 4. 
Show that (a) f and g are each self-inverse functions, and (b) (fg)-' = gf. (c) Prove that 
f(x) = gf(x) has no real solutions. 

4 Given the points A(-1,2), B(3,1) and C(4,-2), find 
(a) the equation of the line AB, 

(b) the equation of the line through C perpendicular to AB. 

5 On the same diagram, sketch the graphs of y = | x - 1 | and y =| x +2. Hence find 
the range of values of x for which |.x—1]>|x«+ 2]. 

6 AB = 2i+j and A is the point (-3, 2). 

(a) State the coordinates of B. 
(b) If C is the point (0,-1), use a vector method to find ZABC. 

7 (a) Prove the identity (cos 8 + sin 8)? = 2 — (cos @ — sin 6). 
(Ὁ) Solve the equation cosec 28 = -2.15 for 0° s @ < 360°. 

8 Calculate the area of the region lying between the curve y = χϑ — 3x + 2, the x-axis and 
the lines x = -1, x = 2. 

9 The sector OAC of a circle centre O and radius 4 cm has an area of 12 cm’. Find 
(a) the angle of the sector in radians, 


(b) the perimeter of the sector, 
(c) the area of the segment cut off by the chord AC. 


10 (a) For what values of k is the function x° + 2kx + 5 always positive? 
(b) Given that f(x) is a quadratic function and that f(x) is only positive when x lies 
between --ἰ and 3, find f(x) if f(-2) = -10. 


PAPER 2 (Answers on page 632.) 


1 The perimeter of a sector of a circle is 8 cm and its area is 4 cm’. 
Find (a) the angle of the sector, (b) the length of its arc. 
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2 Find the solutions of these equations for 0° < θ « 360°: 
(a) sin 20 =-0.4 (b) cos (8 + 30°) = 0.25 


3 A particle starts from rest at a point O and moves in a straight line with velocity 
v ms" given by v = 61 — 3 where ¢ is the time in seconds after the start. Find 
(a) its acceleration when the particle is next at instantaneous rest, 
(b) the distance travelled to that position. 


4 (a) Find the coefficient of x° in the expansion of (2x — 3)’. 
(Ὁ) If the first two terms in the expansion of (ax + δ)" in descending powers of x are 
32x° — 80x*, find the value of a and of b. 


5 The sides AB and AC of a triangle lie on the lines 2x -- y = 5 and x + 3y = 13 
respectively. Given that C is the point (-2,5) and that ZACB = 90°, find the coordi- 
nates of A and of B. 


6 Fig.R1 shows part of the curve y = 2 —.x—. and the lines y = 2 and y = —4. Find the 
area of the shaded region. 


Fig. R1 


7 The gradient of the curve y = Η + bx αἵ the point (1,--ξ1} is -8. Find the values of 
a and b. Hence find the equation of the tangent to the curve where x = 2. 


8 Given the function y = x° -- 3x + 2, find the approximate percentage change in the 
value of y if x is increased by 2% when it is 3. 
9 (a) The function f is defined by f :.x -——» +4 = (x #2). 
Find (i) f'(3) and (ii) the values of x for which f(x) =x. 
(Ὁ) The function g is given by g : x #—e a - 3 (x # 0) where a is a constant. If 
g(2) — g-'(—2) = 2 find the values of a. 


10 The position vectors of two points A and B referred to an origin O are 2i — 3j and 
3i + 4j respectively. Find 
~ 


(a) AB in terms of i and j, 
(b) angle AOB. 
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PAPER $3 (Answers on page 633.) 


1 (a) Find (i) the range of values of x for which the function x -- 3x* - 9x + 1 is 
increasing and (ii) the nature of the stationary points on the curve and the values 
of x where they occur. 

(b) Find the maximum value of (x + b)(a — x) where a and b are constants. 


2 Solve the simultaneous equations x + 2y = 8, x -xay + yy? =7. 


3 A cone of radius 6 cm and height 24 cm is held vertex down with its axis vertical. 
Water is poured into the cone at the rate of 90 cm? 5". At what rate is the water level 
rising when its greatest depth is 12 cm? 

4 (a) A and B are points with position vectors 4i + ¢j and i — 1 respectively with 

reference to an origin O. If OA is perpendicular to OB, find the values of 1. 
(Ὁ) T has position vector —2i + 4j and the line’ TP is parallel to the vector i + 3j. Show 


that the position vector of P is given by OP = (t—2)i + (3 + 4)j where ris a scalar. 
Hence find the value of ¢ for which OP is perpendicular to TP. 
5 Find the volumes created when the shaded 
region in Fig.R2 is rotated about 
(a) the x-axis, 
(b) the y-axis, 
each through 360°. 


Fig. R2 


6 (a) Find the equation of the normal to the curve y = + _2x at the point where x = 1. 


x 


(b) Evaluate [ 2.5 63 dx, 
1 


7 (a) Find and simplify the first three terms in the expansions, in ascending powers of 
x, of (1 + 3x)‘ and (2 — x)* and hence find the coefficient of x in the expansion 
of (2 + 5x - 3x)'. 

(Ὁ) Find the range of values of y for which | y?-Sy-1 | <5. 
8 (a) Find the coordinates and type of turning points on the curve νΞ χ' +2 Ἐχ Ἐ1, 
(b) IfP= ἢ - ς find ¢. Hence find the approximate percentage change in P, stating 
if P is increased or decreased, when t is decreased from 2 by 0.5%. 


9 In aoe OA = a, OB = b and M is the midpoint of AB. T lies on ¢ on OB where 
οἵ- 1 Op. OM and TA intersect at N. Taking TN= kTA and ON = mOM, find two 


vector οὐδ for ON i in terms of k, m, a and b and hence find 
(a) the values of ἀ and m, and 
(b) the ratios ON:NM and TN:NA. 
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10 (a) Solve the equation 3 sin? 6 = 2 cos θ + 2 for values of 6 in the range 0° Ξ θ 5 360°. 
(Ὁ) A particle moves along a straight line so that its velocity v πὶ 5." at time ¢ seconds 
from the start is given by v = ? — 41. 
(Ὁ Find the time after the start when the particle is at instantaneous rest. 
(ii) What is the velocity of the particle when its acceleration is zero? 
(iii) Find the displacement of the particle during the first 3 seconds of motion. 


PAPER 4 (Answers on page 633.) 
2 


1 (a) Differentiate with respect to x (i) (@-x+ 1) (ii) x- σῆς. 
(b) Show on a diagram a sketch of the curves y = cos 2x and y = [2 sin x| for 
0 < x « 2n. State how many values of x will satisfy the equation 
cos 2x = |2sinx| Gy that range. 


2 (a) Given that A =3r+ > i find the rate of change: οἵ r with respect to ¢ when r = 2 
if the rate of change of Ἁ with respect to 1 is ut 
(b) Solve the equation cos 3 =-0.35 for 0° «θ « ¢ 360°. 


3 Acurve passes through the point (0,2) and its gradient at any point (x,y) on the curve 
is 1 — x — 2x. Find 
(a) the equation of the curve, 
(0) the coordinates of the turning points on the curve, stating the nature of cach one, 
(c) the equation of the tangent to the curve at the point where x = 1. 

4 In Fig. R3, the curve y? =x + 1 cuts the y-axis at A and meets the line x = 3 at B. Find 
the ratio of the volumes produced by rotation through 360° about the x-axis of the 
shaded regions P and Q. y 


Ws ΓῚ 


SSS= 


5 (a) For each of the following functions, find the range of f(x) corresponding to the 
domain given: 
(i) f(x) =|3-x| for-l<x<4 
(ii) f(x) = 4-2 for-lsx<3 
(iii) f(x) =? - δι +3 forO<x<3 

(Ὁ) r, = 2i-j,r, =i + 3j and r, =i + j are three vectors. Find 

(i) |p| where p=r,-r, + 2r,, 
(ii) the product (r, + r,).p, 
(iii) the value of ¢ if r, + fr, is perpendicular to r, + r,. 


Fig. RB 
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6 (a) If y = 6 --α -- x, find (i) the range of values of x for which y is positive and 
(ii) the maximum value of y. 
(Ὁ) ᾿ξ: χες“ x45 
(c) Given that f : χι--ττος x? + 2 and g: Χι- -ττος x— 1, find the value of x for which 
fg(x) = gf(). 
7 OAB is a triangle with OA =a and OB = b. OP lies on OA where OP:PA = 2:1 and 
Q lies on AB where AQ: QB = 2:1. OQ and PB intersect at R. 
(a) State AB, AQ, 0Q: and PB in terms of a and b. 
(b) By taking PR = pPB, show that PR = 3 (1 - p)a + pb. 
(c) If OR = Οὐ find the values οἵ p and ᾿ 
(d) Hence find the ratios OR:RQ and PR:RB. 


2. 
8 (a) Find the vaiues of <2 on the curve y = 2x(x- 3}} where 2 τ- 0. 


(b) A, B, C and D are the points (-5,2), (2,3), (-1,-6) and (3,10) respectively. Find 
(i) the coordinates of the point M where AD and BC intersect, (ii) the equation 
of the line through M perpendicular to AB. 


(x #3), find in a similar form [3 and f°. 


— 


9 (a) Sketch the curve y = | x --α -- 2] for -2 <x < 1 and hence find the finite area 
enclosed by the curve and the x-axis. 

(Ὁ) OABC is a quadrilateral in the first quadrant where O is the origin. The equation 
of OA is 2y = x and the equation of OC is y = 2x. If the coordinates of B are (6,6), 
find the coordinates of A and C and show that OABC is a rhombus. Find the area 
of the rhombus. 


10 In an acute-angled triangle ABC, the base BC = a and the height of the triangle = h. 
A rectangle PQRS is drawn inside the triangle with P and Q on BC, R on CA and S 
on AB. If PS = x, find an expression for the area of this rectangle in terms of a, A and 
x and hence find the maximum area of the rectangle. 


PAPER 5 (Answers on page 633.) 


1 A piece of wire 120 cm long is bent into the shape shown in Fig.R4. Show that the 
area A cm? is given by A = 480x — 60x°. Hence find the value of x which gives the 
maximum area. 


2x 


5x 5x 


Fig. R4 


8x 
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2 Fig.R5 shows a part of the curve y = x -- Ξ and the line x + y = 7. 


Calculate the volume produced when the shaded region is rotated about the x-axis. 


3 (a) Find, in ascending powers of x, the first three terms in the expansions of 
(i) (1 -- 2x)* and (ii) (2 -- x). 
Hence find the coefficient of x* in the expansion of (1 — 2x)4(2 — x)’. 
(b) The function f is defined as ἢ: χε - -Ξ τ᾿ Given that f(1) = 4 and 


f-'(—4) = —4, find (i) the value of a and of b, (ii) the values of x for which 
f(x) = 
4 (a) The radius r of a sphere increases from 2 to 2.01. Find the approximate change 
in the surface area A. [A = 4nr°]. 
(Ὁ) The radius r of a sphere is increasing at a constant rate of 0.02 cm s*'. 
Find the rate at which the volume is increasing when r = 3 cm. 
[ν = nr’). 


(c) The volume V of a sphere decreases by approximately 6% when the radius 
decreases by p%. Find the value of p. 


5 (a) Given that [΄ f(x)dx = 7, find the values of 

2 2 4 

@ {{πὴὼ τ tae + [ἡ ποὺ - 214ν 

(ὦ [{2ιργα 
wee 3 

(iii) f° fe + 1) de 

(b) On one diagram, sketch the graphs of 
(i) y=sin 2x, (ii) y=|sinx| forO<x< 2π. 
State the number of solutions of the equation sin 2x = | sin x | in this range. 


Prove the identity 
(cos 6 — sin 8)(cosec θ — sec 8) = sec 6 cosec 6 — 2 


6 (a) (i) The equation (k + 4)x? -- 2(k + 1)x + k- 1 =0 has equal roots. Find the value 
of k. 
(ii) If the equation has real roots, find the range of values of k. 
(b) With respect to an origin O, the position vectors of the points A and B are 
2i + j and 4i — 2] respectively. 
—> τὸ 
(Ὁ Show that | OB | = 2| OA |. 
The position vectors of τὶ of the points C and D are given by 
OC = 268 - OA and OD = BA. 
(ii) Show the * points A, B, C and D ona diagram and calculate the angle between 
OC and OD. 


(c 


~ 
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7 The mean value of function f(x) for a $x < b is defined ἃς i f(x) dx. 
-aJ, 


A lies on the x-axis where OA = 2 and P is the point (1,1). If Q is any point on OA 
where OQ =x, find an expression for the length of PQ? in terms of x. Using the above 
definition, calculate the mean length of PQ? as Q moves from O to A. Hence state the 
mean length of PQ. 


8 (a) Sketch on the same diagram the graphs of y = | x | and y = 2 -- x’. 
Hence find the finite area enclosed by y = | x | and y= 2-2. 
(b) A point P(x,y) moves so that its distance from the point (1,0) is always twice its 
distance from the line x + 2 = 0. Find the equation of the curve on which P will 
lie and the coordinates of the points where this curve meets the x-axis. 


9 On graph paper, taking scales of 2 cm for ξ radians on the x-axis and 4 cm for 1 unit 
on the y-axis, draw the graphs of y = 2 cos x and 2ny = x for 0 « χ S 2m. Hence find 
from your graph approximate solutions to the equation x = 41 cos x. 


10 (a) (i) Given that f(x) = α -- 4, sketch the graph of y = f(x) for 1 < x Ξ 4. Hence 


sketch the graph of y = f-'(x) for 3 <x S$ 3. 
(ii) Calculate the volume created if y = f(x) for | < x < 4 is rotated about the 


x-axis, 
(b) Find all the angles between 0° and 360° which satisfy the equations 
(i) 3 sec 2x =4, 


(ii) 2 cot y cos y = 3. 


290 


Remainder and 
Factor Theorems: 
Cubic Equations 


THE REMAINDER THEOREM 


Consider the polynomial χ᾽ -- 2x? + 4x -- 3. Divide this by v — 3. Using long division as 
in Arithmetic, the steps are as follows. 


Owe x 47 
aE Pia eee a 
v-3 jx - 2. + 4x - 3 
@x -- 31 
Θ αὐ ἀχ ὦ 
Θ xr - 3x 
® m«x-3 @ 
@ 7x - 21 


@ 18 remainder 


Step oO) Divide χ᾽ by x to give αἱ 

Step Q Multiply x — 3 by α 

Step Θ Subtract to get 2° and bring down the next term, 4χ 
Step (4) Divide αϑ by x to give x 

Step ® Multiply κα - 3 by x 

Step © Subtract to get 7x and bring down the next term, -3 
Step Φ Divide 7x by x τὸ give 7 

Step Multiply x — 3 by 7 

Step @) Subtract; this gives the remainder 18 

In the following it is the remainder which is important. 


Let f(x) = 4° - 2x? + 4x -- 3. Now find (3). What do you notice? 


This result is not a coincidence. In fact we shall prove that when a polynomial f(x) is 
divided by a linear expression x — α the remainder will be f(a). 


If we divide say 15 by 4, then the result (the quotient) is 3 and the remainder is 3. The 
connection between these is 


15 = 4 x 3 + 3 
T T T 
divisor quotient remainder 


So if we divide f(x) by (x - a) and the quotient is Q, and the remainder Καὶ, then 
f(x) = (x-a)xQ+R 

This is true for all values of a. 

Now put x = a. 

Then fia)=OxQ+R 

i.e. R = f(a). 

If we divide by the general linear expression px + q, then f(x) = (px + g) x +R. 

Put x =— 4 and ((- 2) ΞΑ. 


This is the remainder theorem for a polynomial f(x): 
If f(x) is divided by px + φ, the remainder is f(— 3) 


It is also worth remembering the simple form: when f(x) is divided by (x -- a), the 
remainder is f(a). 


The theorem only applies to polynomials and only to linear divisors. Note also that it 
tells us nothing about the quotient. 


Example 1 


What are the remainders when χ' — x + 3x — 2 is divided by (a) x — 1, (b) x +2, 
(c) 2χ -- 13 
(a) Here,x-aisx-—1soa=1. 

f)=1-14+3-2=1 

The remainder is 1. 


(b) Here, a =-2. 
{(-2) =-8 -4-6-2=-20 
The remainder is --20. 


(c) px+q=2x-1,s0-4 
a 1 3 
ΚΠ =3 -4 +3 -2:- 


The remainder is — ξ. 
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Example 2 


The polynomial χ' + ax’ -- 3x +4 is divided by x -- 2 and the remainder is 14. What is 
the value of a? 

Taking f(x) as the given expression, 

the remainder = f(2) Ξ 8 + 4a-6+4 =6+ 4a. 

Then 6 + 4a = 14 anda Ξ 2. 


Example 3 

fx) = χ᾽ + ax + bx -- 3. When f(x) is divided by x -- 1 and x +1, the remainders are 
I and -9 respectively. Find the values of a and ἢ. 

Dividing by x -- 1, the remainder = f(1) = 1+a+b-3=a+b-2. 
Thena+b-2=1,soa+b=3. 

Dividing by x + 1, the remainder is f(-1) =-1 +a-b-3=a-b-4. 

Then --ὖ --4 Ξ -9, soa-b=-5. 

Solving the two equations for a and b, a = —1 and ὁ = 4. 


Example 4 


The polynomial f(x) = A(x -- 17 + B(x + 2} is divided by x + 1 and x -- 2. The 
remainders are 3 and —15 respectively. Find the values of A and B. 

Divisor x + 1: remainder = f(-1) = AC1 -- 1)? + B(-1 + 25 =4A+B=3 

Divisor x -- 2: remainder = f(2) = A(2 -- 1)? + B(2+ 2) =A + 16B =-15 

Solving the simultaneous equations, A = I and B = -1. 


Example 5 


(i) If the expression x + px + qx +r gives the same remainder when divided by 
x +] or x-—2, show that p +q = -3. 
(ii) If the remainder is 4 when the expression is divided by x -- 1, find the value of r. 
(iii) If also the remainder is -60 when the expression is divided by x + 3, find the 
values of p and q. 
(i) Divisor x + 1: remainder = f(-1)=-1+p-—q+r 
Divisor x — 2: remainder = [(2) =8 + 4p + 2ῳ Ἐν 
Then-l +p—-q+tr=8+4p+2q+r 
so 3p + 3g =-9 orp +q=-3. 
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(ii) Divisor x -- 1: remainder = f(1) =1+p+q+r=4. 
But p+q=-3 
Then --3 Ἐγ Ξ 4 andr=6. 


(iii) Divisor x + 3: remainder = f(-3) = -27 + 9p -- 34 + 6 = -60 
Hence 9p — 3q = --39 or 3p -- g = -13. 
Solving the simultaneous equations in p and q, p =—4, q = 1. 


Exercise 12.1 (Answers on page 634.) 


1 Find the remainder when x + 2x° — x — | is divided by 
(a) x-1 (b) x +1 (c) x-3 (d) x+4 
(e) 2x-1 (Ὁ 3x+2 (g) 2x-3 (h) χει 


2 Find the remainder. when 
(a) χα — 7x -- 3 is divided by x + 2 
(b) x4 - 3x°- x + 3 is divided by x +3 
(c) 3 -- αἰ --τα ---ἰ is divided by x-4 


3 Find the remainder when the following expressions are divided by the linear express- 
ion stated: 


(a) 1-2x-3x byx-2 (Ὁ) + +3x-3 by 3x-2 
(c) P+ xr -x-3byx+3 (d) 3χ᾽ - αἰ +4 by 3x+1 
(e) 28-2 44x42 by 2x41 (Ὁ t+ -2x?-3 byx+3 


4 If 2° —. —1 is divided by x + 2, what is the remainder? 
5 If x — 2x + 1 is divided by 3x + 2, what is the remainder? 
6 What is the remainder when ax’ + bx? + cx +d is divided by x + 1? 


7 The expression 2x3 + px* — x -- 2 is divided by x + 3. State the remainder in terms 
of p. 


8 Given f(x) = ax? + χϑ -- 3x — 2 and that the remainder on dividing f(x) by x + 2 is 0, 
what is the value of a? 


9 x + px —4 is divided by x + 4 and the remainder is --28, Find the value of p. 


10 The polynomial .° + a + bx - 1 is divided by x — 2 and x + 1. 
The remainders are 7 and 4 respectively. Find the value of a and of b. 


11 When the expression x + px* + qx + 2 is divided by x + 2, the remainder is double that 
obtained when it is divided by x -- 1. Find a relation between p and q. If the remainder 
is also 6 when the expression is divided by x + 1, find the value of p and of q. 


12 The remainders obtained when px’ + gx? + 4x — 2 is divided by x -- 1 and x + 2 are 
equal. Show that 3p -- q = -4. If also the remainder is —18 when the polynomial is 
divided by x -- 2, find the value of p and of g. 
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13 The expression x? -- 4x -- 2 has the same remainder when it is divided by either x -- a 
or x — ἢ (a # b). Show that a + b = 4. 
Given also that the remainder is 10 when the expression is divided by x — 2a, find the 
values of a and b. 


14 When x -- x + ax + b is divided by x -- | and x + 1, the remainders are —5 and —1 
respectively. Find the values of a and b. 


15 The polynomial x* + 3x° + ax + bx— 1 is divided by x—1 and x + 2. 
The remainders obtained are 4 and 19 respectively. Find the values of a and b. 


16 When the polynomials χ᾽ — 4x + 3 and χ᾽ -- αὐ + x + 9 are each divided by x -- a, the 
remainders are equal. Find the possible values of a. 


17 1{χὖ + (m—2)x— nt? —3m +5 is divided by x + m, the remainder is —1. Find the values 
of m. 


THE FACTOR THEOREM 


If (x - a) is a factor of f(x), then there will be no remainder when f(x) is divided by 
(x -- a). So f(a) = 0. Similarly, if px + g is a factor of f(x), fi (- 2) = 0. This is the factor 
theorem for a polynomial f(x): 


If px + q is a factor of f(x), τ(- 2) =0. 
If τ(- 2) ΞῸ, px + q is a factor of f(x). 


We use the factor theorem to factorize polynomials (if possible). 


Example 6 
Factorize x — 6x --χ +6. 


Take f(x) as χ᾽ — 6° — x + 6. As f(x) is of the third degree, it will have ar most three 
linear factors of the form px + a, gx + b, rx +c. 


Then x° — 6x? — x + 6 = (px + αγίφχ + b)(rx + ὦ 
es 


As the first term is x’, p=q=r=1. 
So χ᾽ - 6° - x +6 = (x + a(x + Dix τὸ 
ι...- ---. - 


The last term is +6 so a x b x c = +6. 

Hence the possible factors come from x + 1, xt2,x+3,x +6. 
The first factor has to be found by trial. 

Try x— 1. Then f(1) = 1 -6-1+6=0so0x-1 isa factor. 


Now we could continue trying other possible factors. In simple cases, this would be 
quick and satisfactory but in general could be time consuming, especially if the poly- 
nomial had only one linear factor. 
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For a cubic polynomial the best method is to find one factor by trial and then deduce 
the remaining quadratic factor by inspection. The steps are shown in full here but in 
practice all the working is done mentally and only the results written down. 


| P-6r—x+6=(x- [γί ) 
We now complete the blank bracket step by step. 


| 8-68 -x+6=(x- Iie + τὰ -- 6) 
@ 


| sep Cd) The first term in the second bracket must be x7 
Step Φ The last term must be -6 as --ἰ x -6 = +6 
Step Θ Take the middle term as fx. To find 1, equate the coefficients of x°. 


| ee 
| 6 (x -- 1)(2 + tx -6) 
[ Ὁ. 


| So -6° = —x* + nw? andr Ξ --. 
— a 
Check the coefficient of x: (x — 1) — Sx — 6) ie. +5x — 6x = —x which is correct. 
————— | 


Hence f(x) = (x — 1)(2 -- Sx -- 6) = (v— Ιγὰὰ -- 6)(x + 1). 


Example 7 
Factorize x’ — 3x° -- 2x +8. 


The possible factors are x + 1, x + 2, x +4, x + 8. The first factor is found by trial. 
Try x + 1: remainder = --ἰ -- 3 + 2+8+#0.x+ 1 is nota factor. 
Try x — 1: remainder = | - 3-2 +8 #0. x—-1 is nota factor. 
Try x + 2: remainder = -8 — 12 +4 +8 #0. x + 2 is not a factor. 
Try x -- 2: remainder = 8 -- 12-4 +8 = 0. x -- 2 is a factor. 
= +8 


Then χ᾽ -- 3x? -- 2x + 8 = (v -- 2). --α -- 4) 
ι...... 


ι.....ς.. 
Per 


Hence the expression = (x — 2)(x* — x — 4) as χϑ — x -- 4 cannot be factorized. 
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Example 8 


Factorize 4χ' -- 8x? --χ +2. 
The first term 4x° makes the solution more complicated as one of the factors must be 
2x + a or 4x + Ὁ. However try x — 1 and x + 1 and confirm that they are not factors. 
Now try x — 2: remainder = 32 -- 32 -2+2=0so0 x- 2 is a factor. 
Then 4χ — 8° —x+2=(x-2)(4P - 1) 
LJ 
=-8¢ 
Hence the expression = (x — 2γ(4χ -- 1) = (x -- 2)(2x -- 1)(2x + 1) 


no middle term 


Example 9 


The expression 2x + ax’ + bx — 2 is exactly divisible by x — 2 and 2x + 1. Find the 
values of a and b and hence find the third factor. 


Divide by x — 2: remainder = 16 + 4a + 2b —- 2 =0 so 4a + 2b =-14 or 24+ b=-7. 
ΜΕ 1 1y 1 
Divide by 2x + 1: remainder = 2(-4) + a(- 4) + b(-4) -2 


1 b 
=-7 +4 - 2 -2=0soa-2b=9. 


Solving the two equations for a and b, a=-1, ὃ Ξ -5. 
Let (px + 4) be the third factor. 


Hence 2x) — x? — Sx — 2 = (2x + 1)(x -- 2)(px + φ) 
= (2 -- 3x - 2)(px + 4) 


By inspection, p = 1 and by checking the last term, q = +1. 


Hence the third factor is x + 1. 


Exercise 12.2 (Answers on page 634.) 


1 Factorize 
(a) +1 (Ὁ) χ᾽ —4° + 5χ-- 2 
(c) χ᾽ -᾽Δδι ἐχ τό (d) + 6° ΕἘἸΙχ τ 6 
(ec) w-x + 2x-2 (f) 8 τ 3χ -ἀχ -- 8 
(g) 28 τ 7x? ε8χ 13 (h) 32χ᾽ + 2° -3x-2 
(i) χ᾽ - (j) χ᾽ - 20 - 9x + 18 
(k) 2x -- 3x7 - 8x + 12 (Ὁ) δ — 13° + 9x -2 


2 If. + ax + 6 is divided by x + 1, the remainder is 12. Find the value of @ and factorize 
the expression. 


3 Given the expression ax’ + bx + cx + d, show that x -- 1 is a factor ifa+hb+c+d 
= 0. (This result is worth remembering: if the sum of the coefficients = 0, then x - 1 
is a factor.]} 
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4 The expression 2x° + ax? + bx + 1 is exactly divisible by 2x -- 1 and x + 1. Find the 
value of a and of b and hence find the third factor of the expression. 


5 Given that f(x) = χ' -- 6x7 + 11x + p, find the value of p for which x — 3 is a factor of 
f(x). With this value of p, find the other factors of f(x). 


6 < + ax +b and x + 2ax + 3b have a common factor x + 1. Find the value of a and of 
δ and with these values factorize the cubic expression. 


7 f(x) =x° + ax + bx + 4 and f(x) is exactly divisible by x - 2. If the remainder is — 24 
when f(x) is divided by x + 2, find the value of a and of ὃ and hence factorize f(x). 


8 χ᾽ +arc+x+ bis exactly divisible by x—3 and the remainder is --20 when it is divided 
by x + 2. Find the values of a and ὃ and then factorize the expression. 


9 The function f(x) = 2¢ + ac -- 2x + b has a factor 2x -- 1. When f(x) is divided by 
x + 2, the remainder is —15. Find the value of a and of b and find the other two factors 
of f(x). 


10 Given that f(x) = x + ae + bx + 8 and that the remainders when f(x) is divided by 
x + 1 and x + 2 are 6 and -8 respectively, find the value of a and of b and hence 
factorize f(x). 


11 If x - 2 is a common factor of the expressions x? + (p + q)x - q and 
22 + (p — 1)x + (p + 24), find the value of p and of q. 


12 The remainder when x(x + 5)(x — 28) is divided by x -- ὁ is —16. Find the value of ὃ. 


13 Find the value of ἀ (# 0) for which x + k and x — k are both factors of x° — x? -- 9x + 
9. Then find the third factor. 


14 The expression x* + 42° + 6x7 + 5x + 2 has only two linear factors. Find these factors. 


15 The expression A(x -- 1)’ + B(x + 3) + 20 is exactly divisible by x + 1 and the 
remainder is 26 when it is divided by x. Find the value of A and of B. Using these 
values, rewrite the expression as a polynomial and factorize completely. 


Solving a Cubic Equation 


Example 10 
Solve the equation 2x° + 3° — 3x = 2. 


First we factorize the polynomial 2x* + 3x? — 3x — 2. 
The sum of the coefficients is 0 so x — 1 is a factor. 
Then the polynomial is (x — 1)(2? + Sx + 2) = (x — 1)(2x + 1)(x + 2). 


Hence the roots of the cubic equation 2x° + 3x° - 3χ -- 2 =O are x= 1 or- ἢ or -2. 
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Example 11 

If f(x) = χ' - 3° +x +2, solve the equation f(x) = 0. 

x— 1 is not a factor of f(x). 

Verify that x + 1 is also not a factor. 

Try x — 2 and verify that this is a factor. 

Then f(x) = (x -- 223 --α -- 1). 

The roots of f(x) = 0 are x = 2 and the roots of x -x-1=0, 
με 


ie.x= 3 = 1.62 or -0.62. 


Example 12 
Given that f(x) = χ᾽ — 2x + 2x, solve the equation f(x) = 4. 


f(x) = 4 gives χ᾽ - 2x7 + 2x -- 4 = 0. To solve this equation, we first factorise the 
polynomial x — 2° + 2x -- 4. 

Check that x + 1 and x — | are not factors. Now try x -- 2. 

Divide the polynomial by x — 2 to obtain the other factor. 

The equation is (x — 2)(x° + 2) = 0 and the only root is x = 2 as x* + 2 = 0 has no real 
roots. 


Example 13 


Find the nature and x-coordinates of the turning points on the curve 
y=3x +49 --ἀχ -- 12x41. 


D5 120 + 120 - 12-12 = 1208 ταῦτα - 1) 
τ ΞῸ when +x? -x-1=0. 
x — 1 is a factor of the left hand side of this equation. 


Then xP +P —x- 1 =(x- 102 + 2 + ἡπα- Det 1)? and so 2 = 0 when x= 1 
orx=-l. 


gy ς au 
SS = 12x + 2. - 1) 


2. 
When x = 1, ae > 0 so this is a minimum point. 


dy . dy 2 
When x = -1, a = 0 so we use the sign test on ἧς Ξα -- ᾿)ὰ τ 1). 
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slightly «- | -1 | slightly >-1 
ει, 


sketch of tangent Pa --- ee 


At x =-1, the curve has a point of inflexion. 


IDENTICAL POLYNOMIALS 


If we state that two cubic polynomials are identical, then corresponding coefficients must 
be equal. 

So if 28 -r+x-S=axr+be+cx+dthena=2,b=-1l,c=1andd=-5. 

We can also say that the polynomials are equal for all values of x. 

This enables us to convert a polynomial into a form which may be more suitable for 
further computations. The method is general and applies to any polynomials of the same 
degree. 


Example 14 


Given that 2x° -χὶ -- 7x - 5 = (Ax + B)(x — 1)(x + 2) + C for all values of x, evaluate 
A, B and Ὁ. 


First expand the right hand side, obtaining 


(Ax + BP +x-2)4+C =A τ (Β τ Ale +(B-2A)x-2B+C 
Ξ 2χ-- χ -- 7χ -- 5 


Now compare coefficients: 
The x term gives A = 2. 
The x? term gives B + A =-1 so B =-3. 


Check that the x-coefficients are equal. Β -- 2A = -3 -- 4 τ -- 7 which is correct. finally 
-2B +C=-5soC=-ll. 

An alternative method is to substitute suitable values of x into each polynomial, 
remembering that these are equal for all values of x. 

Put x = 1. Then 2- 1-7-5=0+CsoC=-11. Note why 1 was chosen. What other 
value of x could we have chosen instead? 


Now put x = 0. Then — 5 = (B)(-1)(2) -- 11 so B= -3. 

Put x = -1. Then -2 - 1 + 7-5 = (-A -- 3)(-2)(1) - 11 

ie. -1=2A+6-11s0oA=2. 

Either method is simple to use, but the second method needs a careful choice of values 
for x. 
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Exercise 12.3 (Answers on page 634.) 


1 Solve the equations 


(a) P+ -x=1 (Ὁ) + 2r-x=2 

(c) P+ 64+ 11x +6=0 (ἃ) χ' - 4χε 5x-2=0 
(ce) P+ 2χ -2χ 3 Ξ0 (Ὁ 2 = 13x + 12 

(g) x -- 9x7 + 26x = 24 (h) xe =6x4+5 

(i) P-4P+x+6=0 (Ὁ) 4° - 12¢ + 5x+6=0 


(Ὁ (2x + 1) = 13x-6 


2 The expression x + ax? + bx + 12 is exactly divisible by χ -- | and x + 3. Find the value 
of a and of b and the remaining factor of the expression. Hence solve the equation 
Ye +art+ bx+12=0. 


3 (x -- 2) is a factor of 2x° + ax? + bx — 2 and when this expression is divided by x + 3, 
the remainder is --50. Find the value of a and of b and the other factors. Hence solve 
the equation 2x' + ax + bx = 2. 


4 In each of the following, the polynomials are equal for all values of x. Evaluate A, B 
and C. 
(a) χ' -- xe -- 2χ -- 7 τ χίαχ - Β) 1): 6 
(Ὁ) 3x° -- 8x + 4x -- 5 = x(Ax + Β)α -- 2) +C 
(c) 3x5 - 13° + 18x -- 10 = (Ax + Β)α - )ὰ - 2) + C 
(d) 4x3 -- 7χ - 5x + 6 = (Ax + B)(x - 2) + 1) 4+C 
(e) 2P-x+3=A+ 1? +BOr+1)+C 
(f) 28-74 7x-5 = Δα -- "}) + Βχὰ - 1) 4+C 


5 (a) Solve the equation χ᾽ — 7x + 6 = 0. Hence state the solutions of the equation 
(x — 2 — Τὰ - 2) +6=0. 
(Ὁ) Solve the equation 2x° = 11x? -- 17x + 6. 
6 If f(x) Ξ αὐ + ax + bx + 6 and the remainders when f(x) is divided by x + 1 and x-2 
are 20 and 8 respectively, find the value of a and of b and hence solve the equation f(x) 
= 0. 
7 (a) f(x) = αὐ τ axe + bx + 12. Given that the remainders when f(x) is divided by 
x + 1 and x +3 are 12 and -30 respectively, find the value of a and of δ. With 
these values, solve the equation f(x) = 0. 
(Ὁ) f(x) Ξ χ' + ke + 3x -- 2 is divided by x + k. If the remainder is 4, find the value 
divisible by x -- 4. With this value for k, solve the equation f(x) = 4(x -- 1). 


8 Find the x-coordinates of the points where the line y = Sx -- 1 meets the curve 
yaar le 


9 Find the coordinates of the points of intersection of the curve y = x° and the line 
y=7x +6. 


10 Show that 2° -- 7 + 3x — 4 cannot be equal to x(Ax + B)(x -- 2) + C for all values 
of x. State the new coefficient of x in the first polynomial which will make the 
polynomials identical. 
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11 Find the x-coordinates of the points where the line y = x + 6 meets the curve 
y =x + 3x + x + 2 and show that the line is a tangent to the curve at one of these 
points. 

12 Find the x-coordinates and the type of the turning points on the curve 
y=x— 8x + 22χ -- 24044, 

13 Fig.12.1 shows part of the curve y = χ' + 1. The tangent at A (—1,0) meets the curve 
again at T. Find 
(a) the equation of AT, 

(b) the coordinates of T, 
(c) the area of the shaded region in the figure. 


Fig.12.1 


14 The tangent at P(1,1) on the curve y = x meets the curve again at Q. Find 
(a) the equation of PQ, 
(b) the coordinates of Q, 
(c) the area of the finite region enclosed by the tangent and the curve. 


SUMMARY 


@ Remainder theorem: if a polynomial f(x) is divided by px + q, the remainder is 
f (-2); if divided by x — a, the remainder is f(a). 


Φ Factor theorem: if px + q is a factor of f(x), f (- 2) ΞΕ ἢ 
if x —a is a factor of f(x), f(a) = 0. 


e if ((- 5) = 0, px + q is ἃ factor of f(x); 
if f(a) = 0, x — a is a factor of f(x). 


Φ Ifthe sum of the coefficients of f(x) is 0, then x — 1 is a factor of f(x). 
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REVISION EXERCISE 12 (Answers on page 635.) 
A 


1 The expression ax’ — αὐ + bx — 1 leaves remainders of —33 and 77 when divided by 
x + 2 and x ~ 3 respectively. Find the value of a and of b and the remainder when 
divided by x -2. 


2 (a) The expression 6x? + x + 7 leaves the same remainder when divided by x -- α and 
x + 2a, where a # 0. Calculate the value of a. 

(b) Given that χὸ + px + q and 3x° + g have a common factor x — b, where p, q and 

b are non-zero, show that 3p? + 4q = 0. (C) 


3 (a) Find, in terms of p, the remainder when 3x° — 2x* + px — 6 is divided by x + 2. 

Hence write down the value of p for which the expression is exactly divisible by 
x +2. 

(b) Solve the equation χ᾽ -- 12x + 16 =0. 

(c) Given that the expression x° + ax? + bx + c leaves the same remainder when 
divided by x — 1 or x + 2, prove that a = b + 3. 
Given also that the remainder is 3 when the expression is divided by x + 1, 
calculate the value of c. (C) 


4 Find the x-coordinates of the points where the curves y = χ᾽ -- 4x7 — 5 and 
y = 2x -- 11x + 1 intersect. 


5 (a) The expression 2° + ax? — 72x — 18 leaves a remainder of 17 when divided by 
x + 5. Determine the value of a. 
(b) Solve the equation 2x° = x° + 5x + 2. 
(c) Given that the expression x? — 5x + 7 leaves the same remainder whether divided 
by x — b or x—c, where b # c, show that ἢ Ὁ Ξ 5. 
Given further that 4bc = 21 and that b > c, find the value of ἢ and of c. (C) 


6 (a) Given that x + 2 is a factor of f(x) = χ᾽ -- 3x° — 4x + p find the value of p and hence 

factorise f(x). 

Solve the equation 2x° + 3x° -- 4x -- 4, giving the answers correct to 2 decimal 

places if necessary. 

(c) If 4x9 = lhe - 6x +7 = (Ax+ B)(x + 1)(v- 3) + C for all values of x, evaluate A, 
B and C. 


(b 


- 


7 (a) The expressions x° -- 7x + 6 and χ᾽ -- αὖ — 4x + 24 have the same remainder when 
᾿ divided by x + p. 
(i) Find the possible values of p. 
(ii) Determine whether, for either or both of these values, x + p is a factor of the 
expressions. 
Given that E = x* -- x° + 5x + 4x — 36, find (i) the remainder when E is divided 
by x + 1, (ii) the value of ἃ (a > 0) for which x + a and x — a are both factors 
of E. (C) 


(b 


» 


8 If the polynomials (i) 3x° + x7 + 2x + 4 and (ii) χ᾽ + 2x7 + 6x -- 10 are each divided 
by x -- a, the remainder from (i) is double the remainder from (ii). Find the possible 
values of a. 


9 The gradient of a curve at the point (x,y) is given by 3x° — 12x + 12 and the curve 
passes through the point (0,—7). Find the equation of the curve and the coordinates of 
the point(s) where it meets the x-axis. 


10 If the vectors r, = (¢ — 1)i—(¢ + 2)j and r, = Pi + (¢ -- 1)j are perpendicular, find the 
possible values of f. 


11 (a) Find the remainder when x + 3x — 2 is divided by x + 2. 
(Ὁ) Find the value of a for which (1 — 2a)x? + Sax + (a — 1)(a — 8) is divisible by 
x—2 but not by x- 1. 
(c) Given that 16x4 -- 4° — 42x? + Thx + 18 is divisible by 2x + b, 
(Ὁ show that δ᾽ -- 7b? + 36 = 0, 
(ii) find the possible values of b. (C) 


12 The tangent at the point P(1,3) on the curve y = χ᾽ — x + 3 meets the curve again at T. 
Find (i) the equation of PT, (ii) the coordinates of T and (iii) the area of the finite 
region enclosed by the curve and the tangent. 


13 Fig.12.2 (not drawn to scale) shows parts of the curves y =.° + 2 and y = x(2x + 1). 
Find the coordinates of the points A, B and C where the curves intersect and the areas 
of the shaded regions P and Q. 


Fig. 12.2 


14 By first solving the equation χ᾽ — 3x + 2 = 0 or otherwise, find the solutions of the 
equation (x + 2)} = 3x + 4. 


B 
15 If f(x) = x -- 3 + x -- 3, show that x — 2 is a factor of f(x + 1). 


16 Given that 2x + p is a factor of 2x* + px’ + 2px? + 7x + 3, show that ρ᾽ - 7p + 6 =0 
and hence find the possible values of p. 
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17 Solve the equation 6 cos’ @ = 7 οο52θ -- 1 for 05 < 8 « 360°. 


18 Factorize the polynomial f(x) = x — (2p + 1) + (2p -- q)x + q where p and q are 
constants. If the equation f(x) = 0 has three real roots, show that p* + q 2 0. 


19 If the polynomial ax’ + bx? + cx -- 4 is divided by x + 2, the remainder is double that 
obtained when the polynomial is divided by x + 1. Show that c can have any value and 
find b in terms of a. 


20 If the solutions of the equation χ᾽ + px + qx + r= 0 are a, ὃ and ς it can be proved 
that a? + b? + c? = p* — 2pq and that αὐ + δ᾽ + οὐ = 3pq -- p’ -- 3r. 
Verify these statements for the equation x° + 2x* -- 5x -- 6 = 0. 
Make up a cubic equation (x — a)(x — b)(x — c) = 0 with values for a, ὃ and c and verify 
the statements for your equation. 


21 Find the ranges of values of x for which 
28 -3r4x4+6< (6+ 2) τ DQ-1) 
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Arithmetic and 
Geometric 
Progressions 


ARITHMETIC PROGRESSIONS 


Here are 3 sequences of numbers which follow a simple pattern. Can you say what the 
next two numbers should be? 


(i) 1,4, 7, 19, ... 
ih =15,-11,-7)-3, 4 
(iii) 29, 274 , 26, 245, ... 


You will have found that in (i) the numbers increase by 3 so the next two numbers are 
13 and 16, in (ii) the numbers increase by 4 so the next two are 1 and 5, and in (iii) the 
numbers decrease by 15 so the next two are 23 and 21 i. 

These are examples of an arithmetic progression, which we shall abbreviate as AP. 
An AP is a sequence of numbers which increase by a constant amount (+ or —). This 
amount is called the common difference (d) and the starting number is called the first 
term (a). Hence the second term, or 7, for short is a + d, the third term T, isa +d+d 
=a + 2d and so on. 


Ist term 2nd term 3rd term 4th term ... nth term 
Τ᾽ Τ, Τ, T, eg Li 
a atd a+2d a+3d ... a+(n—-1)d 


So the formula for the nth term (7,) of an AP is 
T,=a+(n—-1)d 


Note that the difference between consecutive terms is constant: 


T,-T,=1,-T,=T,-T,=..=d 
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Example 1 


(a) What is the 15th term-of the AP -5,-2, 1, ... ? 
(b) Which term is 28? 


In this AP, a = -5 and d = 3. 


(a) T,,=a+ l4d=-5 + 42 =37 
(b) T,=a+(n—1)d so 28 τ - + (n-1I)x3=3n-8 


Hence ἡ = 12 i.e. 28 is the 12th term. 


Example 2 


Find a formula in terms of n for the nth term of the AP 15,9, 3, ... and hence find the 
30th term. 


T, =a +(n—1)d = 15 + (Ἱ -- 1) x (-6) = 21 -- 6n 
Then Τὶ = 21 — 6 x 30 = -159. 


Example 3 


The nth term of an AP is given by Τ᾽ = 2n + 9. Find (a) the first term, (b) the common 
difference. 


(a) T,=2x1+9=11 
(Ὁ) d=7,-T,=2x2+9-11=2 


Example 4 


If the Sth term of an AP is ~-4 and the 10th term is 16, find the first term and the 
common difference. 


T, =a + 4d =~—4 and T,, = a + 9d = 16. 
Solving these equations, d = 4 and a = —20. 
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Example 5 


The first term of an AP is -4 and the 15th term is double the Sth term. Find the 12th 
term. 


We must first find d. 
T,, Ξ τά + 14d and T, = +4 + 4d. 
T,, = 2T, so 4 + 14d = 2(-4 + 4d) = -8 + 8d. 


Hence 6d = -4 and d = - 3. 
Then the 12th term =a + Hd =—4 + 11 x (—3) =-11}. 


Example 6 


The sum of three consecutive terms of an AP is 18 and their product is 120. Find these 
terms. 


We could take k, k + d and k + 2d as the three consecutive terms but it is simpler to 
take k —d, k and k + d instead. 


The sum of these is 3k = 18 and so k= 6, 
The product of the three terms is 

(k — d)k(k + d) = (6 -- α) x 6 x (6 + d) = 120 
so (6 -- α)(6 + d) = 20 1.6. 36 -d* = 20 ord = 16. 
Hence d = +4. 


The numbers are either 2, 6, 10 or 10, 6, 2. The numbers are the same but they come 
from different APs. 


Arithmetic Means 


If a, b and c are three consecutive terms of an AP, b is called an arithmetic mean 
between a and c. Now b—-a=c—bso2b=a+c and b= ἢ (a + c). For example, the 
arithmetic mean between —7 and 3 is $(-7 + 3) =-2. 


Exercise 13.1 (Answers on page 635.) 


1 State the first term and the common difference and then find the 7th and the 15th 
terms of the following APs: 
(a) 2, 6, 10,... (b) -3, 0,3... 
© 4.4.3... (4) 1.7, 14, Ll, ... 


3.3 
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2 For the AP --2, 1, 4, ... state (a) the 8th term, (b) the 12th term. (c) Find a formula for 
the nth term. 


3 Find (a) the 9th, (b) the 20th, terms of the AP 17, 13, 9, ... 
(c) Which term of this AP will be --35 7 
(d) Find a formula for the nth term. 


4 (a) Find a formula for the nth term of the AP -10, -7, +4, ... 
(Ὁ) If 2x - 3 is the arithmetic mean of x° - 4 and 5x — 8 find the values of x. 


5 The 8th term of the AP a, a + 4, a + 8, ... is 33. Find (a) the value of a, (b) the 15th 
term. 


6 If the first term of an AP is 5 and the 9th term is 25, find the common difference. 
7 Find (a) the 7th term and (Ὁ) a formula for the nth term of the AP 4, 2, 14, ... 
8 The 4th term of an AP is 13 and the 10th term is 31. Find the 20th term. 


9 The Sth term of an AP is 55 and the 9th term is 85. Find the 17th term and a formula 
for the nth term. 


10 The 4th term of an AP is 5 and the 11th term is 26. Find 
(a) the first term and the common difference, 
(b) a formula for the nth term. 


11 A ball rolls down a slope so that it travels 4 cm in the Ist second, 7 cm in the 2nd, 
10 cm in the 3rd and so on. How far does it travel in 
(a) the 7th, 
(b) the nth, second? 


12 The nth term (T.) of an AP is given by Τ᾽ = 3 -- 5η. 
(a) State (i) the 8th term, (ii) the 21st term. 
(b) What is the first term? 
(c) What is the common difference? 


13 The nth term (T,) of an AP is given by Τὶ = 5 (4n -- 3). 
(a) State (i) the 5th term, (ii) the 10th term. 
(b) Find the common difference. 


14 If the Sth term of an AP is 10 and the 10th term is 5, find the first term and the 
common difference. 


15 If the 12th term of an AP is double the Sth term find the common difference, given 
that the first term is 7. 


16 The 16th term of an AP is three times the Sth term. If the 12th term is 20 more than 
the 7th term, find the first term and the common difference. 


17 In an AP the 9th term is —4 times the 4th term and the sum of the Sth and 7th terms 
is 9. Find the first term and the common difference. 


18 In an AP the 22nd term is 4 times the 5th term while the 12th term is 12 more than the 
8th term. Find the first term and the common difference. 
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19 Find a formula for the nth term of the AP 3, 25, "ΑΝ 


20 The sum of 3 consecutive terms of an AP is 6 and their product is --42. Find these 
terms. 


21 p,q and r are three consecutive terms of an AP. Express p and r in terms of q and d, 
where d is the common difference. If the sum of the terms is 21 and p = 6r, find p, q 
and γ΄. 


22 Which of the following sequences is an AP? 
@ 1H. 8... ῳ 433 
() 3,4 ὃ... (ἃ 4, 3,3, 

23 The 9th term of an AP is 3 times the Sth term. 


(a) Find a relation between a and d. 
(b) Prove that the 8th term is 5 times the 4th term. 


24 Ifx+1,2x-—1 and x +5 are three consecutive terms of an AP, find the value of x. 


25 x+2,x+3 and 2x + 1 are three consecutive terms of an AP, find the possible values 
of x. 


Sum of an Arithmetic Progression 


Suppose you were asked in a quiz: ‘What is the sum of the first 20 numbers?’. Could you 
give the answer quickly? ; 

It would be too slow (and difficult!) to add them all up, so we think of a quicker way. 
The sequence is an AP. Call the sum S,,. 
= 1+ 2+ 3+..4+18419+20 
=20+194+18+..+4 3+ 2+ 1 


Now add: 


25... = 21+ 21421 π΄.. 21 21] Ὁ 21] 
which is 20 x (first number + last number) 
= 20 x 21 = 420 

so S,, = 210 
Generalizing this for any AP with n terms of which the first is a and the last is 
L, 2S, = n(a + L) and therefore S, = 5.(α + L). 

Hence a formula for the sum S, of n terms of an AP, with first term a and last term 

Lis 


5. Ξ 5(ὦ +L) 


However we may not know the last term. So we convert this formula into a more suitable 
one. L is the nth term and so L = a + (n — 1)d. 
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Then,S, = 5(α +L) = [a + a + (n -- 1)d) = 5 [2a + (n -- 1d) giving this alternative 
formula for δ᾽: 


5, = 7 [2a + (n = 1d] 


We also say that adding the terms of a sequence gives a series. Thus 1 + 2+ 3 +4 is an 


arithmetic series of 4 terms and the sum of this series is 10. The formula of S, above gives 
the sum of an arithmetic series of n terms. 


5, is the sum of all the terms 7,, Τὶ, ... Τ᾿. 
ΓΝ is the sum of all the terms Τ᾽, T,, ... T,_,- 
Hence Τὶ =S,-S)_,. 

For example the 9th term = S,- S,. 


Example 7 
The integers from 12 to 55 are added. What is their sum? 


There are 44 integers. 
Hence S, = 5(α + L) = (12 + 55) = 22 x 67 = 1474. 


Example 8 


A spot of light is made to travel across a screen in a straight line and the total distance 
travelled is 115.5 cm. The distances travelled in successive seconds are in AP. It 
travels 1.5 cm in the first second and 9.5 cm in the last. How long did it take to cover 
the total distance? 

In this AP, a = 1.5, L= 9.5 and 8 = 115.5. 

Then 115.5 = 4(1.5 + 9.5) = 4 so In = 231 and n = 21. 

It took 21 ἐδοδμὰς, 


Example 9 


The sum of the first 8 terms of an AP is 12 and the sum of the first 16 terms is 56. Find 
the AP. 


= $ (2a + 7d) = 12 and S,,= 48(2a + 15d) = 56. 
Then 2a + 7d = 3 and 2a + ISd=7. 


Solving these equations, we obtain a = — ; and d= 


The AP is -ἰ, i, 
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Example 10 


The sum of the first 10 terms of an AP is 80 and the sum of the next 12 terms is 624. 
What is the AP? 


5. = 12 (2a + 9d) = 80 so 2a + 9d = 16 (i) 


We cannot use the formula for the next 12 terms as they do not start from a. But we 
know that the sum of the first 22 terms is 80 + 624 = 704. 


Hence S,, = 42 (2a + 21d) = 704 so 2a + 21d = 64 (ii) 
Now solving equations (i) and (ii), a = -10 and d = 4. 
The AP is -10, -6, -2, ... 


Example 11 


An AP contains 30 terms. Given that the 10th term is 21 and that the sum of the last 
10 terms is 675, find the sum of the first 10 terms. 


T,,=a+9d=21 (i) 


The sum of the last 10 terms = S,, -- S. 


20 


= 2 (2a + 29d) - P (2a + 19d) 


15(2a + 29d) — 10(2a + 19d) 
10a + 245d = 675 


Hence 2a + 49d = 135 
Solving (i) and (ii), ἃ = - and d = 3. 
Then S,,= 2 (-12 +9 x3) =5 x 15 =75. 


Example 12 


The sum of the first 10 terms of an AP is 34 times the sum of the first 4 terms. 
(a) Find the ratio of the 10th term to the 4th term. 
(b) Given that the Sth term is 2, find the sum of the first 10 terms. 
(a) 50 = 5(2a + 9d) and S, = 2(2a + 3d) 
Then 10a + 45d = 3(4a + 6d) = 14a + 21d. 
Hence 4a = 24d or a = 6d. 
Then T,, = a + 9d = 15d and T, = a + 3d = 9d 
and the ratio Τὶ], = 15d:9d = 5:3. 
(0) T, = a+ 44 Ξ- 23 so 10d = 2 and d = 0.2. Then a = 1.2. 
5.0 = 5(2a + 9d) = 5(2.4 + 1.8) = 21 
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Example 13 


What is the least number of terms of the AP 3, 8, 13, ... that must be added to obtain 
a total greater than 80? 


Here a = 3, d= 5 and 5.» 80. 
Then S = 2[6 + 5(n — 1)] > 80 1.6. n(6 + 5n — 5) > 160 


So Sn? + ἢ -- 160 > 0. Hence n < -5.8 (not applicable) or > 5.6 and therefore 6 terms 
must be added. 


Exercise 13.2 (Answers on page 635.) 


1 Find the sum of the first 
(a) 20 terms of the AP 4, 2, 0, ... 
(b) 15 terms of the AP -6, —2, 2 


(c) 10 terms of the AP 5, 34, Ὧν, δ 


(d) 11 terms of the AP -1.7, 1.3, 0.9, ... 
(e) 8 terms of the AP -8, -2, 4, ... 


(ἢ 20 terms of the AP 12, 7, 2... 
141 

(g) 13 terms of the AP 2, 23: 23 eee 

2 Calculate the sum of the first 8 terms of the AP 7 2 3, oie 


3 The first term of an AP is 35 and the last of 15 terms is -- 09. Find the sum of these 
terms. 


4 Inan AP, the first term is —5 and the last term is 105. If the sum of these terms is 1550, 
how many terms are there in the AP? 


5 Find the sum of all the even integers from 6 to 50 inclusive. 
6 For an AP, a = 25 and d = --3. What is the value of n if δ = 116? 
7 How many terms of the AP 2, 5, 8, ... will add up to 155? 


8 How many terms are there in the AP -12, —7, ..., 133? Find the sum of the last 20 
terms. 


9 The sum of the first 5 terms of an AP is 5 and the sum of the next 10 terms is 175. Find 
the first three terms. 


10 In an AP the 8th term is equal to the sum of the first 8 terms. Show that the 4th term 
must be 0. 


11 The first three terms of an AP are x, 2x + 1 and 5x — 1. Find the value of x and 
the sum of the first 10 terms. 


12 The first three terms of an AP are x + 3, 2x + 6 and 8. Find the value of x and the 
sum of the first 12 terms. 
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13 126 logs of wood are piled up as shown in Fig. 13.1. There are 21 logs in the bottom 
row. How many rows are there and how many logs are there in the top row? 


Fig. 13.1 


14 In an AP, Τὶ, = 2 T,. Find the ratio S,,:S,. 


15 What is the least number of terms of the AP 5, 11, 17, ... that must be added to give 
a total sum greater than 100? 


16 A line which is 140 cm long is divided into 20 pieces whose lengths form an AP. If 
the shortest piece is 3 cm long, find the length of the longest piece. 


17 (a) 20 pieces of wood have lengths in AP. The shortest is 5 cm long and the total 
length of the pieces is 480 cm. What is the length of the longest piece? 
(b) In an AP the sum of the first 11 terms equals the sum of the first 20 terms. Given 
that the 5th term is 33 find the sum of the first 31 terms. 


18 The 6th term of an AP with 12 terms is 14 and the sum of the last 6 terms is 126. 
Calculate the sum of the first 6 terms. 


19 The first term of an AP is 3. Given that the sum of the first 6 terms is 48 and that the 
sum of all the terms is 168, calculate 
(a) the common difference, 
(0) the number of terms in the AP, 
(c) the last term. 


20 (a) What is the least number of terms of the AP 4, 4.5, 5, ... to be added to obtain a 
total greater than 50? 
(b) Strips of wood whose lengths form the AP 10, 12, 14 ... cm are laid end to end 
in a straight line. How many must be laid to give a total length L cm where 
160 <L « 190? 


21 Given that the ratio of the 18th term to the 6th term in an AP is 3:1, calculate the ratio 
of the sum of the first 18 terms to the sum of the first 6 terms. 
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GEOMETRIC PROGRESSIONS 


Can you see the difference in the pattern of these sequences of numbers? 
(i) 2, 4, 6, 8, 10, ... (ii) 2, 4, 8, 16, 32, 64... 


The first is an AP with common difference 2. In the second however, each term is 
multiplied by 2 to form the next term. This is the feature of a geometric progression or 
GP for short. In a GP, each term is multiplied by a constant, called the common ratio (r), 
to give the next term. 


Taking a as the first term, the pattern will be as follows: 


first term secondterm  thirdterm fourth term ... nth term 
Τ᾽ T, T, I; ἘΦ i 
a axr arxr ar xr 
a ar ar ar =. ΩΝ 


The formula for the nth term of a GP is 


T =ar' 
® 


Note carefully -- the index for Τ᾽ is n — 1. 
In a GP, the ratio of a term to the preceding one is always equal to r. 
Τ,Τ ἘΞ ΤΟΤ Τί Ξττ 


Example 14 


State the common ratio of 
(a) 12,-4, 14, ... (b) 4.4.2... (c) 102, 16, 24, ... 


To find r, divide a term by the preceding one. 
(a) r=-4+12=-4 


ὦ) r= 345 =4 


ὦ r=16+ 103 =16x ὁ = 
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Example 15 
Find (a) the 12th term of the GP 128, 64, 32, ... (8) a formula for the nth term. 
(a) a= 128,r= $. 

Then Τὶ; = ar"! = 128 x ($)'= 2 


(b) T,=ar'=128x (7 = ZS 


Example 16 


If x +1,x +3 and x +8 are the first three terms of a GP, find (a) the value of x, 
(b) the common ratio r. 


x+3 _ x+8 
x+1 x+3 


Then (x + 3)(x + 3) = (x + I(x + 8) 
ie. x7 + 6x + 9 = x7 + 9x + 8 which gives x= 1 


- 243 10,4 
(Ὁ) r= 57 = eater | 


(a) r= 


Example 17 


The 4th and 8th terms of a GP are 3 and i respectively. Find the possible values of 
a and of r. 
Τ᾽ = ar = 3 and Τ᾽ = ar’ = 

ar’ 


Divide to eliminate a: as 


Hence r = + }. 


Ifr=+ 4,a(4) =3 and a=3x27=81. 


ifr =-4,a(-4) =3 anda =-81. 
This gives two possible GPs: 81, 27, 9, ... or -81, 27, -9, ... 
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Example 18 


The first term of a GP exceeds the second term by 4 and the sum of the 2nd and 3rd 
terms is 2 2 . Find the first three terms. 


a-ar=4 (i) 


and ar + ar? = ὃ 


-ar 


_ 8 
ar+ar ΞΕ 


Divide (i) by (ii) to eliminate a: 3 


which gives 2 — 2r = 3r + 3r or 3r? + 5r—2=0. 
Hence (37 — 1)(r + 2) = 0 giving r = ἢ or -2. 
From (i), when r = i, a=6and whenr=-2,a= 


The first three terms are therefore either 6, 2, ξ or 3, -ῇ ᾿ 


Example 19 


A store finds that it is selling 10% less of an article each week. In the first week it sold 
500. In which week will it be first selling less than 200? 


The number of articles sold forms a GP with a = 500 and r = 0.9. 

{If a = 500 then Τὶ is 10% less i.e. Τὶ = 0.9a] 

T, = 500(0.9)"' and we require the least value of n for which 500(0.9)"' < 200 
ie. 0.9." < 0.4. Then 0.9" < 0.4 x 0.9 = 0.36. 

This can be found quickly using the x key of a calculator and testing values of 0.9" 
for say n = 5, 6, ... and stopping when the result is first < 0.36. This will be for n = 10. 
In the 10th week less than 200 are sold. (An alternative method using logarithms is 
shown in Chapter 15). 


Geometric Means 


If a, b and c are consecutive terms of a GP, then b is the geometric mean of a and c. 
ὃ = ξ so b? = ac or b = Vac. For example, the geometric mean of 2 and 32 is 8 as 


V2 x 32 =8. 
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Exercise 13.3 (Answers on page 635.) 


1 Find the term stated for the following GPs: 
(a) 5th term of 80, 20, 5, ... . 
(b) 6th term of the GP 60, 40, 262, ... . 
(c) 8th term of 7295, 33. 81, 


2 Find a formula in terms if n for the nth term of the GP a ᾿ % ᾿ 


aI- 


3 The 2nd and 7th terms of a GP are 404 and Η respectively, 
Find the first term and the common ratio. 


4 The ha of the Ist and 3rd terms of a GP is 3 5 and the sum of the 2nd and 4th terms 
is 14 4 - Find the first term and the common ratio. 


§ The 3rd and 6th terms of a GP are 21 and 3 respectively. Find the 2nd term. 
6 Which of these sequences of numbers is a GP? 


123 128 ee 
(a) 5, 3» ζ." (b) 5. 5,5 @ 43,8 
OPP: ©) Ἷ 1 δ' (f) 8, 12, 18... 
(g) 9, 12, 15, ... th) 3.4.4 


7 The 2nd and 6th terms of a GP (with common ratio r > 0) are ὃ and 41 respectively. 
Find 
(a) r, 
(b) the first term, 
(c) the 3rd term. 


8 The 2nd and Sth terms of a GP are k and a respectively. Find 
(a) the common ratio, 
(b) the first term, 
(c) the 3rd term. 


9 The nth term Τ᾿ of a GP is given by Τ᾽ = ak*~'. State the first two terms. If the 
5th term is 16 times the 3rd term, find the common ratio. 


10 If 8, x, y and 27 are four consecutive terms of a GP, find the value of x and y. 


11 The arithmetic mean of two numbers is 15 and their geometric mean is 9. Find the two 
numbers. 


12 Given that x + 2, x + 3 and x + 6 are the first three terms of a GP, find (a) the value 
of x and (b) the Sth term of the GP. 


13 Show that x + 1, ++ 3 and x + 5 cannot be three consecutive terms of a GP, whatever 
the value of x. 


14 If x - 2,χ -- 1 and 3x — 5 are the first three terms of a GP, find 
(a) the possible values of x, 
(b) the common ratio for each of the possible GPs. 
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15 Each year the value of an article decreases by 8% of its value at the beginning of the 
’ year. If the original value was $4000, after how many years will its value first be less 
than $1000? 
16 Which term of the GP 3, 3, 4, ...is 4? 
17 The first term of a GP is 4 and the sum of the first three terms is 7. Find 
(a) the possible values of r and 
(b) the Sth term of each possible GP. 
18 In a GP the sum of the 2nd and 3rd terms is 13 and the 4th term is 35. 
Find (a) the possible values of r and (b) the first term of the GP. 


19 In a GP where r > 0, the sum of the 2nd and 3rd terms is 735 and the 4th term is 12. 
Calculate the value of r. 


20 For the GP 4, 6, 9, ... find the value of 7 if the nth term is the first term greater 
than 100. 


21 When a ball is dropped onto a floor, it always rebounds a distance equal to ξ of the 
height from which it fell. If it is dropped from a height of 300 cm, calculate, correct 
to the nearest cm, the height to which it will rise after the 6th bounce. 


22 The sum of the first 3 terms of a GP is 7 times the first term. Find the possible values 
of the common ratio r if r # 1. 


Sum of a Geometric Progression 


If S, denotes the sum of the first πὶ terms of a GP then 
5, =a+art+ar+... +arm' 


Now multiply throughout by r: 
rS,=ar+arP+ar+ ... +ar'+ar (ii) 
Subtract (ii) from (i): 


S§,-7rS,=a-ar" 
or S,(1 - r) = (1 -- r*) which gives 5. = “= 
Hence the sum δ. of the first n terms of a-GP, i.e. the sum of the first n terms of a 


geometric series, is given by: 


668? r#l 


a f-r 


This formula can also be written as S| = «“—) | This form is more suitable when r > 1. 


r-1 


If r = 1, the formula cannot be used but.the GP is thena+a+a+...+aandS, = πα. 
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Example 20 
Find the sum of the first 10 terms of f 
az jou 10 


1 
" τῷ" - 


1 1023 
ra ) = {024 - 1) = 133 


Example 21 


Calculate, correct to 3 significant figures, the sum of the first 8 terms of the GP 12,8, 
I 
53... 


a=12,r= z 


3.7πΞ8ὃ 


πμ||-} π||-(}} 


2} 
= = 36[1 - (3) ] = 36 x 0.961 = 34.6 


Example 22 


What is the least number of terms of the GP 2, 3, =, ... to be added to give a total 
greater than 30? 


Here a = 2 and r= 3. 
2 =H 
3 


2 
Hence 1.5"-- 1 > 7.5 or 1.5" > 8.5. 

By calculator the least value of n (which must be an integer) satisfying this inequality 
is 6. So 6 terms must be added. 


= 4(1.5" — 1) and this must be >30. 


Exercise 13.4 (Answers on page 635.) 
1 Find the sum of the first 6 terms of 64, 16, 4, ... 


2 Calculate, correct to 3 significant figures, the sum of the first 7 terms of the GP 2, 1, 
᾿Ὶ ᾿ "". 
3 The 3rd and 6th terms of a GP are 108 and --32 respectively. Find 
(a) the common ratio, 
(b) the first term, 
(c) the sum of the first 6 terms. 
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4 In ἃ GP the product of the 2nd and 4th terms is double the 5th term. 
(4) Find the first term. 
(8) If the sum of the first four terms is 80, show that γ΄ +? +r+1= 40. 
(Ὁ) Hence find the value of r. 
(d) Show that the sum of the first n terms is 3" -- 1. 


5 Ina GP the product of the Ist and 7th terms is equal to the 4th term. Given that the 
sum of the Ist and 4th terms is 9, find 
(a) the first term, 
(b) the common ratio, 
(c) the sum of the first six terms. 


6 Three consecutive terms of a GP are x + 1, x —3 and x — 6. Find 
(4) the value of x, 
(b) the common ratio 
If x + 1 is the 4th term of the GP, find 
(c) the first term and 
(d) the sum of the first 5 terms correct to 3 significant figures. 


7 The numbers p — 1, 2p -- 2 and 3p — | are the first three terms of a GP, where p > 0. 


(a) Find the value of p. 
(b) Using this value of p, calculate the sum of the first 8 terms of the GP. 


8 In a GP the 3rd and Sth terms are 9 and 1 respectively. Find the possible values of 
(a) the common ratio, 
(b) the first term, 
(c) the sum of the first 6 terms. 


9 A particle moves along a straight line starting from a point O on the line. It covers a 


distance of 24 cm in the Ist second, 16 cm in the 2nd, 103 cm in the 3rd and so on. 
What is its distance from O after 10 seconds, correct to the nearest cm? 


10 The first term of a GP is 64 and the common ratio is 4, How many terms must be 
added to obtain a total of 1272 1 


11 The Ist, 3rd and 7th terms of an AP with common difference 2 are the first three terms 
of a GP. Find 
(a) the common ratio of the GP and 
(b) the sum of the first 6 terms of the GP. 


12 Find 3 geometrical means between 40} and 8. Hence find the sum of these 5 terms of 
the GP. 

13 A ball is thrown vertically upwards to a height of 81 cm above a floor. After each 
bounce it rises to a height of Ξ of the distance it dropped. Show that the total distance 


it travels until it reaches the floor for the nth bounce is given by 486[1 -( ΗΠ cm. 
Calculate this distance correct to the nearest cm if n = 8. 
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14 The sum of n terms of a GP is given by 10-2. Find 
(a) the sum of the first 4 terms, 
(b) the 4th term, 
(c) the first term, 
(d) the common ratio. 


15 The nth term (T,) of a GP is given by Τὶ = 2°". Find 
(a) the first term, 
(b) the common ratio, 
(c) the sum of the first 9 terms. 


16 What is the least number of terms of the GP 5, 6, 7.2, ... to be added for the total to 
exceed 100? 


17 The annual output from an oil well diminishes each year by 5%. 200 000 barrels were 
extracted in the first year. It will become uneconomic to use the well when the output 
is less than 80 000 barrels per year. For how many years can the well be used? How 
much oil (in barrels correct to 2 significant figures) will have been extracted by then? 


Sum to Infinity of a Geometric Progression 


If we take more and more terms of a GP so that there is never a last term, we have an 
infinite GP. We look at what happens to the sum of such a GP. 

Consider these two GPs: 
(i) 1,2, 4, 8. οὐ 1,4. 4,4... 


In (i) a = 1 and r = 2. Then the sum of x terms (S,) is given by S, = ἈΠῸ =2"-1, 


Now as n increases, 2" will also increase, in fact doubling for cach successive value of n. 
2" — 1 will increase beyond any bound. We say S, — (tends to infinity) as n — οο, Note 
carefully that οο is NOT a number but a symbol to indicate that n and S_ continually 
increase without limit. 


i 
Now in (ii), a= 1, r= 4 and 5, = wee =2(1-+). 
=A 2 


As n gets larger and larger (i.e. ἡ — ©), _ will become smaller and smaller, ie. > 0. 
Sol - 1 will get closer and closer to the value 1. 
Then S, = 2(1 - +) will get closer and closer to 2 . 


Here are some calculated values of δ᾽, to show this: 


n S, 

5 1.9375 
10 1.998 046 88 
15 1.999 938 96 
20 1.999 998 09 


25 1.999 999 94 
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Example 24 


What is the least number of terms of the GP 3, 1, =, ... for which their sum differs from 
the sum to infinity by less than 0.001? 


5.--8.Ξ 3x4 + < 0.001. Then 2 x 1000 < 3* or 3" > 4500. 


By calculator the least value of 7 to satisfy this inequality is 8. 


Example 25 
The sum to infinity of a certain GP is 27. If the first term is 36, find r. 


so 36 = 27 -- 27r its 
This GP is 36, -12, 4,-4, 3,-# ... 


If we add the terms one by one we get 36, 24, 28, 265, 273, 2638, ... which are 
alternately greater and smaller than 27 but tend to the limit 27. 


Example 26 


In its first year a tin mine produced 100 tonnes but thereafter output fell by | 21% 

per year. (Assume that production could continue in this way indefinitely). 

(a) What is the maximum amount that could be extracted from the mine? 

(b) It is decided to close the mine when the annual production falls below 40 tons. 
After how many years will this be done? 

(c) How many tonnes of tin (correct to 2 significant figures) had been taken up to 
that time? 

(d) What percentage of the maximum amount was extracted in that time? 


This is a GP with a = 100 and r= 1 ~ 0.125 = 0.875 
100 

1 = 0.875 

(b) We must find m where 100(0.875)"~' « 40 i.e. 0.875" -" < 0.4 so 0.875" < 0.35. 


BY calculator, 1 = 8, so the mine will be closed after 8 years. 


(a) Maximum amount = sum to infinity = = 800 tonnes. 


(c) Amount produced in 8 years = wes) 


= wa ee = 530 tonnes 


(d) Percentage produced = 30 x 100% = 66%. 
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Exercise 13.5 (Answers on page 636.) 


1 Find the sum to infinity (if possible) of the following: 


(a) 2424/4... (b) 244+8+22 + 

(c) 1-2+4-8+... (d) 36 + 30+ 354. 

(e) 1+34+9+... (ἢ ee «ιν 

(g) Ι2ε8 153} τ. (h) 16-4:1|:... 

. 16 8 ἃ : ο 

@ St+totze (Ὁ 1 + cos 60° + cos? 60° + 


2 The sum to infinity of a GP is Ξ and the first term is ‘- Find the common ratio. 

3 In Question 13 of Exercise 13.4, the distance the ball travels up to the nth bounce was 
given as 486[1 -- ( 3) ] cm. What would be the maximum distance the ball will travel 
before coming to a stop? 

4 What is the sum to infinity of the GP 2, 0.2, 0.02, ...? 

5. The sum to infinity of a GP with common ratio ξ is 12. Find the first term. 

6 The sum to infinity of a GP is 75 and the common ratio is i. Find the first term. 


7 The sum to infinity of a GP is 9 and its second term is 2. Find the possible values of 
(a) the first term and (b) the common ratio. 


8 If the sum to infinity of a GP is 4 times the first term, find the common ratio. 


9 Find the sum of the first 8 terms of the GP 1, 
(a) What is the difference between this value aan ὼ sum to infinity? 
(b) Express this difference as a percentage of the sum to infinity. 
(c) Find the smallest value of n for which the sum of # terms differs from the sum to 
infinity by less than 0.001. 


10 If the sum to infinity of a GP is twice the first term, find the common ratio. 


11 If the sum to infinity of the GP e + εὖ + δ᾽ +... is 3, find the value of e. 


12 If the sum to infinity of a GP is 18 and the second term is 4, find the first term and 
the common ratio of the possible GPs. 


13 The sum to infinity of a GP whose first term is ἃ is a?. Find the common ratio in terms 
of a. 


14 If 1 +p, 1 + 3p and 1 + 4p (p #0) are the first three terms of a GP, find 
(a) the value of p, 
(b) the common ratio, 
(c) the sum to infinity of the GP. 


15 The first three terms of a GP are 2x — 1, x + 1 and x — | (x #0). Find the value of x 
and the sum to infinity of the GP. 
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16 A pendulum is released from the position OP (Fig.13.3) and swings freely. It swings 
through angles of 60°, 50°, 413 ° and so on. Find the total angle it swings through 
before coming to a halt. 


Fig. 13.3 


17 The 3rd and 6th terms of a GP are 23 and i respectively, Find 
(a) the common ratio, 
(b) the first term, 
(c) the sum to infinity of this GP. 


18 The Sth term of a GP is a and the sum of the 3rd and 4th terms is x. 
Find the possible values of (a) r and (b) the sum to infinity of this GP. 


19 What is the common ratio of a GP if the ratio of the sum to infinity to the sum of the 
first 7 terms is 128:127? 


20 1200 people visited an exhibition on its opening day. Thereafter the attendance fell 
each day by 4% of the number on the previous day. 
(a) The exhibition closed after 10 days. How many people visited it? 
(b) If it had been kept open indefinitely, what would be the maximum number of 
visitors? 
21 An oil well produced 100 000 barrels of oil in its first year but output fell by 7 4 3% each 
year thereafter. (Give answers correct to 2 significant figures). 
(a) What is the maximum amount of oil that could be extracted? 
(b) If the well is closed down after 15 years, what was the total amount of oil 
extracted in that time? 
(c) What percentage of the maximum amount is left in the well? 


22 Find the sum to infinity of the GP 0.9, 0.09, 0.009, ... 
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23 In Fig.13.4, ABC is an isosceles triangle with AB = AC. B,, C, are the midpoints of 
AB, AC respectively. B,, C, are the midpoints of AB,, AC, respectively and so on. 


Fig. 13.4 


(a) Show that the areas of the triangles ABC, AB,C,, AB.C,, AB,C.... form a GP and 
state the common ratio of this GP. 

(b) If this sequence of triangles is continued indefinitely, find the sum of the areas 
AB,C,, AB,C,, AB,C,, ... as a fraction of the area of triangle ABC. 


24 The first three terms of a GP are 1, a and b while the first three terms of an AP are 1, 
b and a where a # ὃ # 1. Find 


(a) the value of a and of b, 
(b) the sum to infinity of the GP. 


25 (a) If each term of the GP a, ar, ar’, ... (r #1) is squared, show that the new sequence 
is also a GP and find its sum to infinity. 


(b) If this sum is equal to the sum to infinity of the original GP, find a relation 
between a and r. 


327 


SUMMARY 


@ Arithmetic progression (AP): a sequence a, a + d, a + 2d, ... in which the 
terms increase by a fixed amount (the common difference d). a is the first term 

Φ The nth term Τ᾽ = a + (n — 1)d. 
The sum of n terms 5. = 5 [2a + (n -- 1)d] = 3(a + L) where L is the last term 
being added. 

@ Ifa, b,c are consecutive terms of an AP, b is the arithmetic mean of a and c. 
b= $(a +c). 

Φ Geometric progression (GP): a sequence a, ar, ar’, ... in which each term is 
multiplied by a constant (the common ratio r). a is the first term. 


Φ The nth term Τ᾽ = ar". 


1-  αἱγ'- 1) 
Φ The sum οἵ n terms 5, = “ΓΞ = “τὸ 


iar . (Either form can be used). 


If a, b, c are consecutive terms of a GP, b is the geometric mean of a and c. 


b = Vac. 
@ Provided --ἰ «γ «1, ἃ ΟΡ will have a sum to infinity S_ which is the limit of S$, 


a 
when n — οὐ, S_ = ee 


REVISION EXERCISE 13 (Answers on page 636.) 
A 


1 The Sth and 12th terms of an AP are 2 and 23 respectively. Find 
(a) the 9th term, (b) the sum of the first 20 terms. 


2 There are 20 terms in an AP. The sum of the first 10 terms is 55 and the sum of the last 
10 terms is 355. Find the first term and the common difference. 


3 If the 9th term of an AP is 3 times the 3rd term and the sum of the first 10 terms is 
110, find the first term and the common difference. 


4 What is the greatest number of terms of the AP 40, 45, 50, ... which can be added if 
the total is not to exceed 500? 


5 Find the sum of all the multiples of 3 between 5 and 91. 


6 Inan AP the sum of the first three terms is 12 and their product is 28. Find the possible 
values of the first term and the common difference. 


7 The numbers x + 3, Sx + 3 and | Ly + 3 (v # 0) are three consecutive terms of a GP. 
Find the value of x and the common ratio. 
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8 (a) The sum of the first 8 terms of an arithmetic progression is 24 and the sum of the 
first 18 terms is 90. Calculate the value of the seventh term. 
(b) A geometric progression with a positive common ratio is such that the sum of the 
first 2 terms is 174 and the third term is 43. Calculate the value of the 
common ratio. (C) 


9 (a) An arithmetic progression contains 20 terms. Given that the 8th term is 25 and 
that the sum of the last 8 terms is 404, calculate the sum of the first 8 terms. 
The first term of a geometric progression exceeds the second term by 2, and the 
sum of the second and third terms is 3, 

Calculate the possible values of the first term and of the common ratio of the 
progression. Given further that all the terms of the progression are positive, 
calculate the sum to infinity. (C) 


(b 


4 


10 (a) The first term of an arithmetic progression is 2. The sum of the first 8 terms is 58 
and the sum of the whole series is 325. 

Calculate (i) the common difference, (ii) the number of terms (iii) the last term. 
The first three terms of a geometric progression are x + 5, x + 1, x. 

Calculate (i) the value of x, (ii) the common ratio, (iii) the sum to infinity. (C) 


(b 


»" 


11 (a) A length of 200 cm is divided into 25 sections whose lengths are in arithmetic 
progression. Given that the sum of the lengths of the 3 smallest sections is 
4.2 cm, find the length of the largest section. 

An infinite geometric progression has a finite sum. Given that the first term is 18 
and that the sum of the first 3 terms is 38, calculate the value of (i) the common 
ratio, (ii) the sum to infinity. (C) 


(b 


"Ὁ 


12 Inan AP, the 151} term is double the 9th term. If also the sum of the first 15 and the 
sum of the first 9 terms added together is 279, find the first term and the common 
difference. 


13 Deliveries from a warehouse are reduced each week by 10%. In the first week 2000 
loads were taken. Assuming that this operation can continue indefinitely, find (i) the 
maximum number of loads in the warehouse. If it is decided to stop the operation as 
soon as the number of loads taken falls below 400, find (ii) the number of weeks the 
operation was in action, (iii) the total number of loads taken and (iv) the percentage 
of the maximum left in the warehouse. 


14 What percentage of the sum to infinity is the sum of 10 terms of the GP 1 + 0.8 + 
0.64 +... ? Find the least value of » for which the sum of n terms differs from the sum 
to infinity by less than 0.1. 


15 _r is the common ratio of a GP (r τὸ 1) and the sum of the first 4 terms is 5 times the 
sum of the first 2 terms. Find the possible values of r. 


16 The positive numbers p, 6 and q are three consecutive terms of a GP. p and q are also 


the 3rd and Sth terms respectively of an AP whose common difference is 2 5. Find the 
possible values of p and g and the common ratio of the GP. 
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Further 
Trigonometry: 
Compound and 


Multiple Angles: 
acos 8+ 5b sin 8 


In this Chapter, we study the trigonometric functions for compound angles such as 
A +B where A and B are any two angles. 

Let us consider the values of sin A, sin B and sin(A + B) where A = 60° and B = 30°. 
Is sin(A + B) =sin A + sin B? Is sin(A — B) = sin A -- sin B? The answers are ‘No’ in both 
cases. We now derive suitable formulae to give the correct results. 


ADDITION FORMULAE 


I Sum of two angles A+B 

Fig.14.1 shows two angles, ZUOP = A, ZTOU = B. Then ZTOP = A + B. 

For simplicity we take OT as | unit in length. 

TP is perpendicular to OP, TU is perpendicular to OU and UR is perpendicular to TP. 


Fig. 14.1 


Now ZOSP = 90° - A = ZTSU. So ZRTU = A. 
PT = PR + RT = QU + RT 
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Now PT = | x sin(A + B), QU = OU sin A and RT = UT cos A. 

So sin(A + B) = OU sin A + UT cos A. 

But OU = | x cos B and UT = | x sin B. 

Hence sin(A + B) = sin A cos B + cos A sin B (i) 


This gives us a formula for sin(A + B) in terms of A and B. It is rather more complicated 
than you may have expected. 


Now we find a formula for cos(A + B). 

OP = 00 - PQ = OQ - RU 

OP = 1 x cos(A + B), OQ = OU cos A and RU = UT sin A. 
So cos(A + B) = OU cos A — UT sin A. 

But OU = cos B and UT = sin B. 


Hence cos(A + B) = cos A cos B - sin A sin B (ii) 


II Difference of two angles, A-B 


In each of (i) and (ii), change B to -B. 

Remember that sin(—B) = — sin B and that cos(—B) = cos B. 

Then sin(A -- B) = sin A cos B -- cos A sin B (iii) 
and cos(A -- B) = cos A cos B + sin A sin B (iv) 
These four formulae are very important. Note the pattern of sin and cos in each pair to 
help you remember them. Also note carefully the reversal of the sign in the two cos 
formulae. 


sin(A + B) =sin Acos B+cos A sin B 
Addition formulae sin(A — B) = sin Acos B —cos A sinB 
cos(A + B) =cos A cos B —sin A sin B 
cos(A — B) = cos A cos B + sin A sin B 


These formulae are identities and are true for any angles A and B. 


Example 1 
Show that cos (90° + θ) = -sin θ. 


cos(90° + 8) = cos 90° cos 6 — sin 90° sin 8 
= 0 -sin 6 as cos 90° = 0 and sin 90° = 1. 
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TANGENTS OF COMPOUND ANGLES A+B 


We can derive the formulae for tan(A + B) directly from the four formulae derived earlier. 
A+B)= sin(A + B) as sin A cos B + cos A sinB 
ΠΑ ΕΒ) cos(A + Β) cos A cos B -sin A sinB 


sinAcosB | cosAsinB 
cosAcosB cos AcosB Seas 

= ———___—_————._ dividing each term by cos A cos B 
cos AcosB _ sin A sinB 


cosAcosB cos AcosB 
= _lanA+tanB 
1 —tan A tanB 


abt .Βη- Ssin(A-B) = sin A cos B-cos A sinB 
Similasty, tan(A — B) cos(A ~ B) cos A cos B + sin A sin B 


tan A — tan B 


= Ta pn {- after dividing each term by cos A cos Β. 


So the two formulae for tan(A + B) are 


i. Ἔ tan A τ ten B fan A ~ tan B 
wth + BY Trea Ame OD AaB 


Example 8 


Angles A and B are both obtuse angles. Given that sin A = 4 and that cos B = -- ξ ᾿ 


- ἢ 


T+tnAtanB ~ τ) Ὁ) Ξε 148 


Exercise 14.1 (Answers on page 636.) 


1 Simplify 
(a) cos(A — B) —cos(A + B), 
(Ὁ) sin(A + B) -- sin(A -- B). 
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2 Prove that 
(4) sin(90° + 8) = cos θ, 
(Ὁ) cos(180° + 8) = -cos 0. 


3 Ifcos A= 5 andcos B= +2 where A and B are both acute angles, find, without using 
tables or a calculator, 
(a) sin(A + B), 
(8) cos(A -- B), 
(c) tan(A +B). 


4 Simplify cos 6 cos( 5 + 8) + sin 6 sin(§ + 8). 


5 Simplify cos 40° cos x — sin 40° sin x and hence solve the equation 
cos 40° cos x — sin 40° sin x = 0.7 for 0° < x < 360°. 


6 Given that sin A = — & (180° < A < 270°) and that cos B = -5, (90° < B < 180°), 
calculate (without using tables or a calculator) the value of (a) cos(A — B), 
(b) sin(A + B), (c) tan(A -- B). 


7 Prove that tan(@ + 45°) = 4*i23 


Given that tan(@ + 45°) = 3, find the value of tan θ. 


8 Given that Solas 8) = 4, show that 2 sin A sin B = cos A cos B and that 


2 tan A = cot B. Given also that tan A = 2 | find tan B and hence find tan(A — B). 


9 If A and B are acute angles such that tan A = ὃ and tan B = 3, show that A + B = 459, 
10 Find the value of sin( 7 + θ) cos @ ~ cos(F τ θ) sin 8. 


11 Express tan(a + B) in terms of tan αἱ and tan B. Given that tan α = α and 
tan(at + B) = d, find tan B in terms of a and b. Hence express tan(& — B) in terms of 
a and ὃ. 


12 Solve, in the domain 0° < 6 « 360°, the equations 
(a) cos(@ + 30°) = sin θ 
(b) 2 cos(0 ~ 45°) = 4 sin 8 
(c) cos(8 -- 30°) = 2 sin(® + 45°) 
(d) cos(6 + 60°) = 2 sin(6 + 30°) 
(e) 2 sin(®@ + 120°) = cos(6 + 150°). 


13 Solve the equations (a) sin 50° cos x + cos 50° sin x = 1 and 
(Ὁ) tan x — tan 35° = 1 + tan x tan 35° for 0° < x < 360°. 


14 Given that cos A = 0.6 and cos B = 0.8 (A and B both acute angles), find, without 
using tables or a calculator, the value of 
(a) sin(A +B), 
(Ὁ) cos(A -- B), 
(c) tan(A — B). 
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15 6 and ¢ are acute angles where cos θ = 3 and tan ¢ = &.. Without using tables or a 
calculator, find the value of 
(a) sin(6 + @), (Ὁ) ἰδπίθ -- 5), (c) 86ο(θ -- 5), (d) cot(6 + 9). 
16 A and B are both acute angles such that cos A = 12 and tan B = 2°. Without using 
tables or calculators, find the value of 
(a) sin(A—B), (Ὁ) cos(A+B), (c) tan(A—B), (d) cot(A +B). 
17 If cos θ + cos Κ =p and sin 6 + sin ¢ = q, by squaring each one and adding, prove that 
cos(8 -- 9) = 3(p? + q? - 2). 
18 If sin A sin B = 5 and cos A cos B = j (A and B both acute), find the values of 
cos(A + B) and cos(A — B). Using tables or a calculator, find the values of the angles 
A +B and A -- Β and hence. find the values of A and B. 
19 If sin @ = 2 sin(A -- θ), prove that tan @ = > 7524. 
Given that cos A = }» where A is an acute angle, solve the equation 
sin 6 = 2 sin(A — 8) for 0° s 8 < 360°. 
20 Simplify sin(A + B) — sin(A — B) and cos(A + B) — cos(A — B). 
By taking X = A + B and Y = A -B, show that 
sin X -- sin Y =2 sin $(X -- Y) cos $(X + Y) and 
cos X + cos -- 2 cos 3(X + Y) cos 4(X — Y). 
21 The position vectors with respect to an origin O of the points A and B are 
= cos θὲ + sin 6j and b = cos gi + sin gj respectively, where 8 > 9. 
(a) Show by means of a diagram that the angle between OA and OB is 6 -- 9. 
(b) Find the scalar product a.b and hence derive the formula 
cos(®8 — 5) = cos 8 cos g + sin 6 sin 9. 


MULTIPLE ANGLES 


The addition formulae can be used to find expressions for trigonometric functions of 
multiple angles such as 2A, 4 εἰς, 
In the formula for sin(A + B), put B = A. 


Then sin 2A = sin A cos A + cos A sin A = 2 sin A cos A. (i) 
Again, in the formula for cos(A + B), put B = A. 

Then cos 2A = cos A cos A -- sin A sin A = cos? A- sin? A (ii) 
This can also be expressed in two other useful forms. 

cos 2A = cos? A -- sin? A = cos? A — (1 -- cos? A) = 2 cos? A- 1 (iii) 
or cos 2A = (1 -sin? A) -sin? A=1-2sin°A (iv) 
Also putting B = A in the formula for tan(A + B), 

tan A+tanA 2tanA 

tan2A= τ πα πα ~ T-tantA 

These five formulae are known as the double-angle formulae. 


(v) 
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sin 2A =2 sin AcosA 


= cos? A — sin? ᾿ 
Con 2A RCO A ee Note that in these, 


=2cos?A-1 the cos always comes 
=1-2sin?A first, sin second. 
2tanA 
Pane Toe at δ Ὶ 


Note that in each one, the angle on the left is double the angle appearing on the right. So, 
for example, we could have 


sin θ = 2 sin ἢ cos ἢ or cos 4A = -- 2sin* 2A, etc. 


If we start with angle A on the left hand side, then the formulae become 


sin A =2 sin 4 cos 5 

cos A = cos? + — sin? a 
= 2 cos? 4 -1 
=1-2sin’ 4 
_ 2tan> 

tan A= Toe 

These are sometimes called the half-angle formulae. 


Also, for future use, note that 


sir A= sa = cos 2A) 


cor A= 4a + cos 2A) 


Example 9 


Given that sin A = ἢ where 0° < A « 90°, find the values of 
(a) sin2A, (b) cos2A, (c) cos4A, (d) tan2A, (e) tan 4A. 


If sin A= 4 then cos? A = 1- 18 andcos A= 2 (+ as A is acute), 
5 25 5 
. oe = 4,32 
(a) sin2A =2 sin Acos A=2 x 3X 5=%5 
(Ὁ) cos 2A =1-2sin?A=1-2x 5 --ἶ 
(Either of the other two formulae for cos 2A could have been used instead.) 


(c) cos 4A = 2 cos? 2A-1=2x & -1=-# 
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Exercise 14.2 (Answers on page 637.) 
1 Show that sin? 8 = a(l- — cos 3) and that cos? % 51 + cos 36). 


2 Given that cos A = A where A is an acute angle, calculate without ay tables or a 
calculator the value of (a) sin 2A, (Ὁ) cos 2A, (c) tan 2A, (d) cos > 

3 If cos 8 = 3 (0° < 8 < 90°), find, without using tables or a seaaeg the value of 
(a) sin ® (Ὁ) sin 20 (c) cos 20 
(4) tan 20 (e) sin 2 (ἢ cos $ 


4 If @ is an acute angle and cos 26 = ἱ τ , find, without using tables or a calculator, the 
value of (a) sin 8, (Ὁ) cos 8, (c) tan 20. 


5 Given that sin g = i find, without using tables or a calculator, the value of 
(a) cos g, (Ὁ) sin 8, (c) cos 0. 


6 Prove that ΩΣ 
i 2 = A = sin 
(a) (sin Θ + cos 6)? = 1 + sin 20 (Ὁ) tan@= To cos 35 
1~ cos ® = tan? 9 1-- cos® — 2 
MC) τ eo 2 O_o 


(ec) (2 cos 8 + 1)(2 cos 8 - 1) =2 cos 20+ 1 
(Ὁ cos? 6 — sin* 6 = cos 28 
(g) cot θ — tan 6 = 2 cot 26 


1 20 
(h) cos'{ % = 8) = iss 
7 Find, ag using tables or a calculator, the value of tan 29 if sin @ = 1 
8 If tan 20 = ξ, find, without using tables or a calculator, the value of 
(a) tan 9, b) sin 6. 
9 If tan 2 = 5, find, without using tables or a calculator, the value of cot A. 


10 If cos 6 = p, find in terms of p, the value of (a) sin θ, (Ὁ) sin 8, (c) cos 3, 
(d) cos 20, (e) sin 2θ, (f) cos 4θ. 


11 Express each of the following as a single trigonometrical function: 
(a) sin AcosA (Ὁ) 1-2sin?A 
© (2A (d) cos? A -- sin? A. 
Given ren sin A = s, find the values of each one in terms of s. 

12 State each of the following as a single trigonometrical function 


(a) sin 35° cos 35° 
tan 40° 
(Ὁ) [ama 
(c) sin 25° cos 35° — cos 25° sin 35° 


tan 50° — tan 40° 
(d) 1 + tan 50° tan 40° 


(e) 0.5 — sin? 30° 
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13 Solve the equations (a) cos 2θ = 3 cos θ -- 2, (0) cos(2@ + 30°) = sin 20, 
(c) sin( 8 - 45°) = V2 cos g for 0° < 8 « 360°. 
14 Solve the equations (a) sin 2x = cos x, (Ὁ) sin 5 = cos x, for 0° < x < 360°. 


15 Convert the equation 3 cos 26 = cos 8 — | into a quadratic equation in cos 8 and hence 
find the solutions of the equation for 8° < 8 < 360°. 


16 By writing 3A as 2A + A, show that 
(a) sin 3A =3 sin A—4 sin? A, and 
(Ὁ) cos 3A = 4 cos? Α -- 3 cos A. 
Using (b), solve the equation cos 3A = cos 2A for 0° < A < 360°. 
17 Show that cos? A + 2 sin? A = 5 (3 - cos 2A) 
Given that tan B = 2 tan A, show that tan(B -- A) = τ᾿ 5 23 
Given also that sin 2A = 2, find the size of the angle B — A. 


l-cos2A _ _ sin? A 
18 Show that Feeordk = Trenta’ 


Given that }—©0524 = 1, find the values of A for 0° < A < 180°. 


THE FUNCTION acos 09 + bsin #0 


This function occurs frequently and we now show how it can be converted to one of the 
forms R sin(® + αὐ or Καὶ cos(@ + αὐ where the constant R and the angle αὶ have to be found. 


Example 13 


Convert 3 cos 6 +4 sin @ into (a) R sin(@ + αἱ), (b) R cos (θ — a) by finding the 
necessary values of R and α. 


(a) R εἰπίθ + οὐ =R sin 8 cosa+R cos θ sina 


and this must be identical to 4 sin 6 + 3 cos θ matching the terms with sin @ and 
cos 0. 


Hence R cos a = 4 
and R sin a = 3. 


Squaring each one and then adding, 
R? (cos? ἃ + sin? a) = R* = 3? + 47 = 25. 


Therefore R = 5 (the + value is always taken for R). 


Also ΗΝ =tana= ; sO α = 36.87° (acute value taken as sin αἱ and cos © are 


both +). 


Hence 3 cos 6 + 4 sin 8 Ξ 5 sin(@ + 36.87°). 


Example 15 


Express 5 sin @~ 12 cos @ in the form Καὶ sin(@- αἱ. 
Hence find the values of 8 (0° < @ < 360°) for which the expression has a maximum 
or minimum value. 


Rsin(®-a) =RsinOcosa—Rcos θ 5η α 
= 551ηθ - 12cos@ 


Hence Καὶ cos ἃ Ξ 8 and Καὶ sin a = 12. 
Verify thatR = 13 and α = 67.38° 
Hence 5 sin 8 — 12 cos 6 = 13 sin(® — 67.38°). 


The maximum value is 13 when @ — 67.38° = 90° i.e. 8 = 157.38°. 
The minimum value is -- [3 when 6 — 67.385 = 270° i.e. 6 = 337.38°. 


Exercise 14.3 (Answers on page 637.) 


1 Express the following functions of θ in the form stated: 
(a) 4 cos 6 + 3 sin 6: Καὶ cos(9 -- a) 
(b) 5 sin 8+ 12 cos θ; R sin(@ + a) 
(c) 2 cos -- 3 sin 8: R cos(® + a) 
(d) 2 V2 sin 6 —cos @: R εἰπίθ -- a) 
(e) 2cos 6 + V5 sin θ: Καὶ sin(O + a) 


2 Using the results in Question 1, find the maximum and minimum values of the 
functions and the values of 8 where these occur for 0° < 6 < 360°. 


3 Express 3 cos 20 — 4 sin 26 in the form R cos(26 + a). Hence find the values of 8 
(0° < 6 S$ 360°) for which the expression has a maximum or minimum value. 


4 By converting the expression N7 sin 8 +2 οος 4 into the form R sin( 8 + a), find 
the values of θ between 0° and 360° for which the expression has a maximum or a 
minimum value. 


5 Express V5 sin θ + 2 cos @ in the form R sin(@ + a). Hence sketch the graph of 
y= V5 sin 6 +2 cos @ for 0° < @ < 360°. State the value of a for which 3 cos(@ -- α) 
will have the same graph. 


12 If sinx =- 8 and 270° < x < 360°, calculate without using tables or a calculator, the 
values of (a) cos 2x, (b) sin 2x. 


13 (a) Find all the angles between 0° and 360° which satisfy the equation 


4cos6+2sin@=1. 


(b) Given that costa = Β) Ξ ὲ , prove that cos A cos B = 7 sin A sin B and deduce 


a relationship between tan A and tan B. Given further that A + B = 45°, calculate 
the value of tan A + tan B. (C) 


14 (a) Find the maximum and minimum values of 5 cos 0 + 2 sin θ and the values of 
6 where they occur. 
(b) Solve the equation sin 2a + cos 26 = 5 for 0° < a < 360°. 


15 (a) Convert the expression V2 sin x + V7 cos x to the form R sin(x + αὐ where 
R > 0 and α is acute. Hence sketch the graph of y = V2 sin x + V7 cos x for 
0° <x < 360°. 

(b) Solve the equation V7 cos x + V2 sin x = 2 for that domain. 


16 Find all the values of x between 0° and 360° which are solutions of the equation 
3 tan 2x -2 cot x =0. 


17 Given that tan 30° = 4 and that tan 45° = 1, calculate, without using tables or a 
calculator, the values of (a) tan 150°, (b) tan 15°, (c) tan 75°. 


18 If sin(® + @) = 2 sin(@ — ¢), prove that tan 8 = 3 tan @. Given that tan ¢ = 2, find, 
without using tables or a calculator, the values of (a) tan 8, (b) cosec 8, (c) cos @, 
(d) tan(® + @), where Θ and ¢ are both acute angles. 


19 If A, B and C are the angles of a triangle and tan A = 2, tan B = 3, find the value of 
tan C without using tables or a calculator. 

20 If ¢ = tan θ (¢ # +1), show that sin 20 = τς and cos 26 = ay; 

k-1 

ket" 


1-f 


3. 


Given that sec 26 + tan 2θ = k, prove that f = 


21 A and B are both acute angles. Given that tan A + tan B = 3x and that 
tan A tan B = 21 find, in terms of x 
(a) tan A —tan B, 
(b) tan(A + B), 
(c) tan(A - B). 
(4) Hence solve the simultaneous equations tan A + tan B = 3, tan A tan B = 2. 


22 Solve for 0° < 6 < 360°, the equation Posen το = 6. 


23 Given that A -- B= %, show that 1 + tan A tan B = 0. 
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Exponential 
and Logarithmic 
Functions 


In this chapter, we study functions such as 3* where x is an index or exponent. Hence 3" 
is called an exponential function and 3 is the base of the function. 
First, here is a revision check on the rules for working with indices. 


RULES FOR INDICES 


The three basic rules are: 


ΙΓ xen When multiplying exponential functions 
with the same base, ADD the indices. 

Π x%+x"=x"" When dividing exponential functions with 
the same base, SUBTRACT the indices. 

I (x")"=x" If an exponential function is raised to 


another power, MULTIPLY the indices. 

Using these rules we can deduce that x° = 1 (x #0) and that." = 4 (x #0). A negative 
index gives the reciprocal of the function. 
Fractional indices 
We can also find a meaning for fractional indices. For example 
(937 =93*2 = 9! -- 9, S09! = V9 =3. 
In general, xr = Vx. 
Further, 27) = (271)? = (W279 = (3}} =9. 
In general, xe = (Nxy. 
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Example 1 
Find the values of (a) 100: (b) 3273. 


(a) 100? = (V100)' = (10) = 1000 


ὦ 3232 42—+ -1-! 
323 (Ὡ» “ὦ 74 


Example 2 
Show that (a) 3.5} = &, (b) 2°! x 8! = 2! 
(a) Pax FS Gyx pes 


(b) 2x gti = 2! x (23)! 
= 2"! x 23:3 
= 2402 = (22) = 421) 


Exercise 15.1 (Answers on page 638.) 
1 Find the value of: 


(a) 8° (b) 4: (c) 3)? 
(@) 8} (e) 81% ὦ 32 
(g) 16% ῳ (yt w (ἕν 
2 Show that 
(a) 24? = 4x 2" (b) 16" = 4" ὦ 255 =Bx 4 
( 2.- τ ὃ © =f (ἢ Sx 257 = 5" 


3 Simplify (a) 2x 4"!, (0) 275 +93, (ὦ) 81 x4 


EXPONENTIAL EQUATIONS 


An equation such as 3° = 81 is an exponential equation. The unknown (x) is the 
exponent. We can solve such equations by expressing both sides in terms of the same 
base. Sometimes this can be done directly. If not, a more general method using loga- 
rithms can be used. This will be shown later. 
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Example 6 


Solve the equation 2° + 21 = 3. 


The equation is 2‘ + 2'x 2* =3 1.6. 2" a = 3. 
Take p = 2". 
The equation becomes p + 2 =3ie. p?-3p+2=0. 


Then (p -- 2)(p -- 1) ΞΟ and p=2or 1. 
Then 2‘ = 2 = 2' and x = 1 or 2°= 1 = 2° and x=0. 


The solutions are x = | or 0. 


Example 7 


Solve the simultaneous equations 


In equation (i), we see that each term can be expressed as a power of 3. 
Then 3‘ x (3?) = 3° 

sox+2y=0 

Similarly, each term of equation (ii) can be expressed as a power of 2. 
Then 25: x (22) = 23 

so 2x + 2y =-3 


Solving equations (iii) and (iv), we obtain x = -3, y= 1 i 


Exercise 15.2 (Answers on page 638.) 


1 Solve the following equations: 


(a) 2° = 64 (Ὁ) 5° = 125 
(c) 5'=1 (d) 9° - 81 

(ὁ) 16" = 0.125 (ἢ 4°=0.5 

(g) * = τὶς (h) 2*-9(2 +8 =0 

(i) 3*- 123) +27=0 Gj) 55:1 -Ξ 265") 

(k) 2**!~ 129(25) + 64 =0 (I) 3%! + 26(3') -9 =0 
(m) 2! — 15(2") Ξ 8 (n) 284+2"=5 

(0) 2 = 2! 415 (p) 35} - 283") +1=0 


2 Show that the equation 2** + 3(2"*') + 8 = 0 has no solutions. 
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Conversely, if log, 10 = 4, then 10 = χ' 
if log, x = 5, then x = 3°. 


Example 8 
Write in logarithmic form: (a) 32 = 9, (b) χ' = 10. (c) 2? = 1. 


(a) If 3? = 9, then log, 9 = 2. 
(b) If x* = 10, then log, 10 = 3. 


(c) If 2?= ie then log, (4) = — 2. (Logarithms can be negative) 


Example 9 
Write in exponential form: (a) 4 = log, x, (b) x = log, 7, (c) 2= log, 5. 


(a) 4= log, x becomes 3* = x 
(Ὁ) x = log, 7 becomes 5) = 7 
(c) 2 = log, 5 becomes x* = 5 


Example 10 
Find the value of x if (a) x = log, 64, (b) log, 25 = 2, (c) x = log, (3), (4) log, x = 4. 


(a) If x = log, 64, then 2" = 64 and x = 6 (as 64 = 2°). 
(Ὁ) If log, 25 = 2, then x° = 25 and x = 5 (+ as base must be positive). 


(c) If x = log, (4), then 3" = 4 =3'andx=-l. 
(4) If log, x = 4, then 34 =x= 81. 


Exercise 15.4 (Answers on page 638.) 
1 Write in logarithmic form: 


(a) #= 16 (b) 3) Ξ 81 (c) 10° = 1000 

(d) 10° = 0.001 (6) 4: =2 (f) χ'Ξ 2 

(g) 7: Ξ 21 (ἢ) x+= 16 (Ὁ 10°=0.1 

G) 8 =64 (k) 4 =9 ( x3 =03 
2 Write the following in exponential form and hence find the value of x: 

(a) x= log, 16 (Ὁ) x= log, 27 

(c) x= log, 64 (d) x= log,(}) 

(e) x =log,, 0.001 (f) x= log. 4 

(g) x= log, (4) (h) log, 625 = x- 

(i) x= log, (33) Gj) x= log,, 169 

(k) x= log,,, 13 
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3 Find the value of: 


(a) log, 5 (b) log, 64 (c) log, 1 

(d) log, 1 (e) log, 16 (f) log, 243 

(8) log, 3 (h) log, p’ (i) log, 35 

(j) log, 8 (k) log,, 8 () log, 16 

({m) log, x (n) log, (4) (0) log, (4) 
4 Find the value of x if: 

(a) log, 9 =2 (b) log, x = -3 

(c) log, 125 = 3 (4) log, ,, 27=3 

(e) log, (ἃ -- 2) Ξ 3 (Ὁ Ιορ,, 36 Ξ 2 

(6) log 81=4 (h) log, x =—-1 

(i) log. ,3=1 Gj) log, ἃ -- 2) Ξ 4 

(k) log, 64 Ξ 3 


The Graph of the Logarithmic Function 


As the logarithmic function is the inverse of the exponential function y = a‘, we can obtain 
its graph by reflecting y = αἱ in the line y = x (Fig.15.3). 


Fig.15.3 


Note the following: 


(1) log, 1 = 0. This follows because αὐ = 1. 

(2) log, x is not defined if x < 0. The logarithm of a negative number does not exist. 
(3) If0<x< 1, log, x <0. The logarithm of a positive number < | is always negative. 
(4) log, 0 is undefined. 

(5) As x increases, log, x increases. 
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Rules for Logarithms 


These are similar to the rules for indices. 


Let P = a”. Then m = log, P. 
Let Q = a". Then n = log, Q. 


I PQ=a"xa"=a"™ 
Then log, PQ = m+ n= log, P + log, Q. 


vlog, PQ = log, P + log, Q 


For example, log, 12 = log, (4 x 3) = log, 4 + log, 3. 
Note: Do NOT write log, (P + Q) = log, P + log, Q. This is not true. 


log, 4 = log, P~ log, Ὁ 


For example, log, 3 = log, 12 — log, 4. 
log, P 
Note: This rule does NOT apply to wo which is the division of two logarithms, 
WT P" = (α"}" = a™ 
Then log, P" = mn =n log, P 
log, δ᾿ =n log, P 


For example, log, 2° = 3 log, 2 and log, V3 = log, 3' = }log, 3. 


Two Special Logarithms 
1 For any base, αὐ = 1. Hence 
log, 1 =0 


The logarithm of 1 is always 0. 


2 a' =a. Hence 
log, a =1 
The logarithm of the base is always 1. 
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Example 11 
Simplify (a) log, 49, (δ) log, (4). 


(a) log, 49 = log, 7? = 2 log, 7 = 2 as log, 7 = 1 


(b) log, ( $) = log, 1 — log, 9 = 0 — log, 3? 
=-2 log, 3 


Example 12 
Simplify log, 9 + log, 21 — log, 7. 
log, 9 + log, 21 — log, 7 = log, (9 x 21 + 7) = log, 27 = log, 3° = 3 log, 3 


Example 13 

Given that log, 2 = 0.431 and log, 3 = 0.683, find the value of 
(a) log, 6, (b) log, 15, (c) log,8, (d) log,12, (e) log, +. 
We must express each in terms of powers of 2 and 3. 

(a) log, 6 = log, (3 x 2) = log, 3 + log, 2 = 1.114 

(b) log, 1.5 = log, (3) = log, 3 -- log, 2 = 0.252 


(c) log, 8 = log, 2? = 3 log, 2 = 1.293 
(d) log, 12 = log, (4 x 3) = log, 4 + log, 3 = log, 2? + log, 3 
= 2 log, 2 + log, 3 = 1.545 
(e) log, ἐξ =log, 1 -- log, 18 = 0 -- log, (9 x 2) 
= log, 9 — log, 2 
= -log, 3? -- log, 2 
= -2 log, 3 — log, 2 = -1.797 


(With-practice, some of these steps could be omitted). 


Example 14 
Given that log, x = p and log, y = q, express 
(a) log, xy, (b) log, δ, (c) log, V¥ ae in terms of p and q. 


(a) log, xy? = log, x + log, y? = log, x + 2 log, y=p 24 
(b) log, > = log, x — log, γ᾽ = log, x -- 3 log, y = p — 34 
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Example 17 
(a) If log, p = x and log, q = y, express p’q and a as powers of 2. 


(δ) If also p’q = 16 and Ξ = é . find the values of x and y. 


(a) First, we express p and q as powers of 2. 
If log, p =X, then p Ξ 2". 
If log, g =y, theng=4 = (ἢν = 2». 
pq = (2 x (29) = 2 
2: 
δ Ξ my = 24 
If p'g = 22 = 16 = 24, 
then 2x + 2y 4 


orx+y=2 


fit 1 δ 
If 2 =2 τ; =2° 


then x -- ἄγ =-5 


Solving equations (i) and (ii), x = 2 


Example 18 


Find the value of x if log, x, log, {x +3) and log (x + 12) are three consecutive terms 
of an AP. 


As the terms are consecutive, log, x + log, (x + 12) = 2 log, (x + 3). 
Then log, x(x + 12) = log, (x + 3)’ ie. x(x + 12) = (x + 3)} 
which gives x? + 12x =x + 6" +9 or 6x =9, 


Hence x = 1}, 


Exercise 15.5 (Answers on page 639.) 
1 Taking scales of 2 cm for 1 unit on each axis, draw the graph of y = 2* for 
-2 $x$ 2. Add the line y = x. By reflecting y = 2" in this line, draw the graph of 
y = log, x for ᾿ sxs4. 
From your graph, find approximate values for (a) log, 1.5, (b) log, 3. 


2 Simplify: 
(a) log, V2 (b) log, 36 
(c) log, 27 (d) log, 25 
(e) log, 125 (Ὁ log, 16 000 
(g) log, 121 (h) log, x* 
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(i) log, 12.5 + log, 10 Gj) 2 log, 9 -- log, 81 


(k) log, 24 + log, 15 — log, 10 (I) log, 98 — log, 30 + log, 15 
log, αὐ 
(m) log, V6+ log, 9 (n) ion, # 
(o) log, 8 (p) log, 81 
(q) log, 5° (Ὁ log, 4" 
(8) log, Υἱῦ ὦ log, 10 
3 Given that log, 4 = 1.262 and that log, 5 = 1.465, find the values of: 
(a) log, 20 (b) log, 0.8 (c) log, 1.25 
(d) log, 100 (e) log, 64 (f) log, 80 
(g) log, 6.25 (h) log, 15 (i) log, 0.25 
4 Given that log, 2 = 0.356 and log, 3 = 0.565, find the values of 
(a) log, 6 (b) log, 9 (c) log, 18 
(d) log, 24 (e) log, 4.5 (f) log, Ξ 
(g) log, V3 (h) log, 14 (i) log, 42 
. 2 
(Ὁ log, ; (k) log, 43 


5 If log, x* + log, x = 8, find the value of x. 


6 If log, x =a and log, y = b express (a) xy’, (b) = in terms of a and b. 


7 If log, x = p and log, y = 4, express (a) log, xy, (b) log, Vx, (c) log, =, (d) log, 4 
in terms of p and q. 
8 Find y if log, y = 2 log, 7. 
9 If log, p — log, 4 = 2, find the value of p. 
10 Given that log, 8 + log, 4 = 5, find the value of x. 
11 Given that log, x = p and log, y = 4, express (a) xy, (b) ood as powers of 3. 


12 Given that log, 4 = p and log, 5 = q, find the value of x if (a) log, x = p + 2q, 
(b) log, x = 2p -α +2. 


13 log, x = a and log, y = ὁ. Express x*y and + as powers of 2. 
Given also that x*y = 32 and that x = i, find the values of a and b. 


14 Given that log,, 2 = h and log, 7 = k, find the value of x if (a) log,, « = 2h + k, 
(Ὁ) log,, x= 3h-k +1. 


15 If log,, x = a and log, y = b, express log, V Ε in terms of a and b. 


16 Given that log, x°y =p and that log, (+) = q, find log, x and log, y in terms of p and 
q and hence express log, xy in terms of p and q. 


17 If log, x = p, show that log, x = 2p. Hence find (a) the value of k if 
log, k = 2 + log, k and (Ὁ) the value of n if log, n + log, n = 9. 
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18 Solve the equations 
(a) 2 log, x = log, (2x + 3) 
(Ὁ) 3 log, x = log, (3x -- 2) 
(c) log, (7 + 2) = 1 + log, (x + 2) 
(d) log, (αὐ + 8x - 1) = 2 + log, ( -- 1) 
(6) log, (2x7 + 3x + 5) =3 + log, (x + 1) 
(f) log, (x + 17) = 2 log, (x -- 3) 
(g) log, αὐ —x +2) = 1+ 2 log, x 
(h) log, x = 1 — log, (x -- 4) 


19 (a) If log, b =x, deduce that x log, a = 1 and hence show that log, b = ws: 
(b) Find log, 8 and hence state the value of log, 2. 


20 If log, x, log, y and log, z are three consecutive terms of an AP, show that x, y and z 
are consecutive terms of a GP. 


Common Logarithms 


For practical calculation, base 10 is used and logarithms on this base are called common 
logarithms. These are written as Ig x, which is an abbreviation for log,, x. 10 is chosen 
as it is the base of the decimal system of numbers. 

To see the advantage of base 10, suppose we know that lg 5.6 = 0.748. Then Ig 560 = 
Ig 5.6 x 10? = lg 5.6 + 2 lg 10 = 0.748 + 2 = 2.748 (as lg 10 = 1). The decimal part .748 
is unchanged. Similarly lg 5600 would be 3.748. On any other base the logarithms of 
these numbers would be quite different. 

Tables of common logarithms are available but they can be found directly using the 
LOG (or LG) key on a calculator. 

There is another system of logarithms, called natural logarithms, written as In x, 
which is used in Calculus. The base of natural logarithms is a certain number e (= 2.718). 
We shall see the reason for this in Chapter 18. 


Logarithmic Equations 


Example 19 
Find log, 7. 
If log, 7 =x, then'2* = 7. 


We cannot express 7 as a power of 2 directly so we convert this equation to a 
logarithmic equation using logarithms of base 10. 


Take the lg of each side. 
Then lg 2' = lg 7. 


Hence x Ig 2 = Ig 7 and so x = 785 


= 2.81 (by calculator correct to 3 sig. figs.) 
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Hence log, 7 = 2.81. 
(Verify the result by using the x’ function on the calculator). 


Example 20 

Find x if 3-! = 2". 

Convert to a logarithmic equation. Take the lg of each side. 

Then lg 3. = Ig 2' ie. (¥-1) 1g 3= (+ 1) Ig 2. 

Now solve for x. We do not find lg 2, lg 3 yet. 

x lg 3 -lg 3 =x lg 2 + lg 2 which gives x(Ig 3 —- lg 2) =1g 3 + 1g 2 
ie. xlg 3 =Ig 6 orx= 72% = 4.42 by calculator. 

(Note: The right hand side is NOT lg is). 


Example 21 

Find x if log 6 = 1.5. 

If log, 6 = 1.5, then x'* = 6. 
Taking the lg of each side, 


1.5 lg x = lg 6 and Ig x = ae = 0.5188 (by calculator). 


Hence x = 10°5'** = 3.30 by calculator, using the x’ function. 


Example 22 


Jn Example 19, Chapter 13 we found the least value of n where 0.%~' < 0.4. This can 
also be done using logarithms. 


Ig 0.9" 1 < Ig 0.4 i.e. (n -- 1) Ig 0.9 < lg 0.4. 


ae 


However we cannot now write n -- 1 < =— as log 0.9 < 0 and so the inequality sign 


must be reversed. (Division by a wigioe panty 


Son-1> Ἐπ Ξ 8.696 by calculator 


and hence n > 9.696 and we take the integral value n = 10. 


Note:To solve an inequality, if an integral result is required, the calculator method 
(using x”) as in Chapter 13, is very suitable and quick. However to solve an equation 
such as 0.9" = 0.4, the logarithmic method must be used. Here x = 8.70 (to 3 significant 
figures). 
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Example 25 


Show that log, b = ΠΕ δ΄ Hence find the value of log, 5 Χίος, 4 x log, 11. 
Let log, δ = x. Then a* = b. Now take the lg of each side and 


xlga=lgbsox= 2% 


Iga’ 
Using this result, 


log, 5 x log,, 4 x log, 11 = 


Exercise 15.6 (Answers on page 639.) 
Give answers correct to 3 significant figures if not exact. 
1 Find the value of x if 


(a) #= (Ὁ) 25) ΞὉ7 (c) 6"'=8 

(d) 5%! = 32 (ce) 21 = 3 (f) 2°=1.5 

(g) 4-°=7 (h) 53:2 = 761 (i) 2H! = 32. 
9) 1.3: Ξ (k) 0.6 Ξ 0.4 (Ὁ) 0.8"-"Ξ 0.2" 


2 Calculate log, 5 and log, 7. 
3 If log, 3 = 17, find the value of x. 


4 What is the least number of terms of the GP 3, 4, 16 ... that can be added for their 
sum to be greater than 90? 


5 If the sum of 1 terms of the GP 8, 12, 18,... is not to exceed 500, what is the largest 
value of "7 


6 Find the least integral value of x if (a) 1.8*-' > 47, (b) 0.75" < 0.15. 


7 In how many years will $3000 invested at 5% per year compound interest amount to 
$5000? 


8 After how many years will $9000 amount to $20 000 if it is invested at 4.5% per year 
compound interest? 


9 Given that P = 50(0.75)", find (a) the value of P when n = 4, (b) the value of m when 
P=10. 


10 The population of a city in 1980 was 3 200 000 and this was an increase of 1.7% over 
the population in 1979. If this rate of increase is continued, in what year will the 
population first exceed 5 000 000? 


11 The decay of a radioactive substance is given by the formula M = M, e°” where M, 
is the initial mass, M the mass after ¢ years and e = 2.718. Calculate the half-life of the 
substance, i.e. the number of years taken for the mass to be halved. 
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12 Find the value of log, 49 x log, 9 x log, 5. 
13 Find the value of log, 9 x log, 7 x log, 2 x log, 25. 
14 If log, 8 x log, x = 3, find the value of x. 


15 Given that lg y = | —3 lg x, show that y can be expressed in the form y = pa? and find 
the values of p and q. 


16 Show that lg 4 = -Ἰ. Hence find the values of x which satisfy the equation 
Ig(sin x) + 1 = 0 for 0° < x < 180°. 


17 (a) Solve the equation log, 2.5 = 8. 
(b) Find the value of x if +? = 10. 


18 Find x if log 12 Ξ 5. 


19 y = ax’ -- 2. Given that y = 6 when x = 2 and y = 22 when x = 4, find the values of 
a and b. 


SUMMARY 

Φ Rules for indices: x x x* Ξ χρη 
x” =x 
Gy =x" 


@ Negative index: x.” = = 


Zero index: ” = 
Fractional index: x? = (xy 
@ Exponential form y=a' <———> x=log,y logarithmic form 


(a » 0) a is the base of the logarithm 


Fig.15.4 
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Τ, 
Ig J 

13 If T= 7,e°*, show that ¢ = o(¥F ) . 
ge 


Hence find the value of ¢ given that e = 2.72, Τὶ = 30 and T = 10. 


14 If log, (x -- 6) = 2y and log, (x -- 7) = 3y, show that x* - 13x + 42 = 72’. Given that 
y = 1, find the possible value(s) of x. 


15 Find the relation between a and ὁ not involving logarithms if log, a = 2 + log, b. 


16 $2000 is invested at 5% per year compound interest. After how many years will it 
have amounted to $3500? 


17 Inflation in a certain country is 15% per year. If this rate continues unchanged, after 
how many years will the cost of living have doubled? 


18 Draw the graph of y = 2" for 0 <x <3 taking values of x at intervals of 0.5. By adding 
a suitable straight line to your graph, find an approximate solution of the equation 
20! + x= 4, 


19 Sketch the graphs of y = 1g x and y = 1g 10x. State the coordinates of the points where 
each curve meets the x-axis. 


20 (a) Draw the graph of y = 2" for 0 < x $ 2 taking scales of 2 cm for 1 unit on each 
axis. Add the line y = x and hence draw the graph of y = log, x for 1 <x <4. 
(b) Calculate the value of log, 6. 
(c) Express x2* = 6 in the form log, x = px + q stating the values of p and q. 
(d) What is the equation of the straight line that must be added to the graph to find 
the solution of the equation χ᾽ = 6? 
(e) Draw this line and hence solve the equation approximately. 


21 (a) Solve the equations (i) 2 x 45} = 16*, (ii) log, Y= 4 τ log, (y + 5). 
(0) Given that y = ax* + 3, that y= 4.4 when x = 10 and y = 12.8 when x = 100, find 
the values of n and of a. (C) 


22 Solve the equation Ig (cos? x) + 2 = 0 for 0° < x < 360°. 

23 Show that the sequence lg k, lg LOk, lg 100k,... forms an AP and find the sum of the 
first 10 terms of this AP. 

B 

24 Solve the simultaneous equations log, x — log, y = 4, log, (x -- 2y) = 5. 

25 Solve the simultaneous equations 9" = 27’, 647 = 5125". 

26 If log, 2 =a and log, 13 = b, express log,, 52 in terms of a and b. 

27 Solve the inequality log, (log, x) > 0. 


28 Given that log, (p + 2) + log, 4 =r - ἢ and that log, (p -- 2) — log, q = 2r + 1, show 
that ρὲ = 4 + 32’. If r= 1, find the possible values of p and q. 
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Conversion 
to Linear Form l 6 


In science, when two variables x and y are thought to be connected, a set of measurements 
is made. The results can be used to find the mathematical law connecting x and y — if 
there is one. When the law is found, it can be used to predict further values and these can 
be tested by other experiments to see if the Jaw is still valid. 

Usually the results are plotted as a graph. If this is a straight line, the relationship is 
easily deduced as it will be of the form y = mx + c, and m and ¢ can be found from the 
graph. 

However if the graph is not a straight line, the relationship will not be so simple. A trial 
formula is therefore guessed. We convert this formula to a linear form and see if the 
transformed values lie on a straight line graph. If they do, then we can confirm that the 
formula is true for these values, allowing for experimental errors, 

Two very common relationships are y = ab* and y = ax” where a and ἢ are constants. 


Example 1 


The following set of measurements of two variables x and y were obtained in an 
experiment. It is thought that they are related by the formula y = ab~. By converting 


this to a linear form, find whether the relationship is true for these values. 


If the formula is y = ab“, then taking the lg of each side, lg y = Ig a — x Ig ". 
Now write Y = lg y. 


Then Y = —x lg b + Ig a, which is a linear equation of the form Y = mx + c, where 
m=-lg band c=lga. 


So we plot values of Y (= lg y) against x. 
First we find the values of Y. 


piso [use [ise [as [1 [oe | 


These values are plotted as shown in Fig.16.1. We see that the points lie very nearly 
in a straight line. Any inaccuracies can reasonably be assumed to be due to experimen- 
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tal errors. We draw the line which fits the points as well as we can judge. There may 
be some difference of opinion over the position of the line, so our results will be 
approximate. 


Fig. 16.1 


Now find the gradient by taking two well spaced points such as A and B on the line. 
It helps to make the x-step between these points a convenient number. The gradient 
-1.5 
== =-0.25 
τ ᾿ 


Then -ἰρ ὁ = -0.25 and ὁ = 1.8. 


To find c = lg a, extend the line to cut the Y-axis (point C). 
Then lg a = 2.3 giving a = 200. 


Hence we find that the law relating these values is y = 200 x 1.8", 


Example 2 


The following set of values for two variables x and y was obtained in an experiment. 
It is believed that they are related by the formula y = ax’. By converting to a linear 
form, estimate the values of a and b. From your graph, estimate the value of x for 


which y = 2000 and compare with the value found using the formula. 


If the formula is y = ax’, then taking the lg of each side, lg y = 1g a + b Ig x. 
We write Y = Ig y and X = lg x. 


Then Y = bX + lg a which is a linear equation of the form y = mx + c where 
m=bandc ='lg a. 


If we plot values of Y (= lg y) and X (= lg x) and the graph is a straight line, then the 
relationship is correct. 


Now find the values of X (= lg x) and Y (= lg y). 


These are plotted as shown in Fig.16.2. To allow space for large scales, we take X from 
1.3 and Y from 2.9. 
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Example 5 


Fig.16.7 shows the straight line obtained by plotting lg y against Ig x. 
Find 

(a) Ig y in terms of Ig x, logy 

(bj y in terms of x, 

(c) the value of x when y = 700. 


Fig. 16.7 


The gradient of the line = 7 =—!} and the intercept on the Ig y axis is 4. Hence 
the equation of the line is lg y = -4 lg x + 4 which is the expression required. 
From (a), Igy=-} Ig x+4 i.e. 3 lg y + lg x= 12. 


* 12 
Then lg y°x = Ig 10}2 giving y3x = 10" or y? = 1g 
Hence y = Ἐ Ξ το χ !. 


If y = 700, then 700 = 10 ΟθΟχ ἢ and x} = 100 
Hence x = 2915. 


Example 6 


Convert each of the following relations to a linear form and state what functions of x 
and y should be plotted to obtain a straight line graph. State also the gradient and 
intercept of the straight line in terms of a and b. 


(a) $+ =2 (b) γξαχ (c) Y=a+t bx 
(d) ye=5 (e) y=a(l.5)" (f) y=a(x+3y 
(a) Take X= δ τ δ, Then aX +bY =2ie. Y=-$X εξ, 

Plot ¥ against X. Gradient = -- ¢, intercept = 3. 
(Ὁ) If y=ax+ 4, then xy = ax +b. Take X = χ᾽, Υὶ τ αν. 


This gives the linear equation Y = aX + b. Plot ¥ against X. 
Gradient = a, intercept = b. 
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(c) Take Y = y*. Then ¥ = bx + a. Plot Υ against x. Gradient = b, intercept = a. 


g 


(d) xy - by =a so by=xy-aory= bay -f. Plot y against X.= xy. 
Gradient = }, intercept = -- §. 
(e) y=a(1.5)™. Then Ig y = Ig a -- bx log 1.5. Take Y = Ig y then 


Y = ~(b Ig 1.5)x + lg a. Plot Y against x. Gradient = -- Ig 1.5 and 
intercept = lg a. 


(Ὁ y=a(x +3)’. Then lg y=Ig a + b Ig(x + 3). Take Y = Ig y and X = Ig(x + 3). Plot 
Y against X. Gradient = b and intercept = lg a. 


Exercise 16.1 (Answers on page 640.) 


1 A set of values of x and y are believed to be connected by the equation y = ab‘ where 
a and ἢ are constants. Values of x and Ig y are plotted and the graph is a straight line 
with gradient 0.47 and intercept —0.65. Find the value of a and of ὁ correct to 2 
significant figures. 


2 A graph of Ig y against lg x gives a straight line with gradient 3 and intercept 1.3. Find 
y in terms of x. 


3 Fig. 16.8 shows the graph of lg y against lg x, where y = ax’. Find the value of a and 
of b. 
Igy 


(0,2) 


x 
Fig. 16.8 ο (5,0) Ὁ 


4 Covert the equation by = ax + x into the linear form Y = mX + ς, stating X and ¥ in 
terms of x and y. Y is plotted against X and the graph has a gradient of 2.3 with 
intercept 0.5. Find the value of a and of ὃ. 


5 The following results were obtained experimentally for two variables x and y: 


FD? [2] [ =] 


It is believed that x and y are related by the equation y = ab‘. By drawing a straight line 
graph, verify this is confirmed by the given data, except for one point. Using your 
graph estimate the value of a and of b and calculate a more accurate value of y for the 
point which did not fit. 
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6 The variables x and y are related in such a way that when 4 is plotted against y, 


a straight line is obtained, passing through the points (1, 5) and (3, 11) (Fig. 16.9). 
Find y in terms of x. 


(3,11) 


(1,5) 


ο 
»" 
+ 


Fig. 16.9 


7 Itis believed that two variables u and v are related by the equation uv? = av + b, where 
a and b are constants. 
A set of values of u and ν was obtained, as in the following table: 


By plotting uv? against v, verify that these values satisfy the equation and find 
approximate values for a and b. 


8 Two variables x & ν are connected by the equation y = ayx + «δος Given the 


x 
following values of x and y, show how a straight line graph may be drawn 


Draw this graph and from it, estimate the value of a and of b. 


9 The following set of values of x δηᾷ y obtained in an experiment are thought to be 
connected by the equation 5 ξ- 2 - Ξ1. 


Explain how a straight line graph may be obtained and draw this graph for these 
values. From your graph, estimate the value of p and of q. 
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10 The following table gives a set of related values of x and y: 


x and y are known to be related by the equation χὖν = p + qx*. Convert this equation 
to linear form and draw a graph for the given values of x and y. Using the graph, find 
approximate values for p and q. 


SUMMARY 


@ Ify=ar,lgy=blgxt+lga 


gradient 
=b 


Linear form Y = bX + lg a 
where Y = lg y, X = Ig x. Xalgx 


Fig. 16.10 


Φ Ify=ab', lg y=x(lg b)+lga 


Linear form Y = (Ig b)x + Ig a 
gradient 


where Y = Ig y. “ὃ 


Fig. 16.11 


e Other relationships can also be converted to linear form, e.g. 


b 1 
¢+%= 1 gives Y=- χε ἃ where Y = }. =. 


᾿ 5 ae 
Χ ἘΣ where Y Ξ ---Ξ 


REVISION EXERCISE 16 (answers on page 640.) 


1 Corresponding values of x and y are showing in the following table: 


BIESEOEIE 
It is known that x and y are related by the equation y* = a + bx. Show that a linear 


equation can be derived from this and draw its graph for the above values. Hence 
estimate the value of a and of b and estimate the smallest possible value of x. 


379 


> Para eee 
24a) Fig 16 12 shows part of the staught line obtained by plotung y against . Two 
of the points on the line are given) Find y in terms of 4 


Fig. 16.12 
(b) Ig y is plotted against lg x and a straight line obtained, part of which is shown in 


Fig. 16.13. Two of the points on the line are given. Express y in terms of x. 
lgy 


Ig x 


Fig. 16.13 


(c) If variables x and y are connected by the equation ax* -- ν᾽ = bx (a and b constants) 
explain how the value of a and of b can be obtained from a straight line graph. 


3 Measured values of x and y are given in the following table. 


It is known that x and y are related by the equation ax* + by = x. 

Explain how a straight line graph may be drawn to represent the given equation and 
draw it for the given data. 

Use your graph to estimate the value of a and of b. (C) 
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4 (a) Itis known that the variables x and y are related by the equation y = rot where 
p and q are unknown constants. 


Express this equation in a form suitable for drawing a straight line graph, and 
state which variable should be used for each axis. Explain how the value of p and 
of q could be determined from this graph. 


(b) The table shows experimental values of two variables x and y. 


It is known that x and y are related by an equation of the form y = ax + 3 where 
a and b are unknown constants. Plot xy against x° and use the graph to estimate 
(i) the value of ὦ and of b, (ii) the value of y when x = 1,2. (C) 


5 (a) The table shows experimental values of two variables x and y: 


ris [20 [23] 30] 33 πο] 
[ua [2s [2a] 26 [29 [a 


It is known that x and y are related by the equation y = kx’, where Καὶ and n are 
constants. Draw a suitable straight line graph to represent the above data and use 
it to estimate k and μι. 

(b) The variables x and y are related in such a way that when x + y is plotted against 
x a straight line is obtained passing through (1, -1) and (5, 2) (Fig. 16.14). Find 
(i) the values of x when x + y = 5, (ii) y as a function of x, (iii) the values of 
x when y = 0. (C) 


Fig. 16.14 
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6 (a) The variables x and y are connected by the equation y = ax’ where a and b are 
constants. Fig. 16.15 shows the straight line graph obtained by plotting lg y 


against Ig x. 
Calculate the value of a and of b and hence find the value of y when x = 5. 
‘gy 
Fig. 16.15 


(Ὁ) The variables x and y are connected by the equation x + py = gxy, where p and q 
are unknown constants. Explain how the value of p and of g may be obtained 
from a suitable straight line graph. (C) 


7 It is predicted from theory that two variables P and T are related by the equation 
b 
P=a+t ὙΓ 3) ῳ 


The following values of P and T were found by experiment: 


1 
By plotting P against Va-3 , confirm that the equation is approximately true for 
these values. Use your graph to estimate the value of a and of b. 


8 (a) Variables x and y are known to be related by an equation of the form 
a(x + y — b) = bx*, where a and b are constants. Observed values of the two 
variables are shown in the following table. 


Plot x + y against °, draw the straight line graph and use it to estimate the value 
of a and of b. 


(b) Variables x and y are related by the equation = + ἐς = 1 where p and q are 
positive constants. P 


When the graph of γῇ against x? is drawn, a straight line is obtained. Given that 
the intercept on the y?-axis is 4.5 and that the gradient of the line is -0.18, 
calculate the value of p and of q. (C) 
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Calculus (4): 
Further 
Techniques: 
Trigonometric 
Functions 


So far we can differentiate single terms such as x°, polynomials such as 2x° — 3x + 4 and 
composite functions such as (2x° -- 1)*. 
We now extend the range of functions we can deal with. 


Fractional Indices 
; +1 
If y = ax’, then you will recall that & = nax*! and J x'dx = 2-5 +0. 


The rules for differentiation and integration still hold when the index n, is a rational 
number, i.e. a fraction. 


Example 1 
Differentiate (a) x3, (b) ae, (c) νι -- 2x -- 3 wrt x. 


- ᾿ ἐς: = ἘΠ χ-ὶ 
= (x -- Ι) -- 2χ -- 301 or ‘oe 
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Example 2 
᾽ δον 
Find (a) [xi dx, (b) [2x dx. 


(a) xo dx = cal 


αἱ 2 
F +C=>+4¢c= 3x3 +c 
Ἔν 3 


Check by differentiating. 


(b) f2x} de = [Ξ al 


$x 211 = 1683 


Integration of poe of the Linear Function ax + b 
If y = (ax + δ)", then Ὁ ΟΣ = (n+ la(ax + δ)". 


Hence | (n + 1)a(ax + by" dr = (ax + by" 


+t 
and so J (ax + by de = wee τὸ where n τὸ -ἰ 


This result only applies to a linear function ax + δ. The integration of powers of non- 
linear functions such as ax* + b cannot be done in this way and is outside our work. 


The case where n = --ἰ will be studied in Chapter 18. 


Example 3 

; dx ὡ 
Find (a) [{2χ -- 1} dx, (b) fas (ὦ [ἡ νῶχ -Ἰ ae. 
(a) Here a=2,b=-1 andn=3. 


So f 2x- 1 dr= SH 4 e= Lar-itte 


dv . Ι ΡΩΝ 
(b) J ὅτε} 5 short for J Gr+ay %= “Chay ἐς 


- 53x + 2y'+c 


i 
τ τε) T° 
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ω [{ὑπττα- fax) as 


lett 


2x3 


2 1 


1 
3 


<9!) - (fxr) 


-( 


Example 4 
Find the area bounded by the curve y = ws , the x-axis and the lines x = 2,x = 6. 


γ 


Fig.17.1 


As V2x - 3 is positive for x > 5 » y is real and positive in the area required. 


' 1:16 
Area =" (2x - 3)! = Esa 


1 
2x5 J, 


Example 5 


1 
The section of the curve y = Gal between the lines x = 2 and x = 9 is rotated about 
the x-axis through 360°. Find the volume of the solid created. 


You will recall that the volume of a solid of revolution = fry? dx, 
Here y = (x- ιν). 
So the volume = [inex - 3 dx 


Ξ ἔκ Ξ [amex - yf = Bn x 2) —(3nx 1) - 3π 


3 2 
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Example 6 


If y = 2V9 — x, what is the approximate change in y when x is increased from 2 to 


2.01? 


When x = k, dy = (2 : dx, where (2), is the value of ra when x = k. 


Here k = 2 and 5x = 0.01. 


y=209-x)! 50 ὋΣ =2x L9-¥)? (20 = -209 - 9}. 


Ba =A = 


-4 


+ 


Hence ὃν =~ Jz x 0.01 = -0.018 (y has decreased). 


Exercise 17.1 (Answers on page 640.) 


1 Differentiate wit x: 
(a) x? 
(ὦ 2x? - 21: 
φ ἢ 

2 Integrate wrt x: 
(4) x? 
(d) 3x 
(g) le 

3 Evaluate 


(a) if YF ax (b) Ε αἰἀχ ὦ [ αἴ ἀκ (ὦ f via © f" τὰ 


4 Integrate wrt x: 
(a) (ὦ --3}} 


(d) Vx -3 
(s) Te 3 


(j) Gx + 2) 
(m) ¥4x - 1 

5 Find the values of 
(a) [χε 1) ἀν 


© {ὦ - IF ax 


() J; Gx-4 dx 


(b) 4Vx (c) V4x-3 
(ὦ) VP - 6x2 (f) 2x? 
(h) V4.3 - 3 ὦ Vi-2x4 4% 
(0) x : (c) 3 - Pa] 
(e) a i (ἢ Sx? 
(h) $x ὦ =F 
ΜΡ 


dx 


(b) (2x + 5)" (c) (@-2)7 

eat. (ἢ 2x43)! 
3 : 1 

(h) (3 - 4x) ὦ >= 

(k) (4x—-1)3 (l) Qx-5)? 

(n) (1 - 2x)? 


5 
(b) J V3xe1 de 
(d) [τ ax 
(ὃ Γ χεβα 
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2 
(h) [ὦ --2)' de 
' 
6 Calculate the area bounded by the curve y = (3x — 1)-?, the x-axis and the lines x = 1, 
x=3. 
7 The part of the curve y = sy between x = 2 and x = 3 is rotated about the x-axis 
through 360°. Find the volume of the solid of revolution. 
8 If y =3 Vx, find the approximate change in y when x is increased from 4 to 4.01. 


9 Given that y =3 V9 +22, find the change in y approximately when x is decreased from 
4 to 3.99, 


10 Given that T=9r' and that ris increased from 8 to 8.01, find the approximate change 
in T. 


ll IfP= ki , where & is a constant, find the approximate percentage change in P if v is 
increased by 3% when it is 5. 


12 If V= 10x ᾿ find the approximate change in V when x is decreased from 4 to 3.998. 


Differentiation of the Product of Two Functions 

y = (3x -- 1) 3 + 5)? is a product of two functions of x, (3x — 1)" and (x? + 5), Each of 
these can be differentiated but how can we find ΗΝ ? As we shall see, the result is NOT 
the product of their derivatives. 

Let y = uv where μ and v are each functions of x. 

Suppose x has an increment &x. This will produce increments Su in u and Sv in v and 
finally produce an increment dy in y. 

So y + By = (u + Su)(v + Sv) = uv + μδν + vdu + (δι)(δν) 

Then dy = = + vdu + (5u)(5v) 

and 2 =u +y δε + & 8 

Now let &x -- 0. Consequently du — 0, bv 30, @ > HB > © and 2 +. 


dy du 
So, as & > 0, 2 ug ἀνέ. 


Hence we have the product rule for y = uv: 


where u and v are functions of x. 


As the result is symmetrical in u and v, it does not matter which function is chosen as 
u or v. 


Example 7 
Differentiate (3x — 2)(x° +4) wrt x. 
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Take u = 3χ --2,ν Ξ- χ' τ 4. 
ἀ d 
ἔτι 53. ἘΞ = 3% 
Then ® aut αν ὦ 
= (3x -- 2) x 3x τῷ τ4)Χ3 
= 9x -- 6 + 3x τ 12 = 128 -- 6 + ὄ 12 


Example 8 

Differentiate (2x — 1) wrt x. 

Take u = x, v = (2x -- 1)". 

B = 8x 42 - 1P Χ2Ὲ(Ὰ - 1) x 3. 
Τ᾽ eo πο 


du 


u dy v ΞΞ 
a dx 


In this example, we simplify as far as possible and leave the result in factor form. 
Ὧν = (2x - 1) [x x8 + ἃ - 3] 


= αἴ -- 1)°(14x -- 3) 


Example 9 

Differentiate (3x -- 1} (x + 5} wrt x. 

ὍΣ - (3x — 1) x 203: 5) x We τ (x? + 5} x 33x - 1)? x3 
= (3x — 1), + 5)[(3x -- 1) x 4x + 2? + 5) x 9] 
= (3x — 1)? + 5)120 -- 4x + 92? + 45) 
= (3x — 1)°(2 + 5)(212? - 4x + 45) 


Exercise 17.2 (Answers on page 641.) 


1 Differentiate each of the following products wrt x. Leave the answers in simplified 
factor form. 


(a) x(x - 2)} (b) 262 - 1) (Ὁ αττ 6 - ἢ 

(d) ἃ τ 1} -- 2)" (ὁ) χ( -- 2): (Ὁ d-x'*3-x) 

(g) #2 -x- 1) (h) χ (2 - 3) (i) (3x -- 2222 - 1) 
@ G+ 1(2x- 1) (k) ὑχοῦ - 1? () x(¥x- 1)? 

(m) 2x(1 — 2x)5 (n) Vx—1(x + 1) (0) αἴ --α -- 24 + 1% 


(p) (3x - 1)°(2x + 3° 


2 Find the equation of the tangent to the curve y = (x + 1)(x — 2)" at the point where 
x=1, 


389 


ἀμ ἂν 
(b) u=X+l,ver-x-1, ἃς =2y GQ =2-1 
dy οἷ-α- 2. - αὐ + DQ-D) 
dr 


= αὐ -α- 1) 
_ 20 -2χ --ὰι - 2 -2Ζ.εχ 4] -αἰ- χε! 
- Ὁ--- 1} ~ αἷ-α-|} 


Π i 
(c) u=x,v=(x+ 1), # =], & = 441? 
ξ ' -} Lox ἢ 
dy _ (x + 1)? ()=x5 + 1? = (x+ 2-54 ly? 
(τὶ (+ 27 xt 


To simplify this, multiply the numerator and denominator by 2(x + 1)}. 


dy 2(χ τ 1) τα = 212 
2χ τ Ix + ἢὲ 2α «- 1)3 


Example 11 
2 
Ify= 307 » Show that “ = rez: 


Hence or otherwise find f Ἶ δ: : 
fi 


dy _ Gx+2Xi)-x3) _ 2 
ἀ ΤΠ (ax + 2)} ~ χε} 


Hence means that we should use the above result and notice that 
Sate = ame 
isa] ὦ 
= (i) - ἢ = 3 


Otherwise means that another method can be used. We must notice that it is the 
integral of a linear function. 


3 
J Gx + 2)? dx = [Se32"]" 
-[xctal ὦ 
=(-3)-Cis) = % 
Note: The two integrals (i) and (ii) look different but they only differ by a constant. 
Marea) = 3 ᾿Ξ 352) = GC - ea) = ὁ - πότε: 


The constant é disappears when the limits are substituted. 
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Exercise 17.3 (Answers on page 641.) 


1 Differentiate wrt x, simplifying where possible: 


@) τ ὦ) ἐξ: O i 
@ 3 © =+2 (9) ὅπ! 
Θ τ Ξ ῳ τὸς ὦ -ἶν 
o 5 ® τῶ M 55 
(m) ἦτ m) 35 


2 Ify= τῦτ, find 2 and £2. Hence show that (1 +x)$% +2$ =0. 


5 
3 Ify= Te Τ᾿ Show that ¢ - Tea Hence or otherwise find J ae 
P x dy 
4 Given that y= 33, find τς. 


2 
. dx 
Hence or otherwise evaluate [ aed 


5 Ify= ὙΠ ΣΤ. find 2. (Take y= 2% ) 


de 


! δ. 
x?(x+ 1)? 


| 


« 
Hence evaluate | ‘ 


6 Differentiate ἘΞΞ wrt x. Hence fi nd [᾿ 


7 Find & ify = Vth 


8 Find the values of x which give stationary points on the curve 


(2 4+3)3 ° 


x 

a 

9 (a) Given that " = £*+¢ and that Σ = -4 when x = 3, find the value of a. 
(b) If f 


= oT = :, where bi is a constant, find the value of k. 


d 
10 If y= = fing ἐπ 


Hence find the x-coordinate of the stationary point on the curve. 


Differentiation of Implicit Functions 


All the functions we have met so far have been in the form y = f(x) i.e. they have been 
explicit functions. y has been given directly in terms of x. A function may however be 
stated implicitly, as for example χ᾽ + ν᾿ = 3.xy, where it would be difficult to make y the 
subject. Using the product rule we can differentiate such functions and then find τ . 
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Using a calculator, the following values of sin x and x were obtained: 


x (radians) sin x 

0.2 0.198669 
0.1 0.09983 
0.05 0.049979 
0.01 0.0099998 
0.001 0.0009999 


This shows that when x is small, sin x = x. It would suggest that lim St = 1. Here is a 
simple proof of this. 

In Fig. 17.2, OAB is a sector of a circle centre O, radius r and angle x radians. AC is 
perpendicular to OA. Then AC = r tan x. 


rtan x 


Fig. 17.2 


Area of AAOB < area of sector AOB < area of AAOC, 
i.e. ἐμ sinx < brex < ip tan x 
Hence sin x < x < tan x. 


+. eas : x 1 
Dividing by sinx, 1 ὩΣ < Hex: 


Now as x --Ὁ 0, cos x 1 and =; = 1. 


The left hand term is fixed at 1 and the right hand term — |. Hence the middle term must 

— 1. Therefore lim τὸς =1. 
ΕΟ 

In a more convenient form, 


Note: For this result to be valid, x must be in radians. 
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Example 15 

Differentiate (a) sin 3x, (δ) sin(ax +b), (c) sin? x, (d) sin’(3x - 2). 

(a) y=sin 3x 
We treat this as a composite function, i.e. y = sin u where u = 3x. 
Ὁ = cos u and rr Ξ 3. 


am ¢ x “ =cos ux 3 Ξ 3 cos 3x. 
Note that the function sin is differentiated first to give cos, then the angle 3x is 
differentiated to give 3. 


y = sin(ax + b) 

Taking y = sin u where u = ax + ὃ, 

yo , Me = cos u X a =a cos(ax + b) 
Note this result for future use: 

¢ sin(ax + b) = a cos(ax + b) 

First differentiate the function, then the angle. 


y = sin? x 
Treat this as a power of the function sin x. 
Take y = u? where u = sin u. 


First differentiate as a power, *.e. , then differentiate the function sin, i.e. du > 


2 sin x x cos x = 2 sin x cos x 


differentiate differentiate 
sin* x to get sin x to get 
2 sin x cos x 


(The result could also be written as sin 2x). 


y = sin’ (3x -- 2) 
First differentiate as a power, then differentiate sin, then the angle. 


ee = 3 sin?(3x — 2) x cos(3x — 2) x 3 


differentiate sin* differentiate sin differentiate 
to get 3 sin? to get cos 3x -- 2 to get 3 


γ power first 
The sequence is sin'(3x — 2) 


function second variable last 


Hence i = 9 sin?(3x — 2) cos(3x — 2) 
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Example 16 

Differentiate sin x° wrt x. 

We must first convert the angle to radians. 
x° = ἐξ radians 

If y= sin 7gp. then 

τ =COS Tap Χ τῆσ OF τῇο COS 2°. 


Note that the result is NOT cos x°. All formulae in calculus for trigonometrical 
functions are only true for radian measure. Angles in degrees must be converted to 
radians. 


Example 17 
Differentiate (a) x sin x, (b) VI - sin x wrt x. 
(8) This is a product of x and sin x. 

If y =x sin x, then = =x cos x + sin x. 


(b) Ify=(1-sina)!, & = (1 sin x)! x (os x) 


πρὸς x 
~ 2Ni=sinx 


Example 18 
Find the values of x for 0 < x < mwhich satisfy the equation a (x — sin 2x) = sin’ x. 


& (x—sin 2x) = 1 -- 2 cos 2x = 1 -- 2(1 -- 2 sin? x) = 4 sin? x-1 


I 
4 sin? = sin? ἡ = = 
Hence 4 sin? x — 1 = sin’ x or sin x = + [3° 


Solving this equation, x = 0.62 or 2.52 radians (x < m = 3.14). 
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Example 23 
Differentiate wrt x (a) x tan 2x, (b) sin x tan x. 


(a) If y =x tan 2x, Ἕ =x sec? 2x x 2 + tan 2x 
= 2x sec? 2x + tan 2x. 


(Ὁ) If y = sin x tan x, & = sin x sec? x + tan x cos x 
= sin x sec? x + sin x 
= (sin x)(sec? x + 1) 


Exercise 17.6 (Answers on page 642.) 


1 Differentiate wrt x: 


(a) sin 3x (b) sin 5 (c) cos 5 
(d) tan 3x (e) cosec x (ἢ x sinx 
(g) αὐ sin 2x (h) cos(2x? — 1) ὦ sin(¥ -x) 
(j) tan Ξ (k) xsinx+cosx () ans 
(m) cos* 2x (n) x cos x — sin 2x (o) sin 3x cos 2x 
(p) V4 + sin? 2x (q) cos*(1 -- 32x°) (Ὁ Vtan 2x 

2 Differentiate wrt x: 
(a) cos 3x (b) sin 3 (c) cos(2x* -- 1) 
(4) sin® 2x (e) tan(¥ - 2) (Ὁ sin 5 cos 2x 

1 -- sin x x ? 

(2) Tosinx (h) 27 tan 5 (Ὁ cos αἢ 


(j) χίοος 2χ -- sin x) 

3 If y=sin 2x, find 2 and 2, and show that £2 ἀν τ- 0. 

4 If y =x sin 2x, find the value of ᾧ when x = Ξ. 

5 Given y = A cos 2x + B sin 2x, where A and B are constants, show that oa +4y=0. 
If also y = 3 when x = % and 2 = 4 when x= 0, find the value of A and of B. 

6 If y = cos θ τ 2 sin 6, find the values of θ (0 < 6 < 27) for which a =0. 

7 Find 5: if y = (sin x + cos 20)". 

8 Solve the equation ¢ (x + sin 2x) = 2 ἰογῦ «χ «π. 


sin x 
1 + cos x 


: 
Σ dx 
wrt x and hence find es Tex: 


9 Differentiate 
10 (a) Show that if y = 2 sin x -- cos x, then “ = 0 when tan x = -2. 
Hence find the values of x (0 <x < 2m) where y has stationary values. 


(b) Find the value of x (0 < x < 2m) for which y = 
the maximum and minimum values of y. 


ροῦχα ; Η 
μετ 8 stationary. Hence find 


11 Find the equations of the tangents to the curve y = sin χα where x = 0 ἀπά x= π᾿ 


12 Find the equation of the tangent to the curve y = cos x where x = 
Integration of Trigonometric Functions 
If y = sin(ax + δ), then Φ =a cos(ax + b). 


Therefore J cos(ar + δ) dx = Η sinjax +b) ες 
If y = cos(ax + δ), then Ξ -α sin(ax + b). 
Therefore f sin(ax + δ) dr = ~+ cos(ax + δ) +c 


a 


If y = tan(ax + δ). then i =a sec*(ax + δ). 


Therefore f sec"(ax + δ) dx = ὦ tan(ax +b) Ἐς 


For all these results, x must be in radians. 


ξ 
3 


Example 24 
Integrate (a) J sin 3x dx , (δ) [ cos ; dx. 


(a) J sin 3x ax = et +e=-4 cos 3x+¢ 


ΤΟΣ 
sin 5 

(b) Jcos ὁ dx = τ΄ +c=2sin δες 

2 


Example 25 


Find the area of the shaded region in Fig.17.4 between the part OA of the curve 
y = sin x and the line OA, where O is the origin and A is the point (3, 1). 


Fig. 17.4 
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7 


The shaded area is the area under the curve minus the area of AOBA where AB is 
perpendicular to x-axis. 


Area = J} sinx dx- 5 Χ 5 ΧΙ 


ala NI 


s 
= [ -cos x ]? - 
0 


= (-cos 3) -- (cos 0) -- | ΞῸ - 1) - ἢ ΞῚ -- § units? 


Example 26 
Find f sin? x dx. 


We cannot find [ sin? x dx directly as it is not in the form sin(ax + δ). 
We use the formula cos 2x = 1 -- 2 sin? x to convert it to a suitable form. 


Then J sin? x dx =f oe ay 


=J(4- 938) oe § 


The same method is used to find f cos? x dr. 


Example 27 


Sketch the curve y = 1 + cos x for 0 <x < π᾿ This curve is rotated about the x-axis 
through 21 radians. Find the volume created in terms of π. 


Fig. 17.5 shows the curve, which is y = cos x moved up 1 unit. 


x 
The volume = [ πί] + cos x)? dx 
= 
=m J (1+ 2.cos.x + cost x) ἀν 
x 
=xJ (3 +2cosx+ ἢ cos 2x) dx 
= 3 ' pri, Pai 
=n [Ξ +2sinx + 3 sin 2x]. 


. 2 Σ ms 
+2sinn+ 1 sin 2n) - πί0) = ἐπ units? 


Exercise 17.7 (Answers on page 642.) 


1 Integrate wrt x: 


(a) sin 2x (b) cos 4x (c) sin 2 
(d) 3 sin 3x (e) sec? 3x (f) cos 2x —-sin x 
(g) sin x + cos x (h) cos? 5 (i) cos 5x 
(j) sin(j -x) (k) sec? 5 (Ὁ cos 2x- sin x 
(m) (cos x — sin x)? (n) 2sinx+ 5 sin 2x 
2 Evaluate 
(a) : cos x dx (Ὁ) " sin x dx 
3 > 5 car? 
(c) Ι sin? x dv (d) J; sec? x dx 
(e) [ (sin 2x — cos x) dr (f) fi (cos x + sin x)? dx 
; : 
(g) 5; sin 2 dv (h) j sin 3x dx 
Ε: ® x . - κ ᾿ 
(i) i cos 5 dx (j) ᾿ cos 2x dx 


(k) ji cos? x dx 
0 
31 = 4 + 4 cos 20, find y if y = 1 when @ = 5. 


4 Find (a) the area of the region enclosed by the curve y = sin x and the x-axis from 
x = 0 to χ Ξ and (b) the volume created if this region is rotated about the x-axis. 


5 Differentiate ais wrt x. Hence find the area of the region under the curve 


sin x π 
Y= Treosw between x =O and x= 5. 


405 


6 The region bounded by the x-axis and the part of the curve y = 2 sin x between x = 0 
and x = 1 is rotated about the x-axis through 360°. Find the volume of the solid 
generated. 


7 Sketch the curves y = cos x and y = sin x forO<sx< 5. 


Find (a) the value of x where the curves intersect, (b) the area of the region bounded 
by the two curves and the x-axis. (c) If this region is rotated about the x-axis through 
360°, find the volume of the solid created. 


8 Find the area of the region enclosed by the x-axis, the y-axis, the curve y = cos x and 
the line x = Ξ, If this region is rotated about the x-axis through 360°, find the volume 
created. 


9 Using an identity for cos 4x, find J cos? 2x dx. 


10 Sketch the curves y = cos x and y = sin 2x forO S$ x< 5. Find 
(a) the value of x where the curves intersect (apart from x = 3 ) and 
(b) the area of the region enclosed by the two curves and the x-axis. 


11 (a) Show that ee = sec? x— 1. 
ἢ 1-cos 2x 
(b) Hence find the value of > Vrcos 2x dx. 


12 By writing 3x as 2x + x, show that cos 3x = 4 cos’ x -- 3 cos x. 


᾿ 
Hence evaluate i cos? x dx. 


SUMMARY 
ὁ f (ac+ by dr= SO 5 cin e-1) 


Φ Product rule: If y= uy, Fa = vie + ut 
dy. vee 
© Quotient rule: If y=, 4, = τς - ας 


ν 


Φ For x in radians, a and b constants: 


1 sin(ax + δ) Ἐς 


sin(ax + b) = a cos(ax + b), j cos(ax + b) dx = = 


cos(ax + b) = —a sin(ax + b), [ sin(ax + b) dx = — 1 cos(ax + b) +¢ 


Fle Fle Fle 


tan(ax + δ) = a sec*(ax + δ), f sec(ax + δ) dx = + tan(ax + δ) Ἐς 


© To integrate sin? x or cos? x, use the identity for cos 2v. 
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a 


14 If r=aV1 —cos 9, show that rf = Vo cos 2 


15 (a) Given that y = sin* x cos 2x, find the values of x (0 <x < πὴ for which i = 0. 
(b) Find the values of x (0 <x < 2m) for which y = besos is stationary. State the 
maximum and minimum values of y. ᾿ ᾿ 


16 If y = sin 20, find the approximate change in y when @ is increased from ξ to 
π 
Ἐ +0.01. 


17 Show that the function 7 is always decreasing for x > 1. 


18 Find ¢ in terms of x and y if 2xy? + y + 2x = 8. Hence find the gradient of the curve 
at the points where x = 1. 


19 If y =a sin 2x, where a is a constant, satisfies the equation a + 8y Ξ 4 sin 2x, find 
the value of a. 


20 Given that r°(1 + cos 8) = k, where & is a constant, show that ra = 2 tan 


NID 


B 
de 
21 Solve the equation [ sin 4 dt =0 forOs x < 2π. 


22 Find τ for each of the functions xy =a and y = VK +2 where a and k are constants. 


Hence show that the tangents at the point of intersection of the curves are per- 
pendicular. 


23 A particle moves in a straight line and its distance s from a fixed point O of the line 
at time fis given by s = 4 sin 21. 
(a) Show that its velocity v and its acceleration a at time rf are given by 
v = 2V16—s? and a=-—4s. 
(b) Find the greatest distance from O reached by the particle. 


24 Atacertain port the height A metres of the tide above the low water level is given by 
h = 2(1 + cos 0) where 6 = ria and ¢ is the time in minutes after high tide. 
(a) What length of time is there between high and low tide? 
(b) At what rate is the tide falling, in metres per minute, 75 minutes after high tide? 
(c) A bridge is 10 metres above the low water level. A boat can only sail under this 
bridge when the distance between the water and the bridge is not less than 
7 metres. How long after high tide will it be before the boat can sail under the 
bridge? 
25 (a) Differentiate cot θ wrt 0. 
(b) A cone has a base radius r and a semi-vertical angle 6. Show that its volume 
V= inp cot 8. 
(c) ris fixed but θ is measured as 45° with an error of 4%. Find the percentage error 
in the calculated value of V. 
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Calculus (5) : 


Θ᾽ and In x 


The function 4 cannot be integrated by the usual rule. So if this function is to have an 
integral it cannot be an algebraic one but some other type of function. The story of its 
discovery is beyond our work but we can start with the origin of an important number in 
the story. 


This comes from asking what happens to the value of (1 + ty as f > 00 i.e. what is the 
value (if any) of lim (ι + 1}} 

We shall not be able to prove what this limit is but the following set of values made 
by a calculator will suggest an answer. 


t (I+ 1)! 
100 (1.01)' = 2.7048 
1000 (1.001)'® = 2.7169 
10 000 (1.0001)!° = 2.71815 
100 000 (1.00001)' = 2.71827 
1 000 000 (1.000001)! 0° = 2,71828 
10 000 000 (1.000000 1 )'°% © = 2.71828 


As x increases, it appears that (1 + ty tends to a value which is approximately 2.71828. 
This is true and we denote this limit by the letter e. Like πὶ e is an irrational number. 
Its importance is that it is taken as the base of natural logarithms, i.e. log, x (written as 
In x.) 


If y =log x =Inx thene =x 
If y =e then Iny =x 


Similar to other logarithms, In 1 = 0, In e = | and if 0 <x < 1, In x is negative. If 
x $0, In x is undefined. 

So for example, if y = e*** then In y = 2x + 3; if y = 2e* then In y = In 2 + Ine* = 
In 2 + 3x. 

We shall now see why such a strange number is chosen as a base for logarithms. 
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τς In x 

dx 

Take y = In x and let x have an increment dx. Consequently, y has an increment dy. 
Then y + dy = In(x + x) and dy = In(x + x) - In x= in(2+2), 

Hence = = x In(2+8) = in(1 + 3.11 


i 
t 


HIS 


To make use of the above limit, write & == so z = 


by ιγ: 1 Ly 
Then 2 =In(1++)*= + in(t++). 
Now let dx —> 0. Consequently, ὃν > 0, a - ὩΣ | t > 0 and (1 +t) se. 


. ἂν 
Using these, we have Ts = 1 Ine=+ as Ine = log. e = 1. 


This is a very important and simple result. It is the basis of the work in this chapter and 
shows why e is taken as the base of natural logarithms. 
Now using the rule for a composite function, we can differentiate In f(x). 


ar In f(x) 
Suppose y = In f(x). 
Take u = f(x) and so y = In u. 


1 and $f = ὁ τῶ =f) 


BIS SS 


Example 1 


Differentiate wrt x (a) In(ax +b), (b) In(x? -- 3x +1), (c) In sin 3x, (d) xe Inx, (ὁ) me 


(a) Here f(x) = ax + b. 


& Infax + δ) = 545 asf(x)= 2 (αχ τ δ) =a. 
ὦ) ἃ In? -3x+ 1) = S24) (as ΓΟ) = 2x-3) 
(c) a In sin 3x = Aeon = 3 cot 3x 
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Exercise 18.1 (Answers on page 643.) 
1 Differentiate the following wrt x and simplify where possible: 


(a) In 5x (Ὁ) In 2 (c) In(3x- 1) 

(d) In(sin x) (e) In(x + tan x) (Ὁ In(cos 2x) 

(8) In(cos? x) (h) In(sin 3) ὦ In(2? - 4x - 1) 
@) inV2x-5 (k) In(3=) @) xinx 

(m) ae (n) In(x cos x) (0) cos(In x) 

(p) In x In 3x (q) αὐ τ 1)In@ - 1) (Ὁ (nx? 

(5) In(cos 3x) (Ὁ (x-1) In 2x (u) In (x + sin x) 
(v) In(x + 3)(2x - 1) (w) In (4=4) 


2 If y = πὰ + 1)(x- 2), show that ἋΣ = τις 
3 If y = In(3x + 1)(2x— 1), find and simplify 2. 
4 Given that y = In(2>2), find % in its simplest form. 


χεὶ 


5 Fig. 18.2 shows parts of two straight lines obtained by plotting In y against x for two 
different functions. Each has two points marked. Find for each function, (a) y in terms 
of x, (b) the value of x when y = 1. 


Fig, 18.2 


6 State how the functions (a) y = εὐ and (Ὁ) y = 3e~ can each be represented by a 
straight line graph and give the equation of each line. 


7 On graph paper, draw the graph of y = e* for 0 < x Ξ 2. By adding a suitable straight 
line, find an approximate solution to the equation e* + x = 5. 


8 Given that e* = e*°*" and that In(3x + 4y) = 2 In 5, form two simultaneous equations 
and hence find the value of x and of y. 
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9 Differentiate In(x -- sin x). Hence find the gradient on the curve y = In(x -- sin x) where 


x=T. 
10 Differentiate τ Sina z - Hence show that a Inj st = —COSsee x, 
11 Differentiate —S°*— . Hence show that Ὁ inp. =-sec x. 
cee 
dx 
If y = εἰ, then In y = x. Differentiating both sides wrt x, ἢ " Ξ: 150 “ =y=e. 
Hence + exe! 


This result makes e* a unique function. It is the only function whose derivative is itself. 
The gradient at a point on the curve y = e* equals the value of y at that point. (This was 
suggested in Question 3 of Exercise 15.3). 


a 
dx 
We can also differentiate composite functions of the type οἰ, 
If y = e™ and u = f(x), then y = ε". 


at 


7 ; 
d di 
Hence = = FM x “ =e" f(x) = fe. 


a fio — “Δοϑδα) 
ἂς εἰ = fe 


Example 4 


Differentiate (a) εἶ", (b) εἰ Ἐς (c) χε δ, wrt x. 
d(3x -- 2) =3 
dx 


(a) 955 = 3e* ἃς 
(b) é esin 2k = (2 cos 2x) ef 2 


(c) y=xe™ is a product. 
Ὁ se + x(-2e%) = e%(1 - 2x) 
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Example 5 


Find the coordinates of the point of intersection of the curves y = εἶδ] and y = εὐ" and 
the gradient of each curve at that point. 

At the point of intersection, e*~! = e?* so 2x -- 1 = 2 — x and x = 1. The coordinates of 
the point are (1,6). 

For y=e?™"', % = 2e*™'! = 2e when x = I. 


For y =e", Ξ Ξ -e?* = -e when x= I. 


Exercise 18.2 (Answers on page 643.) 


1 Differentiate wrt x: 


(a) e* (Ὁ) εἶ" (c) εἶ" 

(4) e* : (6) em (ἢ xe" 

(g) (2x-4)e? (h) ew" (i) eet 

(Ὁ e*sinx [9 est [0 oa 

(m) xe (n) εἰ - α" (0) e*(cos x -- sin x) 
(p) Gx + 2)e* ( e*Inx ὦ = 

® τι ὦ εἶ cos 2x ῳ & 

(v) xe (νὴ) (' - εἰ 


2 Find the coordinates of the point where the curves y = οἷ and y = e** meet and the 
gradient of each curve at that point. 


3 Find the range of values of x for which (x — 3)e** is increasing. 

4 If y=xe™ find a and we Hence find the value of x for which y has a stationary point 
and state the nature of that point. 

5 Given that y = χοῦ, find the values of x for which y is stationary. 


6 If y = (αὖ — 3)e", find the values of x where y is stationary and the nature of these 
points. 


7 If y=e' cos x, find : and oy Use these to find the values of x (0 « χ < 2m) where 
y has stationary points and state the nature of these points. 


ind 2 © for y = i 
8 Find ἂς and rm for y = e"(cos x + sin x). 


Hence find the values of x (0 < x < 2) where y is stationary and the nature of the 
stationary points. 


9 Given that y = e* sin x, prove that 2 2% + 2y=0. 
de de 
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10 Find the gradient on the curve y = e** cos x where x = 0. 
11 If y = αὐ, show that In y = x In ἃ and hence find ΕΝ 
12 τ (311) = © find fin. 


j 1 ax+b 
Integration of arcu ande 


We can now find an answer for [ 1 dx 


We know that Inx= 4 so ft dv=inxte. 


However we must be careful. If x < 0, In x is undefined. We can guard against this by 
writing 
fiaetn|x| +c 


This is justified as shown in Fig. 18.3 which shows the two branches of the curve y = i. 


Fig. 18.3 


The area A = Γ Η dx = [in x]° which is undefined. 
By symmetry aoe area A = area B = [in x] = [In |x ΠΤ 


Further, since 2 In(ax + b) = re 77 


1 
then ats =; Injav+b|+c 
As ἃ ewrh = get, 
then j emhdr= ΠΣ : 


Note: These results only apply to the linear function ax + b. 
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Example 6 
Find (a) f (3x 2} ds, (5) Γ΄ 795, , (ὦ fe de. 
(a) {τ|τὰ- fin |3x-2|+c 


1 dx 1 - 
Γ᾿ τὸς Ξ[- ξη12- 3.}}΄ 
1 
= (-$misi)-C4 mis) 
1 1 νι.» ἃ 
Ξ - 3 InS+ 3In8= τ In ς Ξθ.16 
Such results however are usually left in terms of In. 


3 3 

ee Pan ee 

(c) J, οὔ dx [-e 7 
= (-e') -- (-εὴ =-e' Ἐ1ΞῚ -t. 


Example 7 


Find the area of the region enclosed by the curve y = ΓΝ the x-axis and the lines 
xal,x=3, 


3 
Area =f 1 dx = [in |x|] =In3-In 1 =In3 units? 


Example 8 


The part of the curve y = as between x = -3 and x τ --ἰ is rotated about the x-axis 
through 360°. Find the volume of the solid created. 


Volume = i tty? dx = nf sk dx 


=x([-In|2-x|]" = (In [30 -- πξ In| 5|) =m In § units? 


Example 9 


The region enclosed by the curves y = e* and y = e* and the lines x = 1, x = 2, is 
rotated about the x-axis through 360°. Find, in terms of e, the volume of the solid 
formed. 


Volume = “ἢ [(e*Y - (6 dx 
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2 2 
-πὶ (ete) ἀκ - [te sex] 


=1 £-$)-n £_¢ = F(e* - 3e* + 2c) 


= Ξε (e® — 3e? + 2) units? 


Exercise 18.3 (Answers on page 643.) 


1 Find 
(a) J ede (b) f e* dx (c) [ἃ 
@ J ats © face (9) [{-}" ἀκ 
ῳ J ttt ax th) f (e+ 4) ax ὦ femda 
Φ Serax ῳ J x85 ῳ fa 
2 Evaluate the following, giving the result in terms of e: 
(a) fe ar (b) f° εἰ ἀ ©) fi erax 
(d) f uel ἀς (e) f2 ee ry [ “πὰ 
(g) f. ei dx (h) i εἴ: dx 
3 Express the following in terms of In: 
ῳ [τς o f τς 
@ J) @-ay'ax ΘΓ ᾿ τῆς ῶ f 1 dx 
@fG-y'd wf τίς ὦ 11: τὸς 
4 Show that a - a = 3744 - Hence evaluate fi a. 
5 Show that εἰς - oh = sols and hence evaluate f° i. 


6 P is a function of ¢ such that ¢ =e and P = 3 when ὦ = 0. Find P in terms of ¢. 


7 Calculate the area of the region enclosed by the curves y = e* and y = e* and the line 
χει. 


8 Find [ “++ dx. 
1 
9 The part of the curve y= γος between x= | and x = 3 is rotated about the x-axis 
through 360°. Find the volume formed. 
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10 (a) The gradient of a curve is given by ΕἾ = e* and it passes through the point 
(0, 3) . Find the equation of the curve. 


(b) Find the area of the region enclosed by the curve, the x-axis and the lines x = 0 
and x= 1. 


11 (a) Sketch the curves y = e* and y = In x. 
(Ὁ) Differentiate x In x -- x wrt x and hence find [ In x dx. 
(c) Hence find the area of the region enclosed by these curves, the x-axis, the y-axis 
and the line x = 2. 


12 (a) Find the equation of the tangent to the curve y = In x at the point where x = 1. 
(b) Find the area between this tangent, the curve and the line x = 2. (Use the result 
of Question 11(b).) 


SUMMARY 


@ Inx=log, x; e = 2.7183 
If y=Inx,x =e ify=e", Iny=axr+b 
ΓΙ Inx=+ ra 

ἃ In f(x) = τὰ a ef = f(xe™ 


dv 
= =In|x|+c 


e=e' 


a0 


aay 1 Injax+bl+e 


ὁ fedr=ere J em drat em ac 


(ax + by"*! 
a(n +1) 


Note: [ (ax + by" dx = +c for all values of n except n =—-1. 


REVISION EXERCISE 18 (Answers on page 643.) 


A 
1 Evaluate 
1 2 z 
(a) ᾿ e dx (b) J ay (c) ἢ ΕἿΣ dx 
(d) fe dt (k is a constant) (e) i; ec dr (f) Γ fs 


1 
@) J &a 
2 Find the gradient of the curve y = In(x + sin 2x) where x = 5. 


3 Sketch the curve y = e* for x > Ὁ and find the area of the region enclosed by the curve, 
the y-axis, the x-axis and the line x = 1. 
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Parametric 
Equations 


In previous work, the equations of curves have been expressed in Cartesian form, i.e. as 
a relation between the coordinates x and y. Another method of stating the equation of a 
curve is to use a third variable, called a parameter. x and y are then each expressed in 
terms of this parameter. The equation of the curve is now given by two parametric 
equations. For example, the parametric equations of a curve could be x = 21, y = ? where 
t is the parameter. This seems to be a more complicated way of describing a curve (two 
equations instead of one) but for many curves it can be more convenient . 

The parameter can be any suitable variable such as a number, an angle, a length etc. 
[τ must however satisfy two conditions: 
(1) each point on the curve must be related to a unique value of the parameter; 
(2) each value of the parameter must give the coordinates of only one point of the curve. 


The Cartesian equation of the curve is found by eliminating the parameter between the 
parametric equations. 


Example 1 


The parametric equations of a curve are x = 2t, y = τ΄, Sketch the curve and find its 
Cartesian equation. 


As y =P, y is never negative. Also the curve is symmetrical about the y-axis. 


t =0 gives the point (0,0), ¢= 1 gives the point (2,1), t=—2 gives the point (-4,4) and 


so on. 
If ¢> 0, x > 0 and x and y both increase as 1 increases. 


If r< 0, x «Ὁ. As ¢ decreases, x decreases but y increases. 
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As ¢ takes values from --οὸ to +e, the point (x,y) moves along the curve as shown in 
Fig.19.1. 


y 


If x= 20, ¢= 3. 
Then y=" =(3) and 4y = x. 
The curve is a parabola. 


Example 2 
t 


ὲ . fe . . ᾿ 
The parametric equations of a curve are x = στ ,Υ = Ττι- Find its Cartesian 
equation. 


We find ¢ in terms of x and y first. 


If x= 745, then (1+ χει 


Ify= Tez then (1+ ny =F 
¥ 


Divide (ii) by (1). Then τ Ξ ¢. Now substitute in (1). 
(1 + t)x= Σ which gives x+y= Σ or +ay=y. 


This could also be written as y = jue 


Example 3 


Find the Cartesian equations of the curves, given by (a) x = sec θ τ 2, y = 3 tan 8, 
(δ) x = 3 sin 8, y = 2 cos 20. 


(a) To eliminate the parameter 0, we use the identity sec? θ = 1 + tan? θ. 
So rearranging and squaring the two parametric equations, we have 
(x -- 2)? = sec? 6 


= tan? 6 


Subtracting, we get 
(-27-(2) =1 
which reduces to 9x° — y? — 36x + 27 = 0. 
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(Ὁ) We use the identity cos 26 = 1 -- 2 sin? 6 
Then ἃ = 1-2(4) or 9y = 18-48. 


To find the gradient from the parametric equations 
Given the parametric equations for a curve y = F(x) we can find a by using the rule 
from Chapter 10: 5 Ξ - Χ a, 


Hence the gradient 2 on the curve y = F(x) given by the parametric equations x = f(t), 
y=g(d) is 


dy 
dy _ ot 
dx de 
dt 


Example 4 
A curve is given by the parametric equations x = 


(a) * in terms of t, 
(b) the coordinates of the point(s) where the gradient is -3, 
(c) the equations of the tangent and the normal at the point where t = 2. 


(a) 


= U+nu-P _ κι: 2) 
(«ἡ (1+ 


1 
τα τὴ 


Hence 2 = = ΕΞ x aro = —(t + 2) 


If the gradient = --3, then -1(t + 2) = -3. 
So P+ 21-3 =Oie. (¢ + 3)(t- 1) = 0 giving =-3 or t= 1. 
There are two points where the gradient = -3. 


When 1 =-3,x=-4,y=- 3 ie. mare ran 


When t= 1, x= 5, y= 5, i.e. the point (5, 
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(c) 


If6=0, x= 3, y=3 i.e. the point A(3,3). 
If@= 5,x=2,y=4 ie. the point B(2,4). 


The equation of AB will be 4-3 = a ie.x+y=6. 


y=3+sin 35 Ξ.31]1. 
So the equation of the tangent is y -- 3.71 = x -- 1.29 i.e. γξχ + 2.42. 


Example 6 


The parametric equations of a curve are x = 2t—-l,y=f +1. 


(a) 


Find the Cartesian equation. 


(b) If the tangent at a point P (parameter p) passes through the point (2,3), find the 


(c) 


(a) 


value(s) of p. 
Find the equation of the tangent to the curve which is parallel to the line 
y+ 2x = 3. 


If x = 2¢- 1, then = 5 
Ξ( vite 4γ - χ τ 2x45, 


2: 


So the gradient of the tangent at P = p. 


The coordinates of P are (2p — 1, p? + 1) and the equation of the tangent is 
»- Οὐ + ἢ = p(x - 2p + 1) and this passes through (2,3). 

Hence 3 -- p? - 1 = p(2 -- 2p + 1) which reduces to p? - 3p +2=0 

i.e. (p — 2)(p — 1) = O giving p = 1 or 2. 

The gradient of y + 2x = 3 is -2 and the gradient of the tangent to the curve is 1. 
Hence ¢ = -2. 

When ¢ = -2, x = -- and y= 5. 

So the equation of the tangent is y -- 5 = --2(χ + 5) ie. y + 2x Ξ --5. 
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(a) The coordinates of B are (1,0) where 1 is a parameter. 


The gradient of AB = ah 


7 So the gradient of BCD =  -- 3. 


The equation of BCD is y = (1 -- 3)(x -- ὃ and this meets the y-axis where x = 0. 
The coordinates of C are therefore (0, -1(¢ — 3)). 


(b) A locus is the set of all the possible positions a point can take. In this case, the 
locus of D will be the curve on which D lies, If the coordinates of D are (p,q) and 
C is the midpoint of BD, then 


0=}(p+ie. p= 
and -#(t — 3) = $(q + 0) ie. g = --2ιίι -- 3). 


Hence the parametric equations of the locus of D are x = --Ξἰ and y = —24(t — 3). 


Substituting ¢ = —x in the equation for y, the Cartesian equation of the locus of D 
will be y = 2x(—x — 3) i.e. y = —2x(x + 3). 


Exercise 19.1 (Answers on page 644.) 


1 Find, in as simple a form as possible, the Cartesian equations of the following curves: 


(a) x=3 cos 0,y=2sin8 (b) x=1+2cost,y=1-—3sine 

(c) χει γεῦῖ (ὁ x=r+l,y=P-1 

(9) χειε θιγει-] (f) x= 5Ξίπ 20, y=cos θ 

(g) x=tt-1), γ» εκ (h) xe piuye it 

(i) x=2P-l,y=1-t (j) x=2 cos 20,y=1+cos8 

(k) x=r-f}y=ret () x=4y=Vr-1 

(m) x= bh, y=2-3 (n) x=e", y = 3e” 
2 Find the gradient on the curve x = 8 — cos 0, y = | — 2 sin θ at the point where θ = 7. 
3 Find 2 in terms of 1 for the curve x= —-, y= L£!, 

dy ει τὶ 


Hence find the equation of the tangent and the normal where ¢ = 2. 


4 The parametric equations of a curve are x = —-, y = (2r- 1). 
Find the equation of the normal where ¢ = 1. 


5 By finding x* + y*, deduce the Cartesian equation of the curve given by 
1 


f 
χΞ Teel)" Weer 
Describe the curve. 
6 Find the values of t and the coordinates of the points where the curve given by 


x=Pr-1, y= 31 meets the line given by x = m— 1, y = 2m + 1. State the values of mm 
at these points. 


7 Acurve is given by x =1-1, y Ξ +1. Find the values of ¢ where 
(a) the normal to the curve is parallel to the line 3x + y = 5, 
(b) the turning point is. 
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2 Find the Cartesian equations of the following curves: 
(2) x =2 cos 8, y =3 sin? 6 
(b) x= 2t+1),y=1-¢ 
(Ὁ x=1- Ly=2r+! 
(d) x=e%*!, y=2e+-! 
(e) x= 2c", y=e* 


3 The equation of a curve is given in terms of a parameter @ as x = sec θ + 2 tan 8, 
y =3 sec @ — tan @. Express sec θ and tan @ in terms of x and y and hence find the 
Cartesian equation of the curve. 


4 (a) A curve is defined parametrically by 
x=3(1+ ἢ, y=2(r-4). 
(i) Write down the gradient of the curve at the point whose parameter is 2. 
(ii) Write down and simplify expressions for 2x + 3y and 2x -- 3y in terms of 
t and hence obtain the Cartesian equation of the curve. 
(Ὁ) The straight line 3x — 4y — 15 = 0 intersects the curve whose parametric equations 
are x = 512, y = 101 at two points. 
(i) Calculate the value of ¢ at each of these points of intersection. 
(ii) Prove that the tangents to the curve at the points of intersection are perpen- 
dicular to each other. (C) 


5 A curve is defined parametrically by the equations x = ΤΙ; y= ia ᾿ 


Show that Ὁ Ξ ((1 + 2). 
Find (i) the value of ¢ at the point where the tangent is parallel to the tangent at the 
point where 1 = —3, (ii) the equation of the normal at the point where f=-3. (Ὁ) 


6 A curve is given by the parametric equations x = 21} -- 31, y=  -- 81+ 1. 
(a) Find in terms of f. 


(δ) Find the value of ¢ at the tuming point and the equation of the tangent at that 


point. 
(c) Find the value of ¢ at the point where the tangent is parallel to the line 
yt2v=3. 


7 (a) The parametric equations of a curve are x = 3: + 1, y = 2P. 

A point P on the curve has parameter p. Given that the tangent at P passes 
through the point (1, -8) calculate the possible values of p. 

(b) The Cartesian equation of a curve is y(y -- 2) = x. Given that x is defined 
parametrically by x = 1 — 1 and that y = 4 when ¢ = 3, express y in terms of 1. 

(c) The parametric equations of a curve are x =P -t, y=P +1. 
Express 5 in terms of ¢ in the simplest possible form. Hence, or otherwise, find 
the Cartesian equation of the curve. (C) 


8 The line y = tx meets a line through the point (¢,0) at right angles at the point P. Find 
(a) the coordinates of P in terms of ¢ and (b) the Cartesian equation of the locus of P. 
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9 Accurve is given parametrically by the equations x = Ee y= τι; : 


Given that P and Q are points on the curve with parameters 0 and 2 respectively, 
(i) find the equation of the chord PQ, (ii) show that & = -τὸ and hence find the 


equation of the normal at P. 
Find the points of intersection of the curve with the line y = x. (C) 


10 The parametric equations of a curve are x = f + 1 γΞ κί -- 2). 
Find the values οὗ ¢ where the tangent is parallel to the line y = x + 2. 


11 (a) Obtain the Cartesian equation of the curve whose parametric equations are 

xalt4d,y=2r+ 1). 

(Ὁ) For the curve whose equation is x? + 4y? -- 8y = 0, a parametric form for y is given 
by y = 1 + sin 6. Obtain, in its simplest form, a corresponding parametric form 
for x. 

(c) The parametric equations of a curve are x= + ¢, y= 20+ 1. 
Obtain the equation of the tangent at each of the two points where this curve 
«meets the y-axis. Calculate the coordinates of the point of intersection of these 
tangents. (C) 


12 A curve has parametric equations x = 4 -- 31, y = ΘΙ] — ἢ. Find the equations of the 
tangents which pass through the point (2,6). 


13 (a) The coordinates of a point are given parametrically by the equations 


stl ig 5 τᾷ 
X= ΤΟΣ ΤΟΣ' 


Find fe and hence, or otherwise, obtain the Cartesian equation which corre- 
sponds to the above parametric equations. 

(b) Write down the equation of the straight line having a gradient of --ἰ and passing 
through the point (0,f). This line meets the line x + t(y + 1) = 0 in the point (X,Y). 
Obtain expressions for X and Y in terms of { and hence evaluate X+ Y. (C) 


14 The parametric equations of a curve are given as x = ae“ cos /, y = ae“ sin 1, where 
a is a constant and ¢ is a parameter, Show that 2 =tan(r-F). 


15 The position vector r of a point P is given by r = (¢ -- 1)i + (¢ + 2)j where fis a 
parameter. 
(a) State the parametric equations for the locus of P and obtain the Cartesian 
equation of this locus, 
(0) Find the position vectors of the points where the curve meets the line 2v + y = 3. 


B 


16 Fig. 19.4 shows a vertical circular disc centre C and radius 2 which is rolled along the 
horizontal line AB. P is the point of contact with AB at the start and as the disc is 
rolled, P describes a curve known as a cycloid. When the disc has tured through an 
angle 8, P is at the position Ρ΄. 
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Fig. 19.4 


(a) Taking P as the origin of coordinates, show that the parametric equations for P’ 
are x = 2(θ — sin 8), y = 2(1 — cos 6). 

(b) What is the value of 6 when P reaches the line AB again for the first time after 
the start? 

(c) Show that ( ay +( ay = 16 sin? 3, 


(4) The length s of an arc of a curve, given in terms of a parameter θ is 


iy ‘ (xy + (ay d@ where a and b are the values of the parameter at the ends 


of the arc. Using this, find the length of one arch of the cycloid. 


17 By taking y = cx, find parametric equations for the curve x + γ᾽ = 3xy. Hence find the 
equation of the tangent at the point where ἢ = 1. 
18 A curve is given by x = 2 cos’ ¢, y = 2 sin’ ¢ where ¢ is a parameter. 
(a) Find oy in terms of ¢ and show that the equation of the tangent at the point with 
parameter p is x sin p + y cos p = sin 2p. 
(b) This tangent meets the axes at P and Q. Show that the length of PQ is constant 
whatever value p has. 
(c) Obtain the Cartesian equation of the curve. 
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Revision Papers 
6-10 


PAPER 6 (Answers on page 645.) 


1 (a) Find x if (1.2 = (2.1) 
(b) Solve the equation log, x + es (6x — 5) = 2. 


Ὁ ΠῚ 
2 Evaluate (a) fx G- Goa . (Ὁ) fis ==> (©) [: Ἐπ-Ξ : 


3 Given that 2° + ax* + bx + 6 has factors (2x — 1) and (x + 2) find the value of a and 
of b. With these values, find the remaining factor. 


4 (a) Sketch the curve y= 1 Ὁ ο΄. 
Find (b) the equation of the tangent to this curve at the point (1,1 + 6) and (c) the 
coordinates of the point where this tangent cuts the y-axis. (d) Hence find the area 
enclosed by the curve, this tangent and the y-axis. [Leave your answer in terms of e.] 


5 Express cos x + 2 sin x in the form R sin(x + αὐ), where ἃ is acute. Hence solve the 
equation 2 cos x + 4 sin x = | for 0° < x < 360°. 


6 (a) Find Ἕ ify= in(434) , simplifying your answer. 
! 
(b) Hence evaluate ik εἰς dx. 


7 The values of x and y in the table below are believed to fit the equation y = ax’. 


By drawing a suitable straight line graph, estimate the values of a and n to 2 
significant figures. 
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8 Fig. R6 shows part of the graphs of y = sin x and y = cos 2x forO «χ « Ξ. Find 
(a) the x-coordinate of A and (b) the shaded area. 


y=sinx 


κ 
2 


Fig. R6 -1 y= os 2x 


9 (a) Find an expression for the sum of the first n terms of the AP 8, 11, 14, ... and find 
the value of ἡ if the sum is 148. 
(b) The sum of the first three terms of a GP is 35 and the 3rd term is greater than the 
first term by 15. Find the first term and the common ratio. 


10 A curve is given by the parametric equations x = Pf + 1 - 1, γΞιῈ τ. 


Find the coordinates of the turning points on the curve. 


PAPER 7 (Answers on page 645.) 
1 (a) Differentiate x sin x + cos x wrt x. 
Hence evaluate fi xX cos x dx. 
(Ὁ) Given that Ὁ Ξ ἘΞ. find y if y = -2 when x = 1. 


2 A straight line with variable gradient m is drawn through the point (1,1) and meets the 
x-axis at A and the y-axis at B. The rectangle AOBT is drawn, where O is the origin. 
(a) Find the coordinates of T in terms of m. 

(b) Hence find the Cartesian equation of the locus of T as m varies. 


3 (a) Find the values of x at the turning points on the curve y = (x° —2)e™ and the nature 
of these points. 
(Ὁ) Given that e*- = οὖ and that In(8x + 3y) = 2 In 7 find the value of x and of y. 


(c) Find and simplify cH if y = (2x — 3)(x + 1). 


- 


4 (a) Prove that 2(3 cos A -- 2 sin A)(3 cos A + 2 sin A) = 13 cos 2A +5. 
(b) Solve the equations 


(i) cos $ =04, 
(ii) 2 sin? @ = 3(1 + cos @) for 0° < θ < 360°. 
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5 (a) Solve the equation 2x° -- 9x° + 12x-4=0. 
(b) If the remainder when f(x) is divided by x -- 2 is 3, what is the remainder when 
f(x + 1) is divided by x -- 1? 


6 Values of x and y were found by experiment and are given in the following table: 


ΠΕΒΕΒΕΒΕΒΕΙΕΙ 
fy 38 [asa [ts 06] 


It is known that these values satisfy the equation y = ax? + bx where a and b are 
constants. By drawing a suitable straight line graph, find approximate values for 
a and b, 


7 (a) Show that the tangent to the curve y = e“*! where x = 1 passes through the origin 
and find the area enclosed by this tangent, the curve and the y-axis in terms of e. 


(Ὁ) Differentiate (i) "8%, (ii) <>, wrt x. 


(c) If Γ Coad = In 2, find the value of a. 


8 (a) If the nth term of an arithmetic progression is 4m — 7, find the sum of the first 40 
terms. 
(b) A geometric progression has first term ἃ and common ratio r. 
Given that the sum of n terms is 422, show that 


422r-lb+a 


a) 
ar = τ 


If, in addition, the first and nth terms are 32 and 162 respectively, find r and π. 
(C) 
9 (a) Find ἐξ if 7 + 3x=8 - 2y. 

(b) The parametric equations of a curve are x = 21 -- 3, y=. Find (i) the Cartesian 
equation of the curve, (ii) the values of k if the tangent at the point with parameter 
k passes through the point (2,4). 

10 (a) Prove the identity cot θ — cot 2θ = cosec 26. 

Hence solve the equation cot 8 = cot 26 + 3 for 0° < 6 < 360°. 

(b) If cos2A = 2, where A is an acute angle, find the value of tan A without using 
tables or a calculator. 


PAPER 8 (Answers on page 645.) 
δι δὰ Ὁ 
1 (a) Evaluate (i) f. e'! ax. Gif, 45. 
(Ὁ) Differentiate In x Vx? + 1 wrt x, simplifying your answer. 


a ae 3x +1 
(c) If 3-x + x+#2 > ~ (3—x)(x+2) 


values of a and b. 


2 
Hence find the value of [ ἣν 4} ede. 


for all values of x except 3 and —2, find the 
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2 Express 3 sin x + 2 cos x in the form R cos(x -- αὐ where @ is an acute angle. Hence 


find the maximum and minimum values of 3 sin x + 4 cos x and the values of 
x (0° < x S 360°) where they occur. 


3 (a) If T = In(2x — 1), find the approximate change in T when x is increased from 
2 to 2.01. 
(b) Sketch the curve y= 1 +2sin 5 for-m<x<n. 


Given that cos ξ = 6 find the area of the region bounded by the curve, the 


x-axis and the lines x = -π, x = π. (Leave the answer in terms of 7). 


4 (a) Given that A is an acute angle and that tan A = 5, find (without using tables or 
a calculator) the values of (i) sin A, (ii) cos 2A, (iii) sin 3. 
(b) By expanding both sides of the equation 2 sin(x + 60°) = cos(x — 30°), show that 
tan x = -οοῖ 30°. Hence solve the equation for 0° « χ « 360°. 


5 (a) When In y is plotted against x for a certain function, a straight line is obtained 
passing through the points (1,3) and (3,-1). Express y in terms of x. 

(b) A production line assembling computers is to be run down. Production started at 
500 per week but this is reduced by 15% each week. When production first 
reaches 100 or less computers in a week, the line will be shut down at the end of 
that week. For how many weeks will it be operated? 

(c) Solve the equation χ᾽ + 12 =x + 8x. 


6 (a) A GP withr > 0 is such that the sum of the first two terms is 7 and the third term 
is 2}. Find r and the sum to infinity. 
(b) The fourth term of an AP is 14 and the eleventh (and last) term is 35. Find the 
sum of the last 6 terms. 


7 Measured values of x and y are given in the following table: 


eater eal naa 


It is known that x and y are related by the equation γ᾽ = a + bx. 
Explain how a straight line graph may be drawn to represent the given equation and 
draw it for the values given. 


Use the graph to estimate the value of a and of b. Estimate the greatest possible value 
of x. (C) 
8 (a) Solve the equation 3**? — 10(3") + 1 =0 
(b) On the same axes, draw the graphs of y = In(1 + x) and y= 1 for 5 « χ “4. From 
your graph, find approximately 
(i) the solution of the equation x In(1 + x) = 1 and 
(ii) the value of e°. 
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9 (a) If y Ξ In(tan x), show that & = τς. Hence find [ cosec 2x dy. 


(b) Calculate the area of the region enclosed by the curve y = ay. the x-axis and 


the lines x = 2, x= 4. 


(Ὁ) Given that sin y = e*, show that ob = lan y. 


10 The parametric equations of a curve are x = ?, y = ¢- ip, Find 


(a) & in terms of 1, 

(b) the coordinates of the turning points of the curve, 

(c) the values of ¢ where the tangent to the curve is parallel to the line 3y = 4x + 2, 
(d) the Cartesian equation of the curve. 


PAPER 9 (Answers on page 646.) 


1 (a) 


(b) 
2 (a) 


(b) 
(c) 


3 (a) 


(b) 


1-2r 
χε 


Differentiate wrt x (i) , (ii) (v -- 2)°(2x -- 3)" simplifying your answers. 


Evaluate (i) 1 =o. ii) [ 2 cos 3x ἀν. 


The first 3 terms of a GP are x + 1, x — 3 and x -- 6. Find 

(i) the value of x, (ii) the sum to infinity of the GP. 

Find the sum to infinity of the GP far + τὴν + ie = oe 

The sum of the first five terms of an AP is 55 and the sum of the four terms from 
the 6th to the 9th (inclusive) is 116. Find the AP. 


Fig. R7 shows part of the curve y = cos x. Find the shaded area. 


Fig. R7 


Sketch the curve y = e*. Find 

(i) the equation of the tangent to the curve where x = 0, 

(ii) the x-coordinate of the point where this tangent meets the x-axis, 

(iii) the area of the region enclosed by this tangent, the curve, the x-axis and the 
line x = 2. 

{Leave your answer in terms of e]. 
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9 Variables x and y are believed to be connected by the equation 5 + 2 = 1. The 
following set of values was obtained in an experiment to test the equation: 


By drawing a suitable straight line graph for these values, show that the equation is 
true and estimate the values of a and of b. 


10 (a) 


(b) 


Solve, for 0° « x Ξ 360°, the equations 


(i) 3 οος 2x =2+cosx, (ii) cot 5 =-1.15. 
If tan A = 2 tar. B, show that tan(A - B) = 7228, 


PAPER 10 (Answers on page 646.) 


1 (a) 


(b) 


2 (a) 


(b) 


(c) 
3 (a) 
(b) 


4 (a) 


(b) 


The first term of a GP is 3 and the common ratio is 3. 

Find the greatest number of terms which can be added for their sum to be less 
than 200. 

An AP has 15 terms and the last one is 44. The sum of the last ten terms is 305. 
Find the AP. 


The polynomial 2x° + x? + ax + b has (x — 2) as a factor and leaves a remainder 
of —4 when it is divided by (x — 1). Find the values of ἃ and of b and hence 
factorize the polynomial. 

Without using tables or a calculator, find the value of 

log, 24 — log, 6 + log, 64 -- 2 log, 4. 

Solve the equation 2*? + 1 = 2*". 


Differentiate wrt x: (i) tan 5 (ii) sin? 2x (iii) V1+sinx 


Given the curve ΚΞ αὐ + 4, find (i) the equation of the tangent where x = 2, 


(ii) the coordinates of the point where this tangent meets the curve again, 
(iii) Find the area enclosed by this tangent, the curve and the line x = 1. 


x t 


. . x . 7 . 

(i) ifr Ξ tan 5, show that sin 5 = Viee and find a similar expression for 
‘cos 5 in terms of #. 

(ii) Hence show that sin x = ao and that cos x = ' oh. 


(iii) Using these results show that the equation cos x = 2(1 + sin x) reduces to the 
equation 37° + 41 + 1 = 0 and hence find the values of x which satisfy the 

. , equation for 0° < x < 360°. 

(i) Differentiate tan’? x wrt x. 

(ii) Show that tan* x = sec? x tan? x -- sec? x + 1. 


(iii) Hence, using these results, find Ρ̓ tan* x dr. 
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2 Two particles A and Β are moving in the same direction on parallel horizontal tracks. 
At a certain point the particle A, travelling with a speed of 7 ms” and accelerating 
uniformly at 1.5 πὶ 5.2 overtakes B travelling at 3 m s“' and accelerating uniformly at 
2.5 πὶ s*. Calculate the period of time which elapses before B overtakes A. 

If, after this time, B then ceases to accelerate and continues at constant speed, 
calculate the time taken for A to overtake B again. 


3 A particle is projected vertically upwards from the ground with a speed of 36 ms”. 
Calculate 
(a) the time for which it is above a height of 63 m, 
(b) the speed which it has at this height on its way down, 
(c) the total time of flight. (C) 


4 From the foot of a vertical cliff 28.8 m high, a stone was projected vertically upwards 
80 as just to reach the top. Find its velocity of projection. 
One second after the first stone was projected, another stone was allowed to fall from 
rest from the top of the cliff. The stones passed one another after a further ¢ seconds 
at a height A m above the ground. Calculate the value of ¢ and of A. (C) 


5 Two particles, X and Y, are moving in the same direction on parallel horizontal 
tracks. At a certain point O, the particle X, travelling with a speed of 16 ms" 
and retarding uniformly at 6 πὶ s?, overtakes Y, which is travelling at 8 Πὶ 5} and 
accelerating uniformly at 2 m s~. 

Calculate 
(a) the distance of Y from O when the velocities of X and Y are equal, 
(b) the velocity of X when Y overtakes X. (C) 


6 A particle X is projected vertically upwards from the ground with a velocity of 
80 πὶ 5". Calculate the maximum height reached by X. 
A particle Y is held at a height of 300 m above the ground. At the moment when X 
has dropped 80 m from its maximum height, Y is projected downwards with a 
velocity of ν πὶ 5". The particles reach the ground at the same time. Calculate the 
value of v. (C) 


7 Aman running a 100 m race accelerates uniformly from rest for the first T seconds 
and reaches a velocity of 10 πὶ 5.". He maintains this velocity for the rest of the race. 
His time for the race is 12 5. Sketch a velocitytime graph. 

Calculate 

(a) the value of T, 

(b) the acceleration, 

(c) the distance the man runs before he reaches his maximum speed. (C) 


8 Acar moves along a straight level road, accelerating from rest at a constant rate for 
9.6 5 over a distance of S, m until it reaches a speed of V πὶ s“!. Express S, in terms 
of V. 

It then accelerates at a constant rate of 2.5 ms? over a distance of S, πὶ until it reaches 
a speed of 25 πὶ s"'. Express S, in terms of V. 

Given that the car has now travelled a total distance of 152 m, calculate the possible 
values of V. Using the smaller of these values, calculate the time taken to attain a 
speed of 25 τῇ 5." from rest. (C) 
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Let us consider another case of a man rowing a boat on a river, Suppose he rows the 
boat at a velocity a and the river is flowing at velocity b. Then the resultant velocity of 
the boat is c = a + b (Fig. 21.3). Hence the actual path of the boat will be along OC. 


Fig. 21.3 


(course) 


This path is called the track of the boat and the actual specd along the track is called 
the ground speed. The direction of a is the course (which is the direction the boat would 
have moved if there were no current). In diagrams. it is helpful to mark vectors with 
different numbers of arrows. Thus in Fig. 21.3, we use the following notations: 


course vector marked with | arrow —- > 
current vector marked with 2 arrows § ————> 
track vector marked with 3 arrows ---»»» 


Then we have: 


course vector + Current vector = track vector 
(1 arrow) (2 arrows) (3 arrows) 


The track vector is the resultant of the other two vectors. 


Another practical example is the case of an aircraft flying in a wind. The aircraft has 
a velocity a through the air (Fig. 21.4). Its direction is the course (like in the case of the 
boat) and its speed along the course is the airspeed. The aircraft is also affected by the 
wind with velocity b. As a result, the actual velocity ¢ is the resultant of the velocity of 
the aircraft and that of the wind. Like the case of the boat, the actual path is called the 
track and the speed along the track is the ground speed. The same arrow notations are 
used, with the current velocity replaced by the wind velocity. It should be noted however 
that a current is described as moving towards a certain direction whereas a wind is 
described as coming from a certain direction so a current in the direction NE is moving 
in the direction 045° whereas a NE wind is actually moving in the direction 225°. 


SS ΣΉΝ 


Fig. 21.4 


a 
(course) 


Just as we can combine component velocities to obtain a resultant velocity, we can also 
resolve (‘split’) a velocity into its components. Particularly useful is the resolution of a 
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(a) Relative to the water, the boat will move at 1.2 ms"! perpendicular to the banks 
(Fig. 21.7); but the water, moving at 0.9 πὶ s', simultaneously carries the boat 
along parallel to the banks. The boat therefore moves crabwise across pointing at 
right angles to the bank. The resultant of the course vector (OA) and the current 
vector (OB) is the track vector (OC). Hence the path of the boat is along OC. 
The actual velocity of the boat is represented by the resultant (track) vector and 
it has ἐκ μὰν V0.9? + 1.2? = 1.5 ms" at an angle @ to the bank where 
tan @= 12 = 5 = 53°). 


The bee moves along the track OC and will reach the opposite bank at P. 
distance of OP 
speed along the track 


The time taken 


ad or = 600 
Ὁ (using similar triangles, is.= 500 


500 s or 8 min 20 s. 


(Note: The time taken can also be found more simply by considering the course 
distance of OQ 


component of velocity, thus time taken = = 
speed along course 


Example 2 


An aeroplane has an airspeed of 200 km Ir' and flies on a course of N30°E. A wind 
is blowing steadily at 50 km hr! from the NW. Find, by drawing or calculation, the 
track and ground speed. 


Fig. 21.8 
1 By trigonometry 


In Fig. 21.8, oc is the course vector (I arrow), 
ow the wind vector (2 arrows). 

OC + OW = OT, the track vector (3 arrows) 
which nas speed v and ZCOT = 8. 

From AOCT, using the cosine rule, 

v? = 200? + 50? — 2 x 200 x 50 x cos 75° 
giving ν = 193. 

' Hence the ground speed is 193 km π΄". 


᾿ By the sine rule, sng = on = 


Hence the track is are 


giving 6 = 14.5°. 
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AT = vi (no j component) 
AC = (150 cos 6)i -- (150 sin 8)j 
AW = (30 cos 85°)i + (30 sin 85°)j 
3 = =~ 
AT =AC+AW 
Therefore vi = (150 cos 6 + 30 cos 85°)i + (30 sin 85° — 150 sin 6)j 
Equating the j components, 
0 = 30 sin 85° -- 150 sin@ giving @ = 11.5° as before. 
Equating the i components, 
v = 150 cos 6 + 30 cos 85° giving v = 149.6 
and the time taken can be obtained as before. 
| (b) By trigonometry Ay Fig, 21.12 
The starting point is now airfield B (Fig. 21.12). 
| BW is the wind vector, BC the course vector 
- 
Ϊ (airspeed 150) and BT is the track vector. 


| 
| 
| 
| 
| 


From ABCT, using the sine rule, 
a = wes giving 9 = 11.5°. 


! Hence the course for the return journey 
‘ should be 331.5°. 


Verify that this can also be solved using 
unit vectors as in (a). 


iT 


eros: (Answers on page 649.) 


x 
1 Find the resultants (giving both magnitude and direction) of the following velocities 
by trigonometry or using unit vectors: 
(a) 5 km hv! due north and 3 km h~! due east 
(Ὁ) 8 πὶ 5.1 north-east and 5 m 5.) north-west 
(c) 10 πὶ 5." north 60° east and 4 πὶ 5.' east 
(d) 40 km bh" on a bearing 050° and 40 km hr! on a bearing 110° 


2. A steamship is sailing due north at 20 km ἢ τ". There is a wind of 15 km ἢ" from the 
west. Find the direction in which the smoke from the funnel is drifting. 


3 A ship is travelling at 10 πὶ s“'. A ball is rolled across the deck (at right angles to the 
motion of the ship) at 4 πὶ 5.". Find the actual velocity of the ball relative to the 


ground. 
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stream with the bank, find 
(a) the distance where he lands from the point directly opposite A, 
(b) the time taken to cross the river. 


13 An aeroplane can fly at 300 km hr" in still air and there is a wind blowing from the 
direction 060° at a constant rate of 40 km h"'. 
(a) What course should the pilot take to reach an airfield 200 km due N of his starting 
point? 
(b) If he takes this course, how long will the flight last? 
(c) What course should be taken for the return flight (the wind being as before) and 
how long will this flight last? 


14 The speed of a helicopter in still air is v km h-'. The pilot leaves A and flies on a 
course 067°. There is a wind of 50 km ἢ ' blowing from the direction 020°. After 45 
minutes, the helicopter is above a point B which is due E of A, Find 
(a) the value of v to the nearest km h-', 

(b) the distance AB. 


RELATIVE VELOCITY 


Consider two aeroplanes A and B flying at the same height. A is flying at 200 km ἢ“ due 
N and B at 400 km bh! on a course 030°. These are their velocities relative to the ground 
and are their true velocities. To the pilot of A, however, B will seem to have a different 
velocity because he himself is moving. We call this apparent velocity, the velocity of B 
relative to A and we write this as BvA. Similarly B will see A moving with the velocity 
of A relative to B or AvB. 

In general, suppose a represents the velocity of A and b the velocity of B (Fig. 21.13). 
Then OA = a and OB = b. 


Fig. 21.13 


Let us reduce A to rest (theoretically) by introducing a velocity —a. A is now not moving. 
In order to preserve their relative position, we must also give B the same velocity -a. B 


now has 2 velocities, b and —a and the resultant of! these is OR. OR represents the velocity 
of B as seen from A (as A is not moving). But OR = AB = b — ἃ. Hence the velocity of 


B relative to A is b-a or BvA -- " -- 8. Similarly, AvB =a—b. 
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We can now find BvA for the two aeroplane. From Fig. 21.14, 
| BvA |? = 200? + 400? - 2 x 200 x 400 x cos 30° 
τὰς —> 
giving | BvA | = 248. 


Fig. 21.14 


Also ane = ig 0’ giving @ = 23.8°. 


Therefore ZNAB = 30° + 23.8° = 53.8°. 


Hence the velocity of B relative to A is 248 km h” in the direction N53.8°E. 


Note: Problems on relative velocity may also be solved by drawing if the rubric of the 


question does not forbid it (see Example 6). 


Β 
[We can also work with unit vectors as follows: 


Take i along OE and j along ON (Fig. 21.15) 
a = 200j 
and b = (400 sin 30°)i + (400 cos 30°)j 
= 200i + (200 V3)j 
So BvA =b-a 
= 200i + (200 V3 -- 200)j 
= 200i + 146.4 Fig. 21.15 


Hence | BVA |? = 200? + 146.4? (Fig. 21.16) 
giving | BvA|? = 248 
200. 
and tang = 7964 giving @ = 53.8°. 
Hence BVA is 248 km ἢ in the 


νος 146.4] 
direction Ν53,8 Ὲ as before.] 


Fig. 21.16 


ο 200% Ε 
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Example 4 


Rain is falling vertically at 5 km h"'. A man is sitting by the window of a train 
travelling at 40 km hr! In what direction do the raindrops appear to cross the windows 
of the train? 


(rain relative to train) 
r-t 


40 


Fig. 21.17 (train) 


The vectors are shown in Fig. 21.17. 
The velocity of the rain relative to the train = r —t. 


So tan @= 3 giving @ = 7.15. 
Thus the rain drops appear to cross the windows at 7.1° to the horizontal. 


Example 5 


A ship is sailing due north at a constant speed of 12 knots. A destroyer sailing at 36 
knots is 30 nautical miles due east of the ship. At this moment, the destroyer is ordered 
to intercept the ship. Find 

(a) the course which the destroyer should take, 

(b) the velocity of the destroyer relative to the ship, 

(c) the time taken for the destroyer to reach the ship. 

[It is assumed that both the ship and the destroyer do not change their velocities.] 


Cc 
| 
" 


Fig.21.18 shows the positions of the ship S and the destroyer D. We reduce S to rest 
by introducing a velocity of 12 knots due south to both S and D. Then the course of 
D is DC and, to intercept S, its track (DT) must lie along DS. 


474 


(a) From ADTC, sin 6 = z giving 6 = 19.5°. 
Hence the course the destroyer should take is 270° + 19.5° = 289.5°. 
(b) The velocity of D relative to S is 


Des = DT 
Therefore | Dv |? = 36? - 12? giving | Dvs| = 33.9. 
Hence Dr& is 33.9 knots due W. 


(c) Time taken = 345 ἢ = 53 min. 
Hence the destroyer will intercept the ship in 53 minutes. 
[By vectors, take i along DT and j along TC, then 
DvS =d-s 
ie. vi = (36 cos 8)i + (36 sin θ)] -- 12] 
= (36 cos 8)i + (36 sin 6 — 12)j 


Therefore 0 = 36 sin @ — 12 (equating the j components) 
ie. sinO= 12 giving 8 = 19.5° as before. 
Also v = 36 cos 6 = 33.9. 


Hence Dis is 33.9 knots due W and the time taken can be calculated as before. 


Example 6 


To a man travelling in a car in the direction 060° at 40 km h-', the wind appears to be 
blowing from the east at 10 km Ir. Find, by drawing or calculation, the true velocity 
of the wind. N 


Fig. 21.19. Pie See 


1 By calculation (using trigonometry) 


-- 
Fig. 21.19 shows the vectors: OC = velocity of car, Ow = true velocity of wind and 
CW = WiC (the velocity of the wind relative to the car). 


Since Wve = OW - OC 
= 
OW = WiC + OC 
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By the cosine rule, 
| OW |? = 40? + 10? — 2 x 40 x 10 x cos 30° giving | OW | = 31.7. 
Also, S72 = $0.30" giving @ = 9.15. 


Hence the true velocity of the wind is 31.7 km h-' towards the direction (60° — 9.15) 
= 50.9° or from the direction 230.9°. 


2 By calculation (using vectors) 
[By vectors, take i along OE and j along ON. 
OC = (40 sin 60°)i + (40 cos 60°)j = (20 V3)i + 20) 
—> 
Wyc =-10i 
τὸ το ---- = 
OW = OC + ἵν = (20V3 -- 10)i + 20] 
- - 
| OW |? = (20 V3 -- a + 20? giving | OW | ~ 31.7. 
20 V3 - 10 EE 


Also, tan ¢ = giving 9 = 50.9°. 


Thus we obtain the same results as before. 


3. First draw a sketch and label it with all the information given (it should be a rough 
version of Fig. 21.19). The actual drawing must be done carefully. Choose a 
suitable scale to ensure reasonably accurate results, say | cm for 4 km h". 

Draw a north line ON as in Fig. 21.19. 

From O, draw OC 10 cm long with ZNOC = 60°. 
From C, draw CW 2.5 cm long parallel to OE. 
Join OW. 


Measure OW (and convert to km ἢ“) and ZNOW. 
Compare with the calculated values above. 


Exercise 21.2 (Answers on page 649.) 


1 Aeroplane A is flying due N at 150 km ἢ". Aeroplane B is flying due E at 200 km ἢ". 
Find the velocity of B relative to A. 


2 Two cars A and B are travelling on roads which cross at right angles. Car A is 
travelling due east at 60 km h-', car B is travelling at 40 km h~! due north, both going 
towards the crossing. Find the velocity of B relative to A. [The magnitude and 
direction must be given]. 


3 A passenger is on the deck of a ship sailing due east at 25 km ἢ". The wind is blowing 
from the north-east at 10 km h-'. What is the velocity of the wind relative to the 
passenger? 


4 A road (running north-south) crosses a railway line at right angles. A passenger in a 
car travelling north at 60 km h~ and 600 m south of the bridge, sees a train, travelling 
west at 90 km h-!, which is 800 m east of the bridge. Find the velocity of the train 
relative to the car. 
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5 To aman in ἃ car travelling at 20 km h" north-east, the wind appears to blow from 
the west with speed 16 km h-'. Find the true velocity of the wind. 


6 Aeroplane A is flying at 400 km h-' north-east and sees aeroplane B which is 
apparently flying north at 500 km h-'. What is the true velocity of B? 


7 An unidentified aircraft is reported as flying due north at 500 km h-'. A fighter plane, 
which is 100 km on a bearing of 225° from the unknown plane is ordered to contact 
it. If the fighter can fly at 800 km ἢ ', what course should it take? After how long will 
it be in contact? 


8 Aman ona ship steaming due south at 12 km ἢ Γ᾿ sees a balloon apparently travelling 
due west at 15 km ἢ“". Find the true velocity of the balloon. 


9 Two ships A and B are 30 km apart with B due south of A. A is sailing at 10 km ἢ 
in the direction 120° while B is sailing at 15 km bh” in the direction 045°. 
(a) Find the velocity of A relative to B. 
(b) Calculate the time taken for B to be due west of A. 


10 A helicopter is flying on a course 060° with speed 100 km ἢ". An aeroplane, which 
is 50 km due east of the helicopter, can fly at 200 km h-'. What course should the 
aeroplane take to intercept the helicopter? 


11 Toa ship sailing due N at 20 km bh" another ship appears to be moving with a velocity 
of 12 km h" in the direction 120°. Find the true velocity of this ship. 


12 A ship A is heading north at 20 km ἢ ' and at 1200 ἢ is 50 km south-east of a ship B. 
If B steers at 25 km ἢ“ so as to just intercept A, find 


(4) the direction in which B must travel, 
(b) the time when the interception takes place. 


13 A man is walking along a horizontal road at 1.2 πὶ 5". The rain is coming towards him 
and appears to be falling with a speed of 4 πὶ 5. in the direction which makes an angle 
of 60° with the horizontal. Find the actual speed of the rain and the angle this speed 
makes with the horizontal. 

Find the speed and the angle with the horizontal which the rain would appear to 
make if he walked at the same speed in the opposite direction. 


SUMMARY 


Φ Composition of velocities 
If a body has 2 velocities a and b, the resultant 
velocity c is given byc=a+b. Ifa 
and b are represented by the sides of a 
parallelogram, then c is represented by the 
diagonal as shown in the diagram. 
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Φ Resolution of velocities 
It is useful to resolve a velocity r into 2 
perpendicular components, usually along the y 
x— and y-axes. Unit coordinate vectors i r 
and j are often used as shown in the diagram. 


Also |r| =r=Vp?+q°, pi 


p=rcos @,q=r sin θ and tan @ = 4 ie} 


Fig. 21.21 


@ Notation 


————_ course vector 
-----»» wind/current vector 
--------».».». track vector 


The track vector is the resultant of the other 2 vectors. 
tH = - »»» 
(course) (wind/current) (track) 
Φ Relative velocity 
a7 5 i. 
BvA means the velocity of B relative to A. b 


-- 

ΒΝΑ =b—-a 

where b = velocity of B . 

and a = velocity of A. Fig. 21.23 


REVISION EXERCISE 21 (Answers on page 649.) 


1 Ariver is 160 m wide and runs at 1.2 m s“' between straight parallel banks. A man can 
row at 2 ms” in still water. 
(a) If he rows in a direction perpendicular to the banks, how far downstream will he 
land? 
(b) At what acute angle (to the nearest degree) to the bank should he now row to 
return to his starting point? 


2 Asmall aeroplane can fly at 200 km h” in still air. There is a wind of 50 km h"! from 
the east. If the pilot wishes to fly due south, what course should he take and what is 
his ground speed? 

The pilot keeps this course but the wind changes and the pilot finds that his ground 
speed is 200 km ἢ ' in the direction 190°. Calculate the new velocity of the wind. 
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3 An aeroplane can fly at 300 km ἢ" relative to the air. If there is a wind of 60 km ἢ" 
from the east, what is the least time in which the aeroplane can reach a point 600 km 
south-west of its starting point? 


4 An aeroplane has a speed of V km h”' in still air and there is a wind of v km ἢ"! 


blowing from the NE. Find the course that must be taken if the pilot wishes to reach 
a point due east. 


5 A destroyer detects the presence of a vessel at a range of 30 nautical miles on a bear- 
ing of 060°. The vessel is steaming on a course of 150° at a speed of 15 knots. If the 
destroyer steams at 22 knots determine either by drawing or by calculation the course 
the destroyer must steer so that its velocity relative to the vessel is in a direction 060°. 
Hence determine the time taken for the destroyer to intercept the vessel if neither 
changes course. (C) 


6 A helicopter whose speed in still air is 40 km ἢ ', flies to an oil platform 60 km away 
on a bearing 060°. The wind velocity is 15 km ἢ from due north. Sketch a suitable 
triangle of velocities and find 
(i) the bearing on which the helicopter must fly, 

(ii) the time taken to reach the platform. (C) 


7 Two canoeists, A and B, can paddle in still water at 6 ms"! and 5 m s*! respectively. 
They both set off at the same time from the same point on one bank of a river which 
has straight parallel banks, 240 m apart, and which flows at 3 m s“'. A paddles in the 
direction that will take him across the river by the shortest distance whilst B paddles 
in the direction that will take him across the river in the shortest time. Determine 
(i) the direction in which A must paddle, 

(ii) the direction in which B must paddle, 
(iii) the time taken by each canoeist, 
(iv) the distance between the points at which they land. (C) 


8 A plane flies in a straight line from London to Rome, a distance of 1400 km on a 
bearing of 135°. Given that the plane's speed in still air is 380 km hr", that the wind 
direction is 225° and that the journey takes 4 hours, determine 
(i) the wind speed, 

(ii) the direction the pilot should set for the flight. 
Find also the direction the pilot should set for the return flight, assuming that the 
speed and direction of the wind remain unchanged. (C) 


9 A tanker is sailing on a fixed course due west at 30 km π΄). At a time of 0900 a 
destroyer wishing to refuel is 160 km away on a bearing of 225° from the tanker. If 
the destroyer travels at 60 km h-', determine 
() the direction in which the destroyer should travel in order to reach the tanker, 
(ii) the time at which the destroyer reaches the tanker. (C) 


10 A cyclist is travelling due north at 20 km hv! and finds that the wind relative to him 
appears to be blowing from a direction 040° with a speed of 30 km hr’. Find the true 
speed and direction of the wind. 
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Assuming that the speed and direction of the wind remain unchanged, find the 
speed of the wind relative to the cyclist when the cyclist is travelling due south at 
20 km """. (C) 


11 An aircraft A is flying due east at 600 km h" and its bearing from aircraft B is 030°. 
If aircraft B has a speed of 1000 km hr’ find the direction in which B must fly in order 
to intercept A. If the aircraft are initially 50 km apart find the time taken, in minutes, 
for the interception to occur. (C) 


12 An aircraft whose speed in still air is 300 km h" flies from A due north to B and back, 
where AB = 500 km. The wind velocity is 120 km π᾿ from 240°. Find 
(Ὁ the bearing on which the aircraft must fly for the outward journey, 
(ii) the time of flight of the outward journey, 
(iii) the bearing on which the aircraft must fly for the return journey. (C) 


13 An aircraft is flying from a point A to a point B 400 km north-east of A, and a 
wind is blowing from the west at 50 km hr!. The speed of the aircraft in still air is 
300 km h"'. Find 
(i) the direction in which the aircraft must be headed, 

(ii) the distance of the aircraft from B one hour after leaving A. (C) 


14 (a) An aircraft flies in a straight line from a point A to a point B 200 km east of A. 
There is a wind blowing at 40 km ἢ" from the direction 240° and the aircraft 
travels at 300 km hr in still air. Find 
(Ὁ the direction in which the pilot must steer the aircraft, 

(ii) the time, to the nearest minute, for the journey from A to B. 

(Ὁ) To an observer in a ship sailing due north at 10 km hr', a second ship appears to 
be sailing due east at 24 km h-'. Find the magnitude and direction of the actual 
velocity of the second ship. (C) 


15 When a man walks at 4 km "Γ᾿ due west, the wind appears to blow from the south. 
When he walks at 8 km ἢ τ᾿ due west, the wind now appears to blow from the south- 
west. Find, by drawing or calculation, the true velocity of the wind. 


16 Two ships A and B leave a harbour at the same time, A sailing due N at 20 km h"', 
B sailing at 25 km hr" in the direction 060°. Calculate 
(a) the velocity of B relative to A (stating the magnitude and direction), 
(b) the bearing of B from A in the subsequent motion, 
(c) the distance between the ships after 2 hours of sailing. 


17 An aeroplane has a speed of V km ἢ} in still air and flies in a straight line from A to 
B. There is a wind of speed ὃν km ἢΠ' blowing from a direction making an angle θ 
with AB where sin @ = $. Find 


(a) the angle which the course to be taken makes with AB, 
(b) the ground speed in terms of V. 
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18 A plane is scheduled to fly from London to Rome in 2+ hours. Rome is 1400 km from 
London and on a bearing of 135° from London. Given that there is a wind blowing 
from the north at 120 km h" find, by calculation or drawing, 

(i) the speed of the plane in still air, 

(1) the course which the pilot should set. 

Assuming that the velocity of the wind and the speed of the plane in still air remain 
unchanged, find 

(iii) the course which the pilot should set for the return journey. 

(iv) the time taken, to the nearest minute. (C) 


19 (a) An aircraft is flying due south at 350 km ἢ". The wind is blowing at 70 km ἢ ' 


(b 


) 


20 (a) 


(b 


— 


from the direction 6°, where θ is acute. Given that the pilot is steering the aircraft 
in the direction 170°, find 

(Ὁ the value of 6, 

(ii) the speed of the aircraft in still air. 

A man who swims at 1-2 ΠῚ s" in still water wishes to cross a river which is 
flowing between straight parallel banks at 2 πὶ 5". He aims downstream in a 
direction making an angle of 60° with the bank. 


Find 

(i) the speed at which he travels, 

(ii) the angle which his resultant velocity makes with the bank. (C) 
Two particles, A and B, are 60 m apart with B due west of A. Particle A is 


travelling at 9 ms in a direction 300° and B is travelling at 12 m 5.} ina direction 
030°. Find 

(i) the magnitude and direction of the velocity of B relative to A, 

(ii) the time taken for B to be due north of A. 

A wind is blowing from the direction 320° at 30 km ἢ"". Find, by drawing or by 
calculation, the magnitude and direction of the velocity of the wind relative to a 
man who is cycling due east at 18 km h"'. 
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Projectiles 


In the previous Chapter, we dealt with motion of a body in a plane where the body has 2 
or more velocities. No acceleration was involved. 

We now take the discussion of motion in a plane further by considering the effect of 
gravity on the moving body. As in earlier work, we shall ignore resistance in our 
discussion. 


PROJECTILES 


If we throw a ball at an angle to the horizontal (not vertically — vertical motion under 
gravity was discussed in Chapter 20), the path of the ball will look like the curve in Fig. 
22.1. The ball is a projectile and the path is a parabola. 


H 
Fig. 22.1 Δ 


The ball is projected from O, with speed u, at an angle @ (called the angle of 
projection) to the horizontal. H is the highest point reached and HM is the axis of the 
parabola. The ball reaches the ground again at R where OM = ΜΕ. OR is the range and 
the time taken from O to R is the time of flight. 
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VELOCITY COMPONENTS 


The principle used in dealing with the motion is that the horizontal and vertical compo- 
nents of velocity are independent. The initial horizontal and vertical components of u are 
u cos θ and u sin θ respectively (Fig. 22.2). 


using 


ucos@ 


Fig. 22.2 


The horizontal component u cos @ is not affected by gravity and thus remains constant. 
The vertical component is affected by gravity and changes continually as the projectile 
has an acceleration g vertically downwards. At any point P of the path, reached after time 
t, the vertical component will be u sin θ — gt (from v = u + af). 

So the components of velocity at time f are: 


horizontal component: V, = u cos 8 (i) 
vertical component: Ls =u sin @- gt (ii) 


The velocity v at P will actually lie along the tangent at P. 
In usual vector notation where i and j are unit vectors along the χ-- and y-axes 
respectively, 
v = (u cos 6)i + (u sin 6 -- φῇ] 


At R, by symmetry, the vertical component of velocity will be u sin @ downwards. 


Coordinates 
The coordinates of P at time ¢ referred to O (Fig. 22.3) will be 


x =(ucos 6) (iii) 
and y =(u sin 6) - ber (iv) 
from s = ut + 4ar). 
(fom s= ui + $a) = 
° x R 


Fig. 22.3 J L. 22.3 
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Hence if r is the position vector of P, 


r= [μ cos θ]η + [(u sin Ot — ἐφ} 


Greatest Height 


At the greatest height (ἢ 
V,=0 


max) at H (see Fig.22.1), the vertical component of velocity 
i.e. uw sin θ — gt = 0 (from (ii)) 


usin θ 
& 


giving t= (time taken to reach the maximum height). 


Substituting this into equation (iv) gives 
yousin o( “ip 9) - te sn oy - εὖ ye 


i.e. greatest height, k= "a (v) 


Time of Flight 


The time of flight, 7, is obtained at R when the vertical displacement is zero (see 
Fig. 22.1), ie. y =0 


or (u sin 8)t -- Ser? =0 (from (iv)) 
giving {Ξ (at O)ort= Benn (at R) 
i.e. time of flight, T= 55 εἰ (vi) 


Note that this is twice the time taken from O to H (see previous section on greatest 
height). 


Horizontal Range 


The horizontal range R_ is obtained by substituting the time of flight, 7, into equation (iii), 
thus: 


x= (u cos 9)( 24 sin.8 wu 2) 


ae 
= <> sin 8 cos 0 
= - sin 28 (since 2 sin 8 cos θ = sin 26) 
ie. the horizontal range κα = = sin 26 (vii) 


From this equation, we can find the angle of projection for which the range is a 
maximum. 


Since the maximum value of sin 26 = 1, 26 = 90° 
ie. θ- 45°. 


Hence the range is maximum when the angle of projection 8 = 45°. 
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The maximum range is then R= = (viii) 

In solving problems, you may make use of the equations (i) to (viii), but these must be 
memorized. Alternatively, this can be avoided by using the principle of independence and 
working from the beginning with the values given. In the first example that follows, we 
will use both alternatives. As in previous work, we will take g as 10 πὶ 5.2 unless stated 
otherwise. 


Example 1 


A particle is projected from O with speed 30 m s"' at an angle of 30° to the horizontal. 
Find 

(a) the time of flight, 

(b) the range on the horizontal ground, 

(c) the maximum height reached. 


30 sin 30° 
Fig. 22.4 


30 cos 30° 
(a) Using equation (vi), the time of flight is 
T= 2.30 x sin 30" =35 


(b) Using equation (vii), the range is 
R= 307 x sin(2 x 30°) 
«τ 10 
(c) Using equation (v), the maximum height is 
ph = 395 χ sin WO 11.25 m 


max 2x 10 


= 77.9 m (to 3 sig. fig.) 


Alternative solution 
The initial components of velocity are 

30 cos 30° = 15V3 πὶ s“ horizontally 
and 30 sin 30° = 15 ms" vertically. 


(a) Consider the vertical motion. 


The time of flight is obtained when the particle is at R. At R, the vertical displace- 
ment from O is zero. 
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Using s = ut + Sat, 

we have 0 = 151-3 x 10xP 
giving ¢ = 0 (at ΟἹ) or ¢ = 3 (at R). 
Therefore, time of flight is 3 s. 


(b) Now consider the horizontal motion. 
The horizontal range is obtained when t = 3 s (time of flight). 


Therefore, R, = 15 V3 x 3 = 779 m (to 3 sig. fig.). 


(c) For maximum height, we consider the vertical motion again. At maximum height, 
the vertical velocity is zero. 


Using 2as = v? -- μ᾽, 
we have 2(—10)s = 0? — 152 giving s = 11.25 m. 
Therefore the maximum height is 11.25 m. 


Example 2 


A ball is thrown with a speed of 20 ms‘ and hits the horizontal ground 20 m away. 
Find the angle of projection θ. 


9} | 20 


: 20 sin ἣ 
Fig. 22.5 A 


20 cos @ ο 
The horizontal range = 20 m 


Using result (vii), a sin 26 = 20 giving sin 26 = 5. 
Therefore 26 = 30° or 150° i.e. 8 = 15° or 75°. 


So there are 2 possible angles of projection (15° and 75°) for a given range. (Note that 
these add up to 90°. This is generally true except when the range is a maximum, in 
which case there is only one angle of projection, viz. 45° (Fig. 22.6).) 
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Example 3 


A golf ball is struck at an angle @ where tan θ = ¢ , with an initial speed of 25 ms". 
Find 

(a) when the bail is at a height of 15 m above the ground, 

(b) the distance between the positions of the ball when it is 15 m above the ground. 


25 sine A 
Fig. 22.7 ο 
25cos 9 
4 . 4 3 
If tan θ = 5, then sin @ = 5 and cos 8 = ξ. 


(a) Consider the vertical motion. 
When the ball is 15 πὶ above the ground (at P and Q) at time 1, we have 
(using s = ut + }ar), 
15 = (25 sin @)r + 5(-10)? 
ie, 15 = 25()t-Se 
or 5f-20t+ 15=0 
fP-4t+3=0 
(t- 1)(@t- 3) =0 
giving f= 1,3 
Hence the ball is 15 m above the ground 1 s and 3 s after being struck. 
(b) The horizontal displacement after 1 s, 
5, = (25 cos θ)1 = 25( 3) = 15 
The horizontal displacement after 3 s, 
s, = (25 cos 6)3 = 25( 2)3 = 45 


Hence the distance between P and Q is s, — s, = 30 m. 
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Example 4 


From the edge of a cliff 60 m high, a stone is thrown into the air with speed 10 ms! 
at an angle of 30° to the horizontal (Fig. 22.8). Find 

(a) the time of flight, 

(b) how far from the foot of the cliff it strikes the sea, 

(c) the velocity with which it strikes the sea. 


Fig. 22.8 


The initial components of velocity are 10 cos 30° (= 5 V3) horizontally and 10 sin 30° 
(= 5) vertically (upwards). 
At time τ, the coordinates (referred to O) are 
x= (5v3)t and y = 5r-5P. 
(a) When the stone reaches the sea, y = -60. 
So 5t-S5Pr=-60 ie. P-t-12=0 
or (t-4)(¢+3)=0 giving 1 Ξ 4 or -3. 
Hence the time of flight is 4 s (—3 is not valid). 


(b) When 1 = 4, x = (5¥3) x 4 = 20V3 ~ 34.6 
Hence the stone strikes the sea 34.6 m from the foot of the cliff. 


(c) When it strikes the sea at R, the horizontal component of the velocity remains 
unchanged at 503 ms“. The vertical component ν m s*! is given by 
v=5-10(4) =-35 


Hence the vertical component is 35 m 5.) downwards (Fig.22.9). 


SNS 
@ 


R 


35 


Fig. 22.9 SS 
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Therefore the magnitude of the velocity = V(5 V3)? + 35? = 36 and the angle @ it 
makes with the horizontal is given by 


ere ὃ 
tan θ = Pr giving 0 = 76°. 


Hence the stone strikes the sea with a velocity of 36 πὶ 5.) at 76° to the horizontal. 


Exercise 22.1 (Answers on page 650.) 
{Take g = 10 m s? in numerical questions.] 

1 For each of the following projectiles with an initial speed V at an angle θ to the 
horizontal as given below, find (a) the time of flight, (b) the range and (c) the maxi- 
mum height reached. 

(i) V=10V2 ms", θ = 45° 

(ii) V= 12 πὶ 5", 8 = 30° 

(iii) V = 30 ms“, tan 6 = 3 
5 


2 A particle is projected from a point O on horizontal ground with a speed of 30 πὶ ς 
at an angle of θ to the horizontal where tan 6 = Ξ. 
Find (a) the time of flight, (b) the magnitude and direction of the velocity of the 
particle after 4 seconds. 


3 Ifa ball is thrown upwards with speed [2 m 5} at an angle of 30° to the horizontal, 
at what times after the start is it 1 m above the ground? What is the maximum height 
reached? 


4 A stone is thrown with speed 12 πὶ 5. at an angle of 60° to the horizontal but hits a 
vertical wall 9 m away. How high above the ground does it hit the wall? 


5 A ball is thrown at an angle of 60° to the horizontal with a speed of 15 πὶ s*'. At what 
times after the start is it moving in a direction making an angle of 45° with the 
horizontal? 


6 A rifle is held horizontally and aimed at the centre of a target 100 m away. If the 
bullet emerges with speed 400 m s*', how fur below the centre of the target does it hit 
the target? 

7 A ball is thrown from a height of 5 πὶ above level ground with a speed of 10 ms" at 


an angle of 30° to the horizontal. After what time does it strike the ground and how 
far horizontally ‘is this? At what angle does it strike the ground? 


8 A stone is thrown at an angle 6 ( tan 8 = ; ) to the horizontal so that it just passes over 
the top of a wall 3 m away horizontally. If it takes 3 s to reach the top of the wall, find 
(4) the speed of projection, 

(b) the height of the wall. 
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SUMMARY 


u = initial velocity 
8 = angle of projection 
OR = horizontal range 
H = highest point reached 
πως = Maximum height 
Initial components of velocity: U, =u cos 8 


U, =usin® 


Components of velocity at time t: Κ΄ = u cos 8 
V =u sin @— gt 


Coordinates at time 1: x =(u cos 6) 
y =(u sin 8)r — lop 


Time of flight: T= usin 
Horizontal range (OR): R= e sin 20 
Maximum range: R= τ (when @ = 45°) 
Maximum height: ha, = eae 


(Note: The time taken to reach maximum height = 5 the time of flight = wane) 
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REVISION EXERCISE 22 (Answers on page 650.) 


1 A particle is projected from a point O on horizontal ground and moves freely under 
gravity. When the particle is at a horizontal distance of 12 m from O, it achieves its 
greatest vertical height which is 8 m. 

Calculate 

(a) the angle to the horizontal at which the particle was projected, 

(b) the speed of projection, 

(c) the time from leaving O which elapses before the particle again reaches ground 
level, 

(4) the horizontal range. (L) 


2 A gun fires shells with speed 280 πὶ s“ from a point of a horizontal plane. The shells 
move freely under gravity. Prove that the greatest range on the plane is 7840 m and 
state the angle of elevation at which a shell must be fired for this maximum range. 

A target on the plane is at a distance of 3920 m from the gun. Find the smaller 
angle of elevation at which a shell should be fired in order to hit the target. Find also 
the greatest vertical height attained by this shell during its flight. (L) 


3 A particle is projected horizontally at 35 πὶ s~' from the top of a cliff which is 80 πὶ 
above sea level. 
(a) Show that the particle strikes the water after 4 seconds. 
(b) Find the horizontal distance travelled by the particle before it strikes the water. 
(c) Find the vertical component of the velocity of the particle when it strikes the 


water. 
(d) Hence find the angle made by the path of the particle with the horizontal when 
the particle strikes the water. (L) 


4 An aircraft A is flying with constant velocity 100 πὶ 5." in a straight line and at a 
constant height of 980 m over the sea. At the instant when A is vertically above an 
anchored observation ship S, a bomb is released. The bomb falls freely under gravity 
and hits the sea at a point T. 

(a) Explain why A is vertically above T at the instant when the bomb hits the sea. 

Calculate 

(b) the time taken by the bomb to reach the sea from the instant of release from the 
aircraft, 

(c) the distance of T from S, 

(d) the vertical component of the velocity of the bomb at the instant when the bomb 
hits the sea. (L) 


5 A projectile has an initial speed of 84 πὶ s“ and rises to a maximum height of 40 m 
above the level horizontal ground from which it was projected. Calculate 
(a) the angle of projection, 
(b) the time of flight, 
(c) the horizontal range. (L) 
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(ii) τῆς magnitude and direction of the velocity of the projectile 4 seconds after 


firing, 
(iii) the range of the projectile on the horizontal plane through the point of 
projection. (C) 


10 From the top of a building 45 πὶ high a stone is projected upwards with speed V πὶ 5. 


1 


12 


13 


14 


15 


at an angle of 30° to the horizontal. Two seconds later another stone is let to fall from 
rest. If the stones reach the ground at the same time, find the value of V. 


Fig. 22.11 shows an end view of a house. A particle is projected from the topmost 
point T horizontally with speed V πὶ s“. If it is not to hit the roof again, what is the 
minimum value of V? 


Vms* 


Fig. 22.11 


A target is set on a hillside and is 50 m horizontally from a point O on ground level. 
A man tries to hit the target by firing from O at an angle of 60° to the horizontal, the 
speed of the projectile being 40 πὶ 5.". If he hits the target, what is its vertical height 
above O? 

To knock the target over, the projectile must have a speed greater than 25 m 5.". 
Can he do this? 


A golf ball is struck from a point A on level ground with speed 35 m 5." at an angle 
of 6 to the horizontal where sin 6 = Ps Two seconds later, another ball is struck from 
a point very close to A and both balls hit the ground at the same time and at the same 
place. Find the initial speed and direction of the second ball. 

A stone attached to a string is swung in a vertical circle of radius | m whose centre 
is 1.5 m above the ground. When the stone has completed 2 of a revolution starting 
from the highest point of the circle, the string breaks and the stone flies off along the 
tangent at that point with speed 2N3 ms“. How far horizontally from the centre of the 
circle does it hit the ground? 

A ball is projected from a point O at an angle θ to the horizontal. Simultaneously, a 
stone is dropped from a point P which is 36 m horizontally and 48 m vertically from 
O. If the ball and stone collide, show that tan 6 = 3. 
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16 A particle is projected from a point A on level horizontal ground with a speed of 
40 πὶ s"' at an angle 6 to the horizontal where tan θ = 4 Find 
(i) the maximum height reached, 
(ii) the time taken first to reach a height of 44 m above the ground, 
(iii) the speed of the particle after 1 second. 
Determine, with full working, whether or not the particle will clear a vertical wall, 
10 m high, the base of which is 144 m away from A. (C) 


17 A particle is projected from a point A on level horizontal ground with a velocity which 
has a horizontal component of Χ πὶ 5.) and a vertical component of Y m 5. After 4 5 
the particle passes through a point that is 40 m higher than A and at a horizontal 
distance of 180 m from A. Calculate 
(i) the value of Χ and of Y, 

(ii) the speed of projection, 

(iii) the angle of projection, 

(iv) the greatest height reached. 

Given that the particle hits the ground at B, calculate 

(v) the time taken to reach B, 

(vi) the horizontal distance AB. (C) 


18 A particle is released from rest at the highest point A of a smooth plane which is 
inclined at @ to the horizontal, where sin @ = 2. The particle slides down a line of 
steepest slope and leaves the plane at its lowest point B, where AB is 3 πὶ. Show that 
the particle reaches B with a speed of 6 πὶ s“ and hence find the vertical and horizontal 
components of the velocity of the particle at B. 


Fig 22.12 


On leaving B the particle travels as a projectile under the action of gravity, striking the 
horizontal plane through C at the point P. Given that B is 11 m vertically above C, 
calculate 

(i) the vertical component of the velocity of the particle at P, 

(ii) the magnitude of the velocity of the particle at P, 

(iii) the inclination to the horizontal of the path of the particle at P, 

(iv) the time taken for the particle to travel from B to P, 

(v) the distance PC. (C) 
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Weight 


If I hold a brick, I feel it exerting a downward force on my hand. If I let go, the brick will 
fall to the ground. The force I felt on my hand is now free to pull the brick towards the 
ground. This force, the gravitational attraction of the earth on the brick is called the 
weight of the brick. It always acts vertically downwards (towards the centre of the earth). 
The weight of a brick of mass 2 kg is about 20 N (Fig.23.3). This will give some idea of 
the size of the Newton. In fact, a mass of m kg will have a weight of mg N (= 10m N). 
We shall assume this for the rest of this chapter and discuss it further in the next chapter. 
Note that weight is the one inescapable force on earth. All bodies have weight. 


weight 


Fig.23.3 20Ν 


The weight of a body acts through a point called the centre of gravity (CG). For sym- 
metrical bodies, the CG is at the centre of symmetry. For example, the CG of a cube is 
at its centre, the CG of a long uniform rod (same cross section throughout) is at the 
geometrical centre of the rod. The CG of a thin rectangular plate (called a lamina) is at 
the intersection of the diagonals and similarly for a parallelogram. 


Reaction 


If I place the brick, of weight 20 N, on a horizontal table, it does not move. We say that 
the brick is in equilibrium. Now it would be unrealistic to assume that the gravitational 
attraction has ceased, so there must be an opposing force exactly equal to 20 N, acting 
vertically upwards and also through the CG (Fig.23.4(a)). 


Reaction 20 N 


CG| Weight cG 
ase TF 
t 


8 Reaction 20 Ν 


Fig. 23.4 (a) (Ὁ) Weight 20 N 


This is the normal reaction on the brick from the table, normal in the geometrical 
sense of being at right angles to the common surface. Sometimes this force is called the 
normal contact force. In diagrams we show only the forces acting on a body, so Fig.23.4(b) 
shows the forces on the brick. Note also that the dimensions of the body are not relevant 
in this context. The brick is treated as a particle. 
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Tension 


If I suspend the brick by a string (or spring) and the string does not break, the brick is 
again in equilibrium (Fig.23.5). 


20N 
Tension 20 N 


Fig. 23.5 Weight 20 N 20N 


In this case the force which equalizes the weight passes along the string and is called 
the tension in the string. If using a spring, the weight will also stretch the spring until the 
equilibrium position is reached. (We regard the string as being inextensible, i.e. any 
stretch is too small to be noted.) 


Friction 


I place the brick on a horizontal table and try to push it along (Fig.23.6). 


Reaction 20 N 


Push 
Friction 
——— p> 


Fig. 23.6 Weight 20 N 


I have to exert a force to do so. There is resistance to my push, called the frictional 
resistance or simply friction. We study this in more detail later. In this situation there are 
four forces acting on the brick. Note that the weight and normal reaction are still equal 
and opposite and the brick is in vertical equilibrium. If 1 push harder, eventually I 
overcome the frictional force and the horizontal equilibrium will be broken. 
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Thrust 


If the brick is placed on a large strong spring, the spring will resist the weight with a force 
called a thrust (Fig.23.7). This is a similar force to a tension, but acts in the opposite di- 
rection. 


SS Thrust 20 N 
KD 
KI 


Fig.23.7 


All of the above are examples of forces, but they need not all operate together in any 
given problem. 


COMPOSITION OF 2 FORCES 


Like velocities, forces as.vectors can be combined to produce a single resultant force 
(Fig.23.8). 
A c 


Fig. 23.8 
ig. re) ΠῚ Β 


If 2 forces P and Q are represented by the adjacent sides OA and OB of the parallelo- 
gram, then the resultant force R is represented by the diagonal OC. The two forces P and 
Q could be replaced by the single force R which would have the same effect. 


Example 1 


F and F, are 2 forces acting ona particle O. F, has magnitude 5 N in direction N30°E 
and Ἐς. has magnitude 8 N in direction E. Find the resultant of the 2 forces. 
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Example 3 


Forces of magnitudes | N,2 N,3 N,4 N and 5 N act along the lines OA, OB, OC, OD 
and OE respectively, where OABCDE is a regular hexagon. Find the resultant of the 
forces. 


Fig. 23.14 


The forces acting are shown in Fig.23.14. 
Take i and j along and perpendicular to OC respectively. 


Sum of components along OC 
= (1 cos 60° + 2 cos 30° + 3 + 4 cos 30° + 5 cos 60°)i = 11.2 


Sum of components perpendicular to OC 
= (-1 sin 60° — 2 sin 30° + 0 + 4 sin 30° + 5 sin 60°)j = 4.5] 


Hence the resultant force r = 11.2i + 4.5j (Fig.23.15). 


Fig. 23.15 


|r = 11.2? + 4.5? giving | r | = 12.1. 

The angle 6 which the resultant makes with OC is given by 
tan 0 = 45 giving @ = 21.9°. 

Hence the resultant is 12.1 N acting at 21.9° to OC. 

We can also obtain the resultant graphically. 


Let the forces along OA, OB, OC, OD, OE be a, b, ς, d, e, respectively. A suitable 
scale is chosen, say | cm: 1 N. We start by drawing a line to represent a in magnitude 
and direction. (We can start with any force, the order is immaterial). Then we add the 
other forces, one at a time, each force starting from the end point of the one before. 
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Fig.23.16 shows the construction where a, b, ς, d, 6 are the forces given above. The 
resultant r is then represented by the line OR in magnitude and direction. By measure- 
ment, we find that | r | = 12.1 and 6 = 22°. 


Fig. 23.16 


Hence the resultant is 12.1 N acting at 22° to OC (approximately the same as before). 


Exercise 23.1 (Answers on page 650.) 


1 Resolve the forces shown in each diagram (Fig.23.17) in the directions of the dotted 
lines. 


Fig. 23.17 
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2 Find the resultant of the following forces, in magnitude and direction (Fig.23.18). 


(c) 


(8) (0) 
1ΟΝ 30Ν 40N ΔΝ 
12Ν 30° 
6N 


(6) 


το 
10N ὴ]ς, 1409 
20Ν 


(8) 
60° 
N 10.N 
Fig. 23.18 


3 Find the sum of the components of the forces acting as shown in Fig.23.19 in the 
direction of the dotted lines and hence find their resultants. 


(b) 


τ 


Fig. 23.19 
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EQUILIBRIUM OF A PARTICLE 


A particle under the action of 2 or more forces is in equilibrium if the resultant of the 
forces (i.e. the vector sum of all applied forces) is zero. If a particle under the action of 
2 forces is in equilibrium, then the 2 forces must be equal in magnitude but opposite 
in direction. 


TRIANGLE OF FORCES 
Consider a particle acted upon by three forces P, Q and R as shown in Fig.23.21(a). 


(b) 


Fig. 23.21 


The resultant of P and Q is represented by the diagonal oc of the parallelogram. The 
particle will be in equilibrium if R is equal in magnitude but opposite in direction to the 
resultant of P and Q. eee 

This means that OA + OB + OD = 0. This may be illustrated by the triangle shown in 
Fig.23.21(b), where the three forces P, Q and R are represented in magnitude and 
direction by the sides of the triangle taken in order (following on one after the other). This 
important result is known as the triangle of forces. We restate this result more formally 
thus: 


If three forces act at a point and are in equilibrium, then they can be represented in 
magnitude and direction by the three sides of a triangle taken in order. 


The converse is also true: 


If three forces acting at a point can be represented by the sides of a triangle taken in 
order, then they are in equilibrium. 


Example 4 


A particle of weight 4 N is supported by a string attached to a fixed point and is pulled 
from the vertical by a horizontal force of 3 N. Find the tension in the string and the 
angle which the string makes with the vertical. 
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Fig. 23.22 ΔΝ (8) 


Let the tension in the string be T Ν. The forces acting on the particle are shown in 
Fig.23.22(a). We now draw the triangle of forces (Fig.23.22(b)). 


We then have Τὸ = 3° + 4’, giving T= 5. 
Also tan 8 = 3, giving 8 = 36.9°. 


Hence the tension in the string is 5 N and the string makes an angle of 36.9° with the 
vertical, 


LAMI’S THEOREM 


If three forces are in equilibrium, Lami’s theorem relates them to the angles between 
their directions. (It is in fact a version of the sine rule.) 

P, Q, R are three forces in equilibrium (Fig.23.23(a)) and they form a triangle of 
forces (Fig.23.23(b)). 


(a) (b) 
Fig. 23.23 Β 


If the angle between P and Q in Fig.23.23(a) is y, then ZACB = 180° — y in 
Fig.23.23(b) and similarly for the other angles. 
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By the sine rule, 


BC Ξ AC = AB 
sin(180°-a@) ~ sin(180°-B) ~ sin(180°- ΤΥ) 
ie, —P. = 2. = -α (where P=|P|,Q=|Q| and αὶ =|R]) 


sin α sin β sin Y 
as P, Q, R are proportional to BC, AC and AB respectively. 


Example 5 


A particle of weight 10 N is suspended by 2 strings. If these strings make angles of 30° 
and 40° to the horizontal, find the tensions in the string. Fig. 23.24 


Let the tensions in the strings be 

T, N and T, N respectively (Fig.23.24). 
Using Lami’s theorem, 

a T, ἃ 10 
sin(90° + 40°) sin(90° + 30°) sin 110° 
giving Τὶ = 8.2 and T, = 9.2. 


Hence the tensions in the strings are 8.2 N and 9.2 N. 


POLYGON OF FORCES 


We can extend the idea of the triangle of forces to more than three forces acting at a point 
in equilibrium if the forces are coplanar. This extension is called the polygon of forces. 
If a number of forces acting at a point are in equilibrium then they can be represented in 
magnitude and direction by the sides of a closed polygon taken in order, Fig.23.25(a) 
shows forces P, Ὁ, R, 5, T which can be represented by the sides of the polygon ABCDE 
in Fig.23.25(b). 


Q 


Fig. 23.25 8 (4) (Ὁ) 


The sides of the polygon may cross each other if this is necessary by the layout of the 
forces, but must follow each other in order, that is, one force must begin where the 
previous force ends. We may start with any force. Constructing a polygon of forces can 
be used as a graphical method to solve problems involving more than three forces acting 
at a point. 
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Example 6 


Five forces act as shown in Fig.23.26 and are in equilibrium. Find the magnitude and 
direction of force P. 


Fig. 23.26 


We will solve this problem using 2 methods. 


1. Graphical method 
Construct the polygon of forces to a suitable scale (say 1 cm: 10 N). ABCDE is 
drawn and then E is joined to A. EA would then represent the force P in 


magnitude and direction. From the drawing, we find that P = 62 N at an angle 73° 
to the 40 N force. 


Fig. 23.27 


Resolution of forces 

Since the forces are in equilibrium, the resultant is zero, and hence its component 
in any direction is zero. Take i in the direction of the 40 N force and j in the 
negative direction of the 60 N force (Fig.23.26). 


Resolving along the i direction, we have 
(P cos 8 + 40 — 50 sin 60° — 30 sin 30°)i = 0 (where P = | P |) 
giving P cos θ = 18.30. 
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Resolving along the j direction, we have 
(P sin @ — 60 — 50 cos 60° + 30 cos 30°)j = 0 
giving P sin @ = 59.02. (ii) 


The components of P are shown in Fig. 23.28. 


The magnitude of P = ¥18.30? + 59.02? = 61.8. 
The angle 8 which P makes with the 40 N force is given by 
tan @ = 2292 giving @ = 72.8°. 


Hence P is 61.8 N making an angle 72.8° with the 40 N force. 


Exercise 23.2 (Answers on page 650.) 


1 Find the unknown forces and angles in Fig.23.29. The forces in each set are in 
equilibrium. 


140° 
150° 720. 80 N 


(a) (b) 


Fig. 23.29 100 N 
(c) (d) 
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2 A particle M of weight 20 N is supported by two strings, MA and MB making angles 
of 30° and 45° on opposite sides with the vertical through M. Find, by drawing or 
calculation, the tensions in the strings. 


3 A body of weight 40 N hangs from a string attached to a point on a vertical wall. The 
string will break when its tension exceeds 50 N. If the body is pulled away from the 
wall by a horizontal force P N, what angle does the string make with the vertical when 
it breaks and what is the value of P? 


4 Three forces acting at the origin O can be represented by the vectors OA, OB, oc 
where A, B, C have coordinates (5,2), (-3,8), (-2,-10) respectively. Show that the 


forces are in equilibrium. (L) 
5 The three coplanar forces P N, 2P N and 20 N are in equilibrium as shown in 
Fig.23.30. Calculate the value of P and of 0. (C) 
PN 
1209 
2PN 
6° 


Fig. 23.30 20N 


6 Find the unknown forces in magnitude and direction in the following systems of 
forces which are in equilibrium. 


40N 
30.N 


50 .N 


10N P Q 
(a) (0) 


Fig. 23.31 
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7 Find the resultant in magnitude and direction of forces 10, 20, 30, 40 N acting in 
directions 060°, 120°, 180°, 270° respectively. 


8 Referred to rectangular axes with O as the origin, A is the point (4,3), B is the point 
(12,5), C is the point (0,6) and the same scale is used for the x— and the y- 
coordinates. Forces of magnitudes 75 N, 65 N and 35 N act at O towards A, B and C 
respectively.,Find, by calculation or drawing, the magnitude of the resultant force and 
the angle it makes with the x-axis. (L) 


9 Five strings are attached to a point in equilibrium and radiate horizontally from this 
point. The tensions and directions of four of the strings are: 50 N, 060°; 40 N, 090°; 
100 N, 270°; 20 N, 330°. Find the tension in the fifth string and its direction. 


10 Fig.23.32 shows a particle in equilibrium under the action of five horizontal forces. 
Calculate the values of 6 and P. 


2PN 
2ΡΝ 
4ΡΝ ῳ 
θ 
3PN 
Fig. 23.32 ΒΝ 


11 Τῆς four coplanar forces in Fig.23.33(a) have the single force shown in Fig.23.33(b) 
as their resultant. If tan 9 = 2. find the value of P and of ὦ. 


2PN 2PN 30.N 


Fig.23.33 PN (a) (b) 


12 Forces of 8 N and P N act along the lines OA and OB where ZAOB is an obtuse 
angle. 
(a) If P =4, the resultant is perpendicular to OB. Find ZAOB. 
(Ὁ) Find the value of P if the resultant is to bisect ZAOB. 
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13 When the angle between two forces P and Q is 60°, the magnitude of their resultant 
is ¥19 N. When the angle is 120°, the magnitude is V7 N. Calculate the value of 
P and of Q. 


14 The following four coplanar forces acting at a point O are in equilibrium: 10 N in 
direction 000°, 20 N in direction 090°, ΟΝ in direction (180 + 6)° (8 < 90) and PN 
in direction 300°. 

(a) By drawing a polygon of forces, find the possible values of P and of θ when 
Q = 20. 

(0) Deduce the values of P and θ if Q is to be the minimum force to maintain the 
equilibrium and find the value of Ο in this case. 


FRICTION 


‘Smooth’ surfaces are often specified in problems. A smooth surface is a convenient 
approximation in Applied Mathematics. In real life, however, it is not possible to obtain 
such a surface. When one body moves over another, there is always some resistance to 
motion, the frictional resistance between the two surfaces. The size of this resistance will 
depend on the nature of the two surfaces in contact. 

Consider a particle of weight W at rest on a rough horizontal plane (Fig.23.34). 


R 


Fig. 23.34 w 


The normal reaction & of the plane on the particle has the same magnitude as W. 

We now apply a horizontal force P, slowly increasing its magnitude from zero, to the 
particle, The frictional force comes into operation when an attempt is made to move the 
particle. This frictional force always acts to oppose the tendency to move. Initially the 
particle does not move because the frictional force is equal (but opposite) to the applied 
force. As the force P is increased, the frictional force also increases to equal the applied 
force. Eventually, however, the frictional force reaches its maximum and a slight increase 
in P will make the particle slide. 

This maximum value of the frictional force F is called the limiting friction. From 
experiments, we obtain the ratio 

limiting frictional force 
normal reaction : 

where the Greek letter μ (read mu) is a constant quantity and is called the coefficient of 
friction. The value of μὶ depends only on the nature of the surfaces in contact and is 
independent of the areas in contact or the forces present. We can also write limiting 
frictional force F = μὴ (where Καὶ = normal reaction). 
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resolve the forces acting on the particle normal and parallel to the plane respec- 
tively to obtain: 


R = 10 cos 30° 
ie. R=5 V3 (i) 

and P + μα = 10 sin 30° 
ie. P+ 2R=5 (ii) 


Substituting R from (i) into (ii), we have 
P + 2(5 V3) =5 giving P = 1.54N. 
Hence the least force (parallel to the plane) required to hold the particle is 1.54 N. 


b) In this case, when the particle is about to move upwards, the frictional force 
F (=p) acts down the plane (Fig.23.38). 


Fig.23.38 


Resolving forces as before, we have 
R = 10 cos 30° 

ie. R=5V3 

and P = 10 sin 30° + UR 

ie. P=5+2R 

Substituting R from (iii) into (iv), we have 
P=5+ ξ( V3) giving P ~ 8.46 Ν. 


Hence the least force (parallel to the plane) required to make the particle move up 
the plane is 8.46 N. 


Note that the force in part (a) is considerably less than that in part (b). 
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Exercise 23.3 (Answers on page 651.) 
(Take g = 10 μι 52.) 


1 A mass of 4 kg rests on a rough table (μ = 0.4). Find the least force required to make 
it move. 


2 If a force of 10 N is just sufficient to move a mass of 2 kg resting on a rough 
horizontal table, find the coefficient of friction. 


3 A block of mass 300 kg is just pulled along rough horizontal ground by two equal 
forces P N inclined at 30° to the line of motion. If the coefficient of friction is 0.6, find 
the value of P. 


4 A block of mass 1 kg is placed on an inclined plane of angle 60° and is just held there 
at rest by a horizontal force P. If the coefficient of friction is 0.4, find P. 


5 A body of mass 5 kg can just rest on a plane when the plane is inclined at 60° to the 
horizontal. Find the force parallel to the plane required to push the body up the plane 
if the inclination is reduced from 60° to 30°. 


6 A horizontal force of 10 N just prevents a mass of 2 kg from sliding down a rough 
plane inclined at 45° to the horizontal. Find the coefficient of friction. 


7 A mass of M kg is slowly pulled up a rough inclined plane of angle 30° by a string 
parallel to the plane. The coefficient of friction is 0.6. If the string will break when its 
tension exceeds 100 N, what is the largest possible value of M? 


8 A particle of mass M kg is placed on a rough inclined plane whose angle with the 
horizontal can be changed. When this angle is 8, the particle just begins to slip. Show 
that the coefficient of friction = tan 0. 


9 A block of mass 5 kg is exes on a rough plane inclined at an angle α to the 
ΔΟΠΣΟΝΙΑΙ where sin α = 3 . The coefficient of friction between the block and the 
plane is 3. A force Q N a on the block in an upward direction parallel to a line of 
greatest slope of the plane. 


Calculate 

(i) the minimum value of Q which will prevent the block from sliding down the 
plane, 

(ii) the value of Ὁ when the block is about to move up the plane. (C) 


10 A particle of mass 0.5 kg is at rest on a rough plane inclined at an angle θ to the 
horizontal where sin 6 = 2. The particle is just prevented from sliding from the plane 
by a force of 2 N applied in an upward direction parallel to a line of greatest slope of 
the plane. 

(i) Draw a figure showing all the forces acting on the particle. 

(ii) Calculate the coefficient of friction between the particle and the plane. 

(iii) Calculate by how much the force of 2 N must be increased so that the particle is 
about to move up the plane. (C) 
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SUMMARY 


Φ Composition of 2 forces, P and Q 


If OA represents P and OB represents Q, then the diagonal oc of the 
parallelogram represents the resultant R. 


Φ Resolution of a force, F 


F can be resolved into 2 perpendicular 
components: 


x-component = (F cos 9)i 
y-component = (F sin 8)j (F sin 0)j 
where F =| F |. 


(F cos @)i 


Φ Coplanar forces acting at a point 
The resultant can be found by first resolving all the forces in any 2 
perpendicular directions and then recombining the components into one force. 
@ Equilibrium of a particle 
A particle under the action of 2 or more forces is in equilibrium if the resultant 
of the forces is zero. 
@ Triangle of forces 
If three forces act at a point and are in equilibrium, then they can be represented 
in magnitude and direction by the three sides of a triangle taken in order. 
The converse is also true: 


If three forces acting at a point can be represented by the sides of a triangle 
taken in order, then they are in equilibrium. 


Q 
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6 Forces οἵ 5 N and 3 N act along the sides AB, AC respectively of an equilateral 
triangle ABC of side 12 m. Find the magnitude and direction of their resultant. (C) 


7 (a) Two forces, P and Q, of 2 N and 6 N respectively have a resultant of 5 N. 
Calculate the angle between P and Q. 
(b) The following horizontal forces pass through a point O: 
6 N in a direction 045°, 
8 N in a direction 180°, 
ΡΝ ina direction 330°. 
The resultant of these forces is in a direction 000°. Calculate 
(Ὁ the value of P. 
(ii) the magnitude of the resultant. (C) 


8 Two equal concurrent forces, each of F N, have a resultant of 6 N. When the 
magnitude of one of the forces is doubled, the resultant becomes 11 N. Calculate the 
value of F and the angle between the forces. (C) 


9 A,B,C, Ὁ, E, F are the vertices of a regular hexagon. Forces of 10 N, 10 N, 5 N and 
20 N act at A in the directions AB, AC, EA and AF respectively. Find, by drawing or 
calculation, the magnitude of their resultant and the angle it makes with AB. 


10 A body of mass 4 kg lies on a rough horizontal plane. It is acted on by an upward force 
of 26 N inclined at an angle ἃ to the horizontal, where sin @ = 4 If the body is about 
to move, calculate the coefficient of friction between the body and the plane. 

The force is now removed and the plane is tilted to an angle αὶ to the horizontal, where 
sin B= z. A force P N acts in an upward direction on the body parallel to a line of 


greatest slope of the plane. Given that the body is about to move up the plane, 
calculate the value of P. (Cc) 


11 Three ropes are attached to a heavy block which is about to be pulled due N along 
rough level ground. The ropes are pulled horizontally in the directions 350°, 000° and 
030° with forces P N, 100 N and 160 N respectively. Find the value of P and the 
resultant force acting on the block. 

If the mass of the block is 80 kg, calculate the coefficient of friction. 


12 A block of mass 1.5 kg is placed on a rough plane inclined at an angle αὶ to the 


horizontal where sin α = 0.6. The coefficient of friction between the block and the 
plane is 4, The block is acted on by a force P N perpendicular to the plane and is on 
the point of slipping downwards. 

Draw a diagram showing all the forces acting on the block and calculate the value 
of P. (C) 


13 A body of mass m kg is held in equilibrium on a rough plane, inclined at an angle 8 
to the horizontal, by a force of P N, acting up a line of greatest slope. 
When P = 15.6, the body is about to slide up the plane, and when P = 8.4, the body 
is about to slide down the plane. 


Given that tan 6 = 3, find the value οἵ m and of μ, the coefficient of friction between 
the body and the plane. (C) 


522 


Newton’s 
Laws of Motion 


In this chapter, we shall discuss the relation between the force acting on a body and its 
motion. It was Newton who first understood this relationship and who enunciated the 
three laws of motion. Dynamics, which is the study of the effect of forces acting on a 
body, is based on these laws. 


NEWTON’S LAWS 


Newton’s laws may be stated as follows: 


First law: — Every body remains at rest or moves with uniform velocity unless it is made 
to change this state by external forces. 


Second law: If a force acts on a body and produces a certain acceleration, then the force 
is proportional to the product of the mass of the body (assumed constant) 
and the acceleration. Also the acceleration takes place in the direction of the 
force. 


Third law: To every action there is an equal and opposite reaction. 


The first law disposed of a pre-Newtonian misconception that a force was required to 
keep a body moving. It explains why a spacecraft once free of the earth’s gravitational 
field will continue to travel in a straight line with steady speed until it is affected by the 
pull of another planet. It is not possible to attain this state on earth, as friction or air 
resistance is always acting and gradually slows down any moving body. 

The second law involves the concept of mass. The mass of a body is usually defined 
as the quantity of matter in the body. Though this is not very helpful, the idea is 
reasonably easy to grasp; that is, a small body requires less force to give it a certain 
acceleration than a more massive one. Thus, if I push a certain truck with a certain force, 
an acceleration will be produced. If 1 push two similar trucks joined together with the 
same force, the acceleration will be halved as I am pushing an object twice the mass. The 
standard unit of mass is | kg (kilogram) = 1000 g (gram). The second law can be written 
symbolically as follows: 


Pama 
or P = kma 


where P = force, m = mass, a = acceleration, k = some constant. 
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For a standard mass of | kg having standard unit acceleration | πὶ 5", the force acting 
will be 
P=kx1x1l=k units 


If we now take the unit of force to be that which will produce an acceleration of 
1 ms? ina mass of 1 kg, then P = | and k = 1. This unit of force is 1 Newton (1 N). The 
equation of motion then simplifies to 


P=ma 
or force = mass x acceleration 
(inN) (inkg)  (inms*) 


For large forces, the kilonewton, KN can be used (1 KN = 1000 N). 

The third law means that the force a body exerts on another is always accompanied by 
an equal and opposite force exerted by the second body on the first. We have used this 
law implicitly when we discussed reaction in the last chapter and we shall dwell on this 
further when we discuss connected particles. 


MASS AND WEIGHT 


All bodies are attracted to the earth by a gravitational force. Near the surface of the earth, 
this force produces an acceleration g ΠῚ s~. g is about 9.8, but varies slightly over the 
surface of the earth. A mass of m kg if free to move would fall with an acceleration 
g πὶ 5. (Note that the acceleration is independent of the mass of the body.) The force 
acting on the body is thus mg N and this is the weight of the body. 

The mass of a body is constant but its weight is not. In fact, the weight varies with 
locality depending on the value of g which we noted earlier varies slightly over the 
surface of the earth. So the weight of a mass of 1 kg is about 9.8 N. In space where 
g =0 or nearly so, its weight would be zero (weightless). On the moon where g = 1.6, its 
weight would be about 1.6 N though its mass is still 1 kg. 

In everyday life, the distinction between mass and weight is blurred. When we say the 
‘weight’ of a person is 50 kg, we really mean that his ‘mass’ is 50 kg. His actual weight 
would be 50g N (or approximately 500 N). Similarly, a packet of washing powder 
labelled ‘net weight: 1 kg’ should actually read ‘net mass: 1 kg’. In our work the 
distinction will be carefully noted between mass and weight and the correct units used for 
each, The relation is that the weight W of a mass m (in kg) is mg (in N) 1.6. W = meg. 

As in Chapter 20, we will continue to take the approximate value of g = 10 ms? in our 
work. In the worked examples that follow, we will use —> to represent a force and —>> 
to represent acceleration in our diagrams. 
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Example 1 


A force of I N acts on a particle of mass 2 kg which is initially at rest. Find the 
resulting acceleration. Find also the velocity of the particle after 5 s. 


Using P=ma 
we have 1 =2a 


ss bf 
giving αΞ5 


Hence the acceleration is 5 τῇ s*. 


The velocity v ΠῚ 5} after 5. 5 is given by 
γε τ αἵ 
=0+4(5)=2.5 


Therefore the velocity after 5 s is 2.5 ms". 


Example 2 


A horizontal force of 0.5 N acts on a body of mass 0.2 kg (Fig. 24.1). There is a 
frictional force of 0.2 N opposing the first force. What acceleration will be produced? 


applied force 
0.5N 
er 
net force 0.3 N 
or 
Fig. 24.1 a 
The resultant or net force acting is 0.5 - 0.2 = 0.3 N. 
The acceleration a m 5.2 will take place in the direction of the resultant and is given by 
P=ma 
ie. 0.3 = 0.2a 
giving a = 1.5 


Hence the acceleration produced is 1.5 πὶ s~. 
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Example 3 


Two forces 5 N and ὃ N in the directions 030°and due E respectively act on a body of 
mass 2 kg. Find the acceleration of the body. 


We first find the resultant of the two forces by drawing or calculation (Fig. 24.2). 


N 
4 


| 
\ 
| 
| 
| 
| 


Fig. 24.2 


The resultant force is P = 11.36 N in the direction 067.6° (θ = 22.4°). 
Then using P=~ma, 

we have 11.36 = 2a 

giving a=5.68 


Hence the acceleration is 5.68 πὶ 5.2 in the direction 067.6°. 


Example 4 


A parcel of 4 kg is suspended from a spring balance in a lift. What does the balance 
read if the lift is 

(a) moving with uniform speed, 

(δ) accelerating upwards at 0.5 ms°, 


> Fig. 24. 
(c) accelerating downwards at 0.5 m s?? Ὁ 555 


A spring balance consists of a strong 
spring with a pointer and scale attached. 
Using a result in Physics that the exten- 
sion of a spring is proportional to the 
tension in the spring, the scale can be 
calibrated to show the force extending the 
spring. 
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We consider the forces acting on the T Fig. 24.4 
parcel i.e. its weight of 4g N acting verti- 
cally downwards and the tension in the 


spring vertically upwards. 
(a) Since the parcel is moving with uniform speed, | 40 
there is no net force acting on it. 
Therefore T = 4g 
=40N 
which is what the balance should read. 4gN 
(0) There is an upward acceleration. T Fig. 24.5 


This means there is a resultant force 
upwards and this resultant force 


0. 2 
Therefore T — 4g = 4(0.5) on 


T-40=2 
T= 42 


Hence the new reading on the balance is 42 N. 4gN 


Fig. 24.6 
Similarly, when there is a downward T 
acceleration, we have a resultant force downwards and 


4g - Τ = 4(0.5) 


i.e. 40-T=2 Zz 0.5 ms? 
T = 38 


(c 


- 


So the reading on the balance will then be 38 N. 
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Example 5 


A particle initially at rest slides down from the top of a rough plane 1 m long inclined 
at an angle of 60° to the horizontal. The coefficient of friction between the plane and 


the particle is : Find the velocity of the particle at the bottom of the plane. 


Let m = mass of particle in kg, 
R = normal reaction in N, 
F = frictional force in N 
and a = acceleration in πὶ 5.2. 
Fig. 24.7 shows the forces acting on the particle. We resolve the weight along and 
normal to the plane (Fig. 24.8). 


Fig. 24.7 Fig. 24.8 


We then consider motion along and normal to the plane respectively. Since the particle 
slides along the plane, there is acceleration (2 m 5.72) along the plane only and no 
acceleration normal to the plane. Hence there is no resultant force normal to the plane. 
So we have 

R = mg cos 60° 
: 1 
ie. R= mg 


The frictional force F is given by 
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Using P = ma, 
we have (8 - ἢ mg Ξ πιὰ 
giving a = (3 - ie 


= 6.16 πὶ s? 


The velocity v ms"! of the particle at the bottom of the plane is given by 


v? — μὲ = 2as 
v? — 0 = 2(6.16)(1) 
v? = 12.32 
Therefore y= 3.5] 
Hence the velocity of the particle at the bottom of the plane is 3.51 πὶ ς΄. 


Note: The method of resolving the weight in this solution should be carefully noted. 
As a general rule, all forces should be resolved into components parallel and normal 
to any acceleration. The equation of motion is then applied in the direction of the 
acceleration, the other components being in equilibrium. 


Exercise 24.1 (Answers on page 651.) 

[Take g = 10 m s? where required.] 
1 If a force of 20 N acts on a mass of 2 kg, what is the acceleration produced? 
2 Ifa force of 5 N acts on mass of 750 g, what acceleration results? 


3 If a force of 4 ΚΝ acts on a mass of’ 2.2 tonne (1 tonne = 10° kg), what is the 
acceleration in m 5.7 


4 If Ξ 1.6 πὶ 5.2 on the moon, what is the weight of a packet of tea labelled: net mass 
250 g? 


οι 


A mass of 1.5 kg has an acceleration of 0.8 m 5.2, What force is acting on it? 


an 


If a force of 2 N acts on a mass of 1.5 kg at rest initially, what is its velocity after 
6s? 


7 A mass of 5 kg is dragged across a rough surface (frictional force equal to 3 N 
opposing the motion) by a horizontal force of 20 N. What is the acceleration 
produced? 


8 Two forces, 20 and 10 N, act on a body of mass 0.5 kg at right angles to each other. 
What is the acceleration of the mass, in magnitude and direction? 


9 A force of 20 N is applied at an angle of 60° to the horizontal to a mass of 4 kg on 
a smooth horizontal table. What is the acceleration of the mass? 


10 A particle of mass'2.5 kg is moving at a steady speed of 12 πὶ 5} when it meets with 
a fixed resistance of 10 N. How long does it take to come to rest? 
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11 


12 


13 


14 


15 


16 


Find the constant force which would give a body of mass 5 kg at rest a velocity of 
64ms'in4s. 


A mass of 2 kg is at rest on a rough horizontal table. A force of 20 N is applied to the 
mass, the force making an angle of 30° with the table. Frictional resistance is equal 
to 5 N. What is the acceleration of the mass? 


A toy engine of mass 350 g exerts a driving force of 0.1 N. With what acceleration 
could it climb a smooth slope of το (ie. a slope making angle θ with the horizontal 
where sin @ = iw) ? 


A man of mass 80 kg stands in a lift. What is the reaction trom the floor of the lift if 
the lift 

(a) moves upwards with steady speed, 

(b) moves upwards with acceleration 0.5 m s~, 

(c) moves downwards with acceleration 0.4 m s?? 


A car of mass 750 kg is accelerating up a slope of θ to the horizontal where 
sin 8 = 76 at 1.5 m 5.7. Ignoring any road resistance, find the tractive force of the 
engine. 


A block of mass 10 kg is placed on an inclined plane of angle 30° to the horizontal. 
The coefficient of friction is 0.5. Find 

(4) the acceleration of the block down the plane, 

(b) the least force parallel to the plane required to keep the block at rest, 


» (c) the least force parallel to the plane required to make the block begin to move up 


17 


18 


19 


20 


the plane, 
(d) the force parallel to the plane required to move the block up the plane with an 
acceleration of 0.5 m s*. 


A barge of mass 50 000 kg is being towed by two tugs. The two ropes make an angle 
of 15° on each side of the line of motion and the tension in each one is 1000 N. If the 
barge is moving with an acceleration of 0.02 πὶ s~, find the resistance to its motion. 


A body of mass 2 kg is pushed up an inclined plane of angle 30° to the horizonial by 
a horizontal force of 20 N. If the coefficient of friction is 7 find the acceleration of 
the body. 


A body of mass 4 kg is pulled from rest to a speed of 4.5 πὶ 5. in a time of 3 seconds 
on a rough horizontal surface by a force of 20 N which makes an angle of 10° with 
the horizontal. Find the coefficient of friction. 


: : rn : : 3 
A particle slides down an inclined plane of angle θ to the horizontal, where sin θΞ =, 
with acceleration 2 m s*. Calculate the coefficient of friction. 
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CONNECTED PARTICLES 


Fig. 24.9 


If a car pulls a caravan (Fig. 24.9), the pull of the car is transmitted through the tie rod to 
the caravan but the caravan equally pulls the car backwards. The two pulls are the same 
size (ΤΊ but opposite in direction, according to Newton's Third Law. If we are considering 
the car, we must include the backward pull; if we consider the caravan we include the 
forward pull. If however, we consider the two as one body, the two pulls cancel out as 
internal forces and need not be considered. 

Again, if two masses are suspended by a string over a frictionless (smooth) pulley, the 
string transmits a tension which pulls the mass A (Fig. 24.10) upwards when considering 
A, but pulls the mass B upwards when considering B. If the two masses are taken as one 
body, again the two tensions cancel out as internal forces and need not be considered, 


Fig. 24.10 
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Example 6 


A string (assumed to have no weight and not to stretch) passes over a smooth light 
pulley. To the ends of the string are attached masses of 3 kg (A) and 2 kg (B) and both 
parts of the string are vertical. With what acceleration does the system move? What 
is the reaction at the axle of the pulley? 


3gN 


Fig. 24.11 


The system is shown in Fig. 24.11 with the weights of the masses. 

Let the acceleration of A be a m s? downwards and hence B will have the same 
acceleration upwards. 

Now consider each mass and the pulley separately (Fig. 24.12). 


T R T 

A B 
faa] > 

3gN T Τ 2gN 


The string transmits a tension Τ᾽ and the reaction at the axle of the pulley is R. 


Fig. 24.12 


For A, since the acceleration is downwards, 3g -- T = 3a (i) 
For the pulley, since it has no acceleration vertically, Καὶ = 27 (ii) 
For B, since the acceleration is upwards, T -- 2¢ = 2a (iii) 
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Now solve these equations for a, T and R. 
Adding (i) and (iii), g=Sa 


giving a= f =2ms? 
From (iii), T =2a+2g 
=4+20=24N 
From (ii), R=2T 
=48N 


(Note that this is less than the total weight of the masses, 50 N.) 


Example 7 


Fig. 24.13 shows two particles A and B each of mass 0.5 kg, joined by a light inelastic 
string which passes over a smooth fixed pulley at C. The system is held at rest with A 
hanging freely while B is on a rough horizontal surface. The coefficient of friction 
between B and the surface is 0.4. Find the magnitude of the acceleration of each 
particle and the tension in the string when the system is released. 

B 


| 0.5 kg }—— ¢ 


[0.5 kg JA 
Fig. 24.13 
Let the acceleration of A be a πὶ 5.2 downwards and hence B will move towards C with 


the same acceleration. The string transmits a tension T. Fig. 24.14 shows the forces 
acting on A and Β. 


Fig, 24.14 0.5g N 


534 


For A, since the acceleration is downwards, 
0.5¢ —T =0.Sa (i) 
For B, since the acceleration is towards C, 
T-F=0.5Sa (ii) 


where the frictional force F = μα 
= 0.4(0.5g) 
= 0.29 


Substituting this into (ii), we have 

T -0.2g = 0.5a (iii) 
Now solve (i) and (iii) to obtain ἃ and T. 
Adding (i) and (iii), 0.3g =a 


i.e. a=3 
From (iii), T -- 0.2(10) = 0.5(3) 
giving T =3.5 


Hence the acceleration of each particle is 3 m 5.2 and the tension in the string is 3.5 N. 


Example 8 


Fig. 24.15 shows two particles A of mass 1 kg and B of mass 2 kg connected by a light 
inelastic string which passes over a smooth pulley at C. The system is held at rest with 
B hanging freely while A is on a rough plane inclined at 6 to the horizontal where 
tan 8 = 3. The coefficient of friction between A and the plane is 0.2. Find the 
magnitude of the acceleration of each particle and the tension in the string when the 
system is released. 


2kg 


Fig. 24.15 
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Let the acceleration of B be a πὶ 5.2 downwards and hence A will move towards C with 
the same acceleration. The string transmits a tension T. Fig. 24.16 shows the forces 
acting on A and B. 


Fig. 24.16 


Now consider the motion of each mass separately. 
For B, since the acceleration is downwards, 
2g -Τ τα (i) 

For A, since the acceleration is along AC, and the tension is opposed by the frictional 
force, F and the component of the weight downslope, g sin 6, we have 

T -(F +g sin 8)=1a (ii) 
Resolving forces perpendicular to the plane, the normal reaction is 

R=gcos@ 


The frictional force, F is given by 


cos 8 


F=uR 
= με 


Substituting this into (ii), 
T -- (pg cos θ + g sin 8) =a 

Now solve (i) and (iii) to obtain a and T. 
Adding (i) and (iii), 

2g — (ug cos 6 + g sin 8) = 3a 
te 2(10) ~ [(0.2\(10)$ + 10(3)] = 34 
giving a=4,13 
From (i) 2(10) -- T = 2(4.13) 
giving T= 11.74 


Hence the acceleration of each particle is 4.13 m 5.2 and the tension in the string is 
11.74 Ν. 
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Exercise 24.2 (Answers on page 652.) 


[Take g = 10 ms? where required.] 


-_ 


Masses of 5 kg and 3 kg are connected by a light string over a smooth pulley. Find 
(4) the acceleration of the masses, 

(b) the tension in the string, 

(c) the reaction at the axle of the pulley. 


A mass of 3 kg rests on a smooth horizontal table connected by a light string passing 
over a smooth pulley at the edge of the table to another mass of 2 kg hanging verti- 
cally. When the system is released from rest, with what acceleration do the masses 
move and what is the tension in the string? 


A body of mass 10 kg lies on a smooth inclined plane. A light string attached to this 
body passes over a smooth pulley at the top of the plane and supports a mass of 2 kg 
hanging freely. If the inclination of the plane is 6 to the horizontal where sin 6 = 7 ᾿ 
find the acceleration of the masses, 


Masses of 4 kg and m kg are connected by a light string passing over a smooth pulley. 
When free to move, their acceleration is 0.5 πὶ 5. ἡ. Find the possible values of m. 


A mass of 8 kg is placed on a horizontal table (lt = 0.3) connected by a light inexten- 
sible string placed over a smooth pulley at the edge of the table to another mass of 
4 kg hanging freely. Find the acceleration of the masses when released from rest. 


A lorry of mass 1000 kg pulls a trailer of mass 450 kg on level ground. Resistance to 
motion for either vehicle is 4 N per kg of mass. Find the tension in the tow-bar and 
the tractive force of the engine when they are 

(a) moving at a steady speed, 

(b) acceierating at 0.6 πὶ 5.7. 


A car of mass 800 kg is pulling a irailer of mass 300 kg up a slope of angle θ to the 
horizontal where sin @ = 0" Resistance to motion (apart from gravity) is 1.5 N per 
kg of mass for each vehicle. Calculate the pull of the engine and the tension in the 
tow-bar when they are 

(a) moving with constant speed, 

(b) accelerating at 0.2 ms”. 


In Fig. 24.19, PQR is a fixed wedge on level ground where PQ = 5 πὶ, QR = 3 mand 
PRQ is a right angie. Particle A, of mass 1.5 kg, lies at the foot of the smooth slope 
PQ, attached by a light string passing over the smooth pulley at Q, to the particle B 
of mass | kg. B is released from rest when it is 2 m above ground level. Find 
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(a) the acceleration of the particles, 
(b) how far A will travel up the slope before coming to momentary rest. 


1.5 kg 


Fig.24.19 Ρ 


9 A wedge has two equally rough faces each inclined at 30° to the horizontal. Masses 
of 5 kg and 2 kg, one on each face, are connected by a light string passing over a 
smooth pulley at the top of the wedge. The coefficient of friction 1) between each 
mass and the surface of the wedge is 0.2. Find the acceleration of the masses when 
they are released. 


10 In Fig. 24.20, the particle of mass 2.4 kg is held at rest on the rough horizontal surface 
AB (the coefficient of friction is 0.5). It is connected by a light string passing over a 
smooth pulley at B to a particle of mass 3.6 kg. The sloping face BC is smooth and 
makes an angle of 30° with the horizontal. Find the acceleration of the particles when 
they are released. 


Fig.24.20 


1 


-_ 


In Fig. 24.20, if AB is smooth and BC is rough, and the acceleration of the particles 
is the same as before, calculate the coefficient of friction of BC. 


12 Two bodies A and B, joined by a light inextensible string, are placed on a plane which 
is inclined to the horizontal at an angle whose tangent is 0.75 so that the string is taut 
and lies along a line of greatest slope and B is higher up the plane than A. The body 
A is smooth and its mass is 9 kg. The mass of B is 3 kg and the coefficient of sliding 
friction between B and the plane is 0.5. The system is allowed to slide down the plane. 
Calculate 
(a) the frictional resistance to the motion of B, 

(Ὁ) the acceleration of the system, 
(c) the tension in the string. (L) 
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12 


13 


14 


15 


16 


Particle A of mass 0.8 kg is held at rest on a rough horizontal surface and is connected 

by a light string passing over a smooth pulley at the edge of the surface to a particle 

B of mass 0.4 kg hanging freely, When A is released, the acceleration of the particles 

is 3 τῇ 5. 

(a) Calculate the coefficient of friction between A and the surface. 

(b) After travelling for 3 seconds, B is stopped. Calculate the total distance travelled 
by A before it comes to a stop. 


A car of mass 600 kg is pulling a trailer of mass 200 kg up an incline of angle @ to 
the horizontal where sin 0 = 0 The resistance to motion on either vehicle is 0.2 N 


per kg of mass. Calculate the driving force of the engine and the tension in the tow- 
bar when the vehicles are accelerating at 0.25 πὶ s*. 


Particle A of mass 4 kg lies on a rough plane inclined at an angle 6 to the horizontal, 
where sin θ = Ξ, The coefficient of friction between A and the plane is 0.5, A is 
connected to another particle B of mass m kg by a light string passing over a smooth 
pulley at the top of the plane and B hangs freely. When the particles are free to move, 
the acceleration of B is 2 πὶ s~*. Find the possible values of m. 


In Fig. 24.24, particles P and Q of masses 5 kg and 2 kg respectively, lie on the faces 
AC and BC of the fixed wedge ABC. ZA = ZB = 45° and the coefficients of friction 
on the faces AC and BC are 0.2 and 0.5 respectively. Find the acceleration of the 
particles when they are free to move. 


Fig. 24.24 


Masses of 2.8 kg, 2.2 kg, I kg are connected by light inextensible strings, one of 
which passes over a smooth fixed pulley as shown in the diagram. If the system is 
released from rest, calculate 

(i) the acceleration of the masses, 

(ii) the tension in the string joining the 2.2 kg and 1 kg masses. 

If after 1 4 seconds the string joining the 2.2 kg and 1 kg masses 

breaks, calculate the further distance the 2.2 kg mass falls before 

coming instantaneously to rest. (C) 


2.2 kg 2.8 keg 
Fig. 24.25 
lke 
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Fig 24.26 


The diagram shows two particles A and B, connected by a light inextensible string 

which passes over a smooth fixed peg. The system is held with the string taut and with 

A and B each at a height of 0-09 m above a fixed horizontal plane; it is then released 

from rest. When B reaches the plane it becomes stationary. Calculate 

(i) the tension in the string while both particles are in motion, 

(ii) the speed of the particles when B reaches the plane, 

(iii) the maximum height above the plane attained by A, assuming that A does not 
reach the height of the fixed peg. (C) 


18 The diagram shows two bodies, A and B, connected by a light inextensible string 
passing over a smooth peg. The body A has a mass of 8 kg and lies on a rough plane 


inclined at an angle αὶ to the horizontal, where cos θ = 2 The body B has a mass of 


2 kg and hangs freely. 
| 
Ὁ ἢ 


Εἰρ. 24.27 


(i) In the case where the bodies are free to move and A accelerates down the plane 
at 2m s~, calculate the tension in the string and the coefficient of friction between 
A and the plane. 

(ii) Find the smallest mass which, when attached to B, would prevent A from sliding 
down the plane. (C) 


19 The diagram shows two particles, A, of mass 0-3 kg, and B, of mass 0-2 kg, joined by 
a light inelastic string which passes over a smooth fixed pulley at C. The system is 
held at rest with A on a smooth plane inclined at 30° to the horizontal and B on a rough 
horizontal surface. The coefficient of friction between B and the surface is 0-4. Show 
that, when the system is released from rest, the acceleration of each particle has a 
magnitude of 1-4 m 5.2 and calculate the tension in the string. 
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Work, Energy, 
Power 


WORK 


When a force acts on a body and causes it to move, we say the force does work on the 
body. The amount of work done is defined as the product of the force and the distance 
moved by the body in the direction of the force. 


Fig. 25.1 


In Fig. 25.1, if the force P moves the body through a distance s in the direction of the 
force, the work done = Ps. 


Fig. 25.2 


In Fig. 25.2, P acts at an angle θ to the direction in which the body moves. When the body 
moves a distance s, then the distance moved by the body in the direction of the force is 
s cos 6, Hence the work done in this case is = P x s cos 8. 
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Example 2 


A trolley is pulled horizontally through 5 m by a force of 70 N at an angle of 60° to 
the horizontal. What is the work done? 


Fig. 25.4 


The component of the force in the direction of motion is 
70 x cos 60° = 70 x 3 
=35N 


Hence the work done = 35 x 5 = 175 J. 


Example 3 


The engine of a car exerts a constant pull of magnitude 500 N. Find the work done by 
this force as the car travels 1 km. 


Work done = 500 x 1000 J 
= 500 kJ 


KINETIC ENERGY (KE) 

Suppose a force P N acts on a particle of mass m kg at rest and gives ita velocity vy ms“ 

after moving it a distance of s m in the direction of the force. 

If the acceleration is a ms, 

then P=ma (i) 

Also, v? = 0? + 2as 

or as = > (ii) 

Work done = P x s 
mas (from (i)) 


=my (from (ii)) 


549 


This quantity, which is $(mass) x (velocity) is called the kinetic energy (KE) of the 
particle when its velocity is v. The kinetic energy of a particle can thus be regarded as the 
work done on the particle by a force in giving it the velocity v from rest. The unit of KE 
is therefore the same as the unit of work, 1 J. 

Let us now consider a particle mass m kg travelling at ums“ ina straight line. A force 
ΡΝ now acts on it in the direction of motion and gives it an acceleration a πὶ s~. If the 
particle acquires a velocity v ms"! after travelling a distance s m, then 


P=ma (i) 
and ν2 =u? + 2as 
or as= ty - ba (ii) 


therefore work done = P x s 
= mas (from (i)) 
m(4v?— fu?) (from (ii) 


Smy? - me 


The quantity dmc is the initial KE and the quantity Smy2 is the final KE. 
Thus, the above shows that 


work done by a force = final KE — initial KE 
= increase in KE 


The work done by a force in increasing the velocity of the particle from u to v is 
converted into the increased KE of the particle. Conversely, some or all of the KE 
possessed by a particle can be converted into work. Hence the loss of KE = work done 
against a force. 

The quantity mv? is always positive and is not a vector quantity. The KEs of 2 equal 
particles moving in any 2 directions with the same speed are equal. Also, as work can be 
converted into KE and vice versa, work is also a scalar quantity. 


Example 4 


A force acting on a body of mass 2 kg moves it from rest to a velocity of 3 ms"! over 
a distance of 5 m. What is the magnitude of the force? 


Let the magnitude of the force be ΡΝ, 


Work done by the force = gain in KE 
= final KE — initial KE 


Le. Px5= $(2)3"-0 
giving P=18N 
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Resolving forces perpendicular to the plane, 
R =0.5g cos 8 
=0.5x 10x $ 
=4N 
Frictional force F = wR 
x4 
N 


Let the distance travelled by the particle be s,, up the slope. 


1 
4 
1 


Work done against total resistance = loss in KE 
(3+ 1)s,=4 
s,=1 


Hence the particle will travel 1 πὶ up the incline. 


POTENTIAL ENERGY (PE) 


Suppose I lift a mass of 4 kg vertically through a height of 2 m. The lifting force = the 
weight of the body = 4g N. Hence the work I do is 4g x 2 = 78.4 J (taking g = 9.8 πὶ 5.2) 
and this work has been done against gravity. At this point the body is now at rest and has 
no KE, but if I let go, the body will acquire KE in falling and can do work on the 
downward path. Hence in its state of rest at a height of 2 m the body has a potential for 
doing work and we say it possesses potential energy (PE). PE is the ability to do work 
because of the position of the body, in the sense that if released, the body will move to 
a lower position and its PE will be converted into KE. The PE of a body has no absolute 
value, but is relative to some datum level, say the surface of the earth or some other level 
above which the body is raised and to which it can fall. 

Suppose a body of mass m kg is raised through a height of A m from a floor (Fig. 25.7). 
The work done against gravity = mgh J and hence the body now possesses PE = mgh J. 
If the body now falls it will acquire a velocity v on reaching its original level, where 
v? = 2gh. 


Fig. 25.7 
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Its KE is now my = jm x 2gh = mgh. 


Hence all the PE has been converted into KE. 

Note that this result is true if the particle descends by any route (provided it is smooth) 
through a vertical drop of h m (Fig. 25.8). The distance travelled by the point of 
application of the weight (the centre of gravity, CG) in the direction of the weight is 
always ἢ. Hence the work done by gravity is mgh, which is converted into KE. Similarly, 
if a body of mass m kg is raised through a vertical height (ἡ m) by whatever path 
(provided smooth), the work done against gravity = mgh and this is the value of the PE 
of the body. 


mg 
h 
ν 
Ke ν 
mg 
Fig. 25.8 


If the body now strikes the floor, some KE will be lost, i.e. converted into another form 
of energy, for example heat, light or sound. This is a simple illustration of the principle 
of the conservation of energy, which states that the total energy in a closed system is 
constant. This principle is true provided al! forms of energy, mechanical and non- 
mechanical are taken into account, such as heat, sound. light, chemical, electrical energy, 
etc. It also illustrates the fact that energy can be converted from one form to another. For 
example in a hydroelectrical scheme, the water in a reservoir possesses PE. This can be 
converted into KE by allowing the water to fall through a sluice gate. The water strikes 
the turbine wheels and its KE is converted into another form of KE, i.e. kinetic energy of 
rotation. This in turn is converted into electrical energy, which is used in factories and 
homes to be converted into light, heat and kinetic energy again. 

From a mechanical point of view, energy dissipated through friction, heat, sound etc. 
is energy lost and wasted. If there were no such losses it would be possible to achieve 
perpetual motion mechanically. In applied mathematics, we deal only with KE and PE. 
The principle of conservation will then appear in the form: 


KE + PE = constant 


Hence, the (KE + PE) of a body at any time = original (KE + PE) + any work done by a 
force on the body. 
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Example 6 


A car of mass 800 kg is travelling in a straight line on ground level with a speed of 
30 m s' when its engine is shut off. After moving a distance of 20 m, the ground slopes 
upwards at an angle of 30° to the horizontal. The frictional resistance of the ground 
is S N per kg. Find how far up the slope the car will travel before coming to rest. 


Fig. 25.9 


The frictional resistance, F = 800 x 5 = 4000 N 


Initial KE of the car = $(800)(30)? = 360 000 J 


Let the car travel s m up the slope equivalent to a vertical rise of A πὶ 
where ἢ = s sin 30°. 


In climbing the slope the car acquires 
PE = 800gh 

= 800gs sin 30° 

= 800(10)(s)( 5) 

= 4000s J 
Work done against frictional resistance = F(20 + s) 

= 4000(20 + s) J 
Now, the initial energy = final energy + work expended 
360 000 = 4000s + 4000(20 + s) 

ie. 280 000 = 8000s 
giving s=35 


Hence the car will travel 35 m up the slope before coming to rest. 
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The particle will have the maximum speed when it has descended the maximum 
distance, that is 0.6 m, when the particle is at its lowest point in the path. Taking the 
initial position as reference, the loss in PE is now mg(0.6) = 6m J. 


The gain in KE is jmy,2 where the maximum speed (at C) is v, πὶ 5". 


So by conservation of energy, 


}mv = 6m 
v= 12 
2013 


Hence the maximum speed is V12 ms“. Note that the results are independent of the 
mass of the particle. 


Exercise 25.1 (Answers on page 652.) 
[Take g = 10 ms?] 
1 Find the work done when a load of 50 kg is lifted vertically through 10 m. 


2 A block is pulled horizontally through 4 m at a steady speed by a force of 20 N, 
inclined at an angle of 60° to the line of motion. Find the work done. 


3 A mass of 20 kg is pulled across a rough horizontal floor (coefficient of friction 0.4) 
through 2 m at a steady speed by a horizontal force. Find the work done. 


4 If a mass of 10 kg at rest acquires a velocity of 2 ΠῚ 5} after being pulled through 
1.5 m, what force is acting in the direction of motion? 


5 A body of mass 1 kg travelling at 2.5 ms on a horizontal surface meets a rough patch 
and comes to rest in 2 m. What is the resisting force? Also find the coefficient of 
friction of the rough surface. 


6 The velocity of a body of mass 0.5 kg is reduced from 3 to 1.5 ms“ in a distance of 
1.5 m. What force is acting on the body? 

7 A ball of mass 250 g is projected up a smooth plane inclined at angle 6 to the 
horizontal where sin @ = +5, with a velocity of 5 ms", 
How far will it travel before coming to rest? 


8 What force is required to stop a mass of 5 kg travelling at 2 m 5. in 1.5 m? 


9 Acar whose mass is 500 kg starts from rest at the foot of an incline of ψ, and after 
travelling for 0.5 km has reached a speed of 5 πὶ 5". 
If the resistances to motion amount to 250 N, what was the average tractive force of 
the engine? 


10 A car of mass 400 kg travelling at 9 πὶ 5." comes to rest in 200 m, What was the 
resistance? 
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11 A train of mass 100 t travelling at 0.5 ms"! hits the buffers at ἃ station and comes to 
rest in a distance of 30 cm. What is the average resistance of the buffers? 


12 A ship of mass 5000 t moving at 0.01 m s hits a quayside and continues to move for 
15 cm before coming to rest. What average force does the quay exert on the ship? 


13 A particle of mass 1.5 kg is projected up an incline of 4 with an initial speed of 
1 πὶ 5.᾿. How far will it travel up the incline if 
(4) the surface is smooth, 
(0) the coefficient of friction is 0.5? 


14 Find the average force required to stop a 5 t lorry travelling at 1G ms“! ona level road 
in ἃ distance of 15 m. 


15 A pendulum consists of a light string 60 cm long attached to a mass of 5 kg and can 
swing freely. It is held taut at an angle of 60° to the downward vertical and released. 
Find the velocity of the mass at its lowest point. 


16 A mass of 4 kg suspended by a light string 2 m long and at rest is projected 
horizontally with a velocity of 1.5 πὶ 5 ᾽, Find the angle made by the string when the 
mass comes to momentary rest. 


17 A mass of 10 kg stides down a slope of 30° from rest. The coefficient of friction is 0.5. 
If the length of the slope is 5 m, find the velocity of the mass at the foot of the slope. 


18 Masses of 10 kg and 4 kg are connected by a light string passing over a smooth pulley. 
After the 10 kg mass descends from rest for a time of 2 s, find 
(4) the velocity of each mass, 
(b) the potential energy lost by the system. 


19 A constant force acts on a body of mass 2 kg and does 45 J of work. The effect on the 
body is that its final velocity is 2 ms"! more than its initial velocity. Find the initial 
velocity of the body. 

20 A machine drives a conveyor belt which lifts 100 bottles per minute through a vertical 


height of 2 m and then pushes them forward with a speed of 3 πὶ s'. The mass of each 
bottle is 1.2 kg. Calculate the amount of work done per second by the machine. 


21 A bullet of mass 40 g strikes a fixed piece of wood 10 cm thick with a velocity of 
300 πὶ s"' and emerges with a velocity of 120 ms '. Find the average resistance of the 
wood, 

22 A particle is released from rest at the top of a rough inclined plane making an angle 
8 with the horizontal where sin @ = 4. If the coefficient of friction is 0.4, what is the 
speed of the particle after travelling 3 m down the plane? 

23 A particle is suspended by a light string of length 30 cm from a fixed point Ο. The 
particle is now held on the same level as O with the string taut and projected vertically 
downwards with speed 1 ms‘. Find 


(a) the speed of the particle at its lowest point, 
(b) how high above O it will reach. 
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24 Fig. 25.11 shows a smooth track in the shape of a quarter circle AB, with centre O and 
radius 0.8 m. OB is vertical and B is 2 πὶ above the ground level. A particle is released 
from rest at A. Calculate 
(a) its speed at B, 

(b) how far horizontally from B it will strike the ground. 


Fig.25.11 


25 A particle is projected with speed u m s“ directly up an incline of angle θ to the 
horizontal where sin 8 = Ξ. It comes to momentary rest after travelling a distance of 
4 m. Given that the coefficient of friction is 0.4, calculate 
(a) the value of u, 
(b) the speed of the particle when it returns to its starting point. 


POWER 


Consider a machine that does 100 J of work in 1 s and a second machine that does 
200 J of work in 1 s. We note that the second machine can accomplish more work (in fact 
twice as much) in the same time. The second machine is therefore more powerful than 
the first. Its rate of doing work is greater. We define power as the rate of doing work. 
Hence, power = amount of work (in J) done per second. 

The unit of power is therefore 1 J s“' which is given the name | watt (1 W). For very 
powerful machines, we can use a unit of 1 kW (kilowatt) = 10° W or | MW (megawatt) 
= 10° W. 

A well-known unit in the British system of units was the horsepower (HP) which is 
approximately 746 W. This was the original unit of power, established by James Watt in 
the 18th century when he worked on the development of steam engines and the new unit 
has been named in his honour. 
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(ii) 


Hence the total resistance to motion up-slope = 3500 + 5000 
= 8500 N 


When travelling at its maximum speed (v 1 5.}} the train has no acceleration. 
The pull P equals the total resistance, i.e. 8500 N. 


In 1 5 the train moves v m. 
Therefore work done by the engine in | 5 = Py J. 
So the power of the engine is Pv W which is 70 kW 


i.e. Py =70 x 10° 
or 8500v = 70 x 10° 
y= Ὁ ΧΟ 8.24 ms" 
This is equivalent to th Χ 60 x 60 = 29.7 km ἢ“, which is the maximum 
speed up the incline. 
20 km hr is equivalent to 20-10" = = a ms’ 


The train is not travelling at its maximum speed (found in (i)) but the power 
developed remains the same. Hence there is spare power available to accel- 
erate the train. 


Let the pull of the engine at this instant (when the speed is 2 m 5:) be PN. 
The work done per s = P, x Oy 

and this is os to the power of the engine which is 70 kW. 
Thus, P, x 2 =70x 10° 

giving P,=12600N 

But the total resistance (from (i)) on the incline is 8500 N. 


So there is a resultant force P, of 12 600 — 8500 = 4100 N up the slope, 
which gives an acceleration a m 5.7. 


Hence P,=ma 
i.e. 4100 = 200 x 10° x a 
giving a= 0.02 


Hence the acceleration is 0.02 πὶ s°. 
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Example 11 


An engine which is 80% efficient works at a steady rate to pump water, initially at rest, 
through a vertical height of 5 m and then discharges it at a speed of 8 ms! through 
a pipe of cross-section 10 cm?. At what rate is the engine working? (1 m of water has 
a mass of 10° kg.) 


The work done by the engine consists of (a) giving it PE by lifting the water through 
a height of 5 m against gravity and (b) giving it KE by discharging it at a speed of 
ὃ πὶ 5". 


In 1 s, a length of 8 m of water issues from the pipe with cross-section 


1 
10 cm? or rr m’. 
10 


Therefore the volume of water carried per second = 8 x 108 m 


which has a mass of 8 x ΠῚ x 10° = 8 kg. 


When this mass of water is lifted through a height of 5 m, 
the PE gained = mgh 
=8x10x5=400J) 
The gain in KE = my = 4 (8)(8?) 
= 256 J 
Hence the total amount of work done in | s = 400 + 256 = 656 J. 


As the engine is 80% efficient, this output is 80% of the actual work done by the 
engine. (The other 20% of work done is unproductive, mostly against friction.) 


Therefore 80% of the work done by the engine in 1 s = 656 J 


Hence the rate of work done by the engine = 656 x a = 820 W. 


Exercise 25.2 (Answers on page 652.) 
[Take g = 10 ms°] 


1 If acar travels at a steady speed of 15 ms“! against resistances of 200 N, what power 
is being exerted by the engine? 


2 A boy of mass 44 kg runs up a flight of stairs of vertical height 4 m in 5 5. What power 
is he sustaining? 


3 A man runs 100 m in a time of 15 s. If the resistances to motion are estimated at 
45 N, what power does he use? 


4 The power of the engine of a car is 7 KW. What would be the maximum speed of the 
car on the level against resistances of 250 N? 


5 A pump raises water through a height of 15 m at the rate of 0.05 m’ per 5. What is the 
power of the pump? 
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18 


19 


20 


A water pump sends a mass of 0.3 kg of water each second into a vertical jet. If the 
power of the pump is 5.4 W, find the height of the jet and the speed with which the 
water leaves the pump. 


A conveyor belt carries 1200 kg of grain up a slope inclined at an angle 6 to the hori- 
zontal where sin 6 = 0.08 against a frictional resistance of 120 N. If the belt is 
travelling at 10 km hr', find the power used to drive the belt. 


A truck develops a constant power of 180 kW. If its maximum speed on the level is 
25 ms", find the resistance to motion. 

If the truck of mass 3 x 10° kg, now climbs a slope of angle 6 to the horizontal, where 
sin 6 = + against the resistance, calculate 

(a) the maximum speed up the slope, 

(Ὁ) the acceleration of the truck when its speed is 15 ms“. 


SUMMARY 


Work (W) done by a force (P) in moving a body a distance (s) in the direction of the 
force is 


given by W=Ps 
Using vectors, W = P.s 
= Ps cos 0 where 6 is the angle between the force and the direction 
of motion of the body. 


The unit of work is 1 joule (J) which is the work done when a force of | N moves a 
body through a distance of 1 m in the direction of the force. 


Kinetic energy, KE = 5 my? 
Potential energy, PE = mgh 


Principle of conservation of energy: The total energy in a closed system is constant. 
If no energy is dissipated through friction, heat, sound etc., the principle of conserva- 
tion of energy will take the form: 


KE + PE = constant. 


If work is done by a force on a body then 
work done = initial energy — final energy 
(where energy = KE + PE) 


Power = rate of doing work 


Unit of power is 1 watt (W)=1Js' 
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REVISION EXERCISE 25 (Answers on page 653.) 


1 A missile of mass 50 kg is projected vertically upwards with a speed of-200 πὶ 5." from 
a submarine lying on the bottom of the sea at a depth of 600 m. Assuming that the 
water offers a constant resistance of 160 N to the motion of the missile, calculate 
(i) the kinetic energy of the missile as it leaves the water, 

(ii) the maximum height above sea-level reached by the missile. (C) 


2 Fig. 25.15 shows a mass of 5 kg placed on a rough horizontal table and attached to one 
end of a light inextensible string which passes horizontally over a smooth light pulley 
at the edge of the table. The other end of the string is attached to a mass of 3 kg which 
hangs freely. The coefficient of friction between the 5 kg mass and the table is 0.4, 
and the distance of the 5 kg mass from the pulley is 2.5 m. The system is released 
from rest. Calculate 
(i) the time taken for the 5 kg mass to reach the pulley, 

(ii) the loss of potential energy of the system during this time, 
(iii) the kinetic energy of the system immediately before impact with the pulley. 
(C) 


5 kg 


ΠῚ 


τ τ----------- 
ΖζΖζζζζσσγξκσσσγγσκσξγκζχγζγζζσζό 


3kg 
Fig. 25.15 


3 The top of a chute whose length is 12 m is 3 m vertically above its lowest point. A 
parcel of mass 1.6 kg slides from rest from the top of the chute and reaches the lowest 
point with a speed of 5 ms". Calculate, for the parcel, 

(i) the gain in kinetic energy, 

(ii) the loss in potential energy, : 

(iii) the work done in overcoming the frictional resistance, 
(iv) the average value of this resistance. 


After reaching the lowest point of the chute, the parcel slides along a horizontal floor, 
the resistance to motion being 4 N. Calculate how far the parcel travels before coming 
to rest. (C) 


4 A pump forces oil from rest through a horizontal pipe so that it emerges with a speed 
of 6 πὶ 5: from a nozzle of cross-sectional area 2 x 102 m?. The mass of 1 m? of the 
oil is 2500 kg. Calculate, in kW, the power developed by the pump. 

Calculate by how much the power will have to be increased if the nozzle is raised 
through a height of 2 πὶ and the oil emerges at the same speed. (C) 
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9 (a) An engine, working at an effective rate of 0.2 kW, pumps water, initially at rest, 
through a vertical height of 4.8 m, where it is ejected with a velocity of 2 πὶ 5.". 
Calculate the number of kilograms of water delivered per second. 

(b) A car of mass m kg is being driven down a slope inclined at an angle αἱ to the 
horizontal, where sin @ = +5. Given that the frictional resistance to motion is 
600 N, and that the acceleration is 0.8 πὶ s*, when the velocity is 15 πὶ s"', show 


that the effective power developed by the car at this instant is (9 + i) kW. 
(C) 


10 A car of mass 1800 kg ascends an incline at a constant speed of 14 πὶ s“'. Given that 
the frictional resistance is 400 N and the engine is working at a rate of 17.5 kW, 
calculate the angle that the incline makes with the horizontal. 

Assuming that the frictional resistance and the rate of working remain constant, 
determine the acceleration of the car on a level road at an instant when the speed is 
2ms". (C) 


11 A four-engined aeroplane of mass 120 000 kg is flying horizontally at a constant 
speed of 240 πὶ s"'. Each engine produces a driving force of 52 000 N. Calculate 
(Ὁ) the air resistance to motion, 
(ii) the power produced by each engine. 
If one engine has to be cut out, what deceleration will be produced? 


12 Acar of mass 600 kg is travelling along a level road at a constant speed of 90 km ἢ". 
The frictional resistance is 450 N. Calculate (in kW) the power being used. 
The car now climbs a slope inclined to the horizontal at angle 6, where sin 8 = 0.02, 
at the same speed. If the frictional resistance is the same as before, what power is now 
being used? If this power is used but the speed of the car up the slope is 72 km 
ht, what acceleration will it have? 


J3 A block of mass 6 kg is projected with a speed of 5 m 5.) directly up a rough plane 
inclined at @ to the horizontal, where tan @ = 4. The block travels a distance of 
1.25 m before coming to momentary rest and then slips back down the plane. 
Calculate 
(i) the initial kinetic energy of the block, 

(ii) the gain in potential energy between projection and momentary rest, 
(iii) the coefficient of friction between the block and the plane, 
(iv) the velocity of the block as it passes through its starting point on the way down. 


14 A cyclist and his machine together have a mass of 75 kg. If the cyclist works at the 
rate of 0.15 kW, his maximum speed on level ground is v ms“. !f he climbs a slope 
of angle θ to the horizontal, where sin 8 = +: using the same power and against the 
same resistance, his maximum is now =m s'. Find the value of v. 


567 


15 


16 


17 
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Fig. 25.18 shows ἃ track in the form of a quarter circle AB, centre O and radius 
1.6 m and a straight horizontal section BC. OB is vertical. The section AB is smooth 
but BC is rough. A particle of mass 2 kg is projected vertically downwards at A with 
speed 2 m s"' and comes to rest at S where BS = 3 m. Calculate 

(i) the change in kinetic energy of the particle, 

(ii) the change in potential energy, 

(iii) the speed of the particle at B, 

(iv) the coefficient of friction along BC. 


2kg 


saan be 


Fig. 25.18 


A particle of mass 4 kg is falling vertically with speed of 10 πὶ 5} when it meets a 
dense layer of material 3 πὶ thick which gives a constant resistance of 50 N. Find the 
speed with which the particle comes out of this layer. 

If the particle had been moving upwards with speed u m 5." when it entered the layer, 


what is the minimum value of u so that it will pass through the layer? 


A particle P is attached by a light string 2 m long to a fixed point O. The particle is 
held so that OP makes an angle of 60° with the downward vertical through O and is 
then projected with speed v πὶ 5.᾽ downwards at right angles to OP. If it comes to 
momentary rest when it reaches the level of O, find the value of ν. 


A car of mass 800 kg moves up a slope inclined at angle @ to the horizontal, where 
sin @= 4 , ata steady speed of 25 πὶ 5.'. The road resistance is 100 N. Calculate the 
power being used. 

If the car now travels down this slope, with the same resistance and using the same 
power, what would be its acceleration when the speed is 25 πὶ s"'? 


A particle of mass 2 kg is dropped from a height ἢ, m onto a concrete floor and 
rebounds to a height 4, m. Given that it loses 64 J of energy, show that h, -- h, = 3.2. 
Given also that the velocity of lift off from the floor is 4 m 5." less than the velocity 
on hitting the floor, find the values of h, and h,. 


(a) As part of a manufacturing process a machine lifts a number of components, each 
of mass 0.6 kg, from rest through a height of 1.3 m and then projects each one 
with a speed of 2 πὶ 5.". 

Given that the effective power output of the machine is 27 W, find how many 
components are dealt with per second. 
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(Ὁ) Fig. 25.19 shows the vertical plane through the portion ABC of a road along 
which a car of mass 750 kg travels against a resistance. The points A and C are 
36 m and 28 m respectively higher than the lowest point B. 


Fig.25.19 


The car coasts from A to B, a distance of 150 m, with no power being transmitted 
to its wheels. Given that its speed at A is 12 ms“, its speed at B is v m s"!, and 
that the average resistance is 720 N, find, as the car travels from A to B. 

(i) the loss in potential energy, 

(ii) the gain in kinetic energy, in terms of v, 

(iii) the work done against the resistance. 

Hence show that v = 24. 

When the car arrives at B, power is supplied to the wheels and, 7.5 seconds later, 
the car arrives at C with a speed of 20 πὶ s"'. Given that the distance from B to 
Cis 120 m, and that the average resistance is again 720 N, find, as the car travels 
from B to C, 

(iv) the gain in potential energy, 

(v) the loss in kinetic energy, 

(vi) the work done against the resistance. 

Hence calculate the average power supplied by the engine from BtoC. = (C) 
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Momentum 
and Impulse 


Consider a body, mass m kg, moving in a straight line with velocity um s“'. Now suppose 
a force P N acts on the body in the direction of its motion for ts (Fig. 26.1). 


Fig. 26.1 ——— 


The force will give the body an acceleration a 


given by P=ma (i) 
The velocity v reached after ¢ s is 

given by v=utat (ii) 
From (ii) a= 


7 
Substituting this into (i), we have 

pant) 
i.e. P= == (iii) 
or Pt=mv-mu (iv) 


This equation shows the relationship between two important quantities. Pt is called the 
impulse of the force. It is the product of the force (assumed constant) and the time for 
which it acts. Since force is measured in newtons and time in seconds, the unit of impulse 
is the newton-second (N 5). Thus the impulse of a force of 50 N acting on a body for 0.1 
sis 50Χ0.1] Ξ- 5 Ν 5. 
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The right hand side of (iv) measures the change in a quantity called the momentum 
of the body. The momentum of a body is the product of its mass and its velocity 


i.e. momentum = mass Χ velocity. 


Hence the initial momentum is mu and the final momentum my. mv -- mu is then the 
change in momentum. Equation (iv) can be restated in words as follows: 


impulse of force on a body = change of momentum of the body 


Since the unit of impulse is N s, it follows that the unit of momentum must also be N s. 
So a body of mass 3 kg travelling at 4 m s“' has a momentum of 3 x 4 = 12 Ns. 

To find momentum in N 5, mass must be expressed in kg and velocity in m s"'. 

Since momentum is the product of a scalar (mass) and a vector (velocity), it is itself 
a vector quantity. Care must therefore be taken with its direction. 

If the initial and final velocities are in the same line as the impulsive force, we measure 
the momentum in the direction of the force and use the following equation: 


impulse = final momentum — initial momentum 


The arrows show that all are measured in the same direction. 

If the two momenta are in different lines, the change of momentum must be found by 
vector subtraction. Such cases will not be dealt with as they are beyond the scope of this 
book. 

Returning to equation (iii), we note that represents the rate of change of 
momentum. Hence equation can be stated in words as follows: 


mv — mu 


force = rate of change of momentum 


Example 1 


A constant force of ΡΝ acts on a body of mass 2 kg travelling at 4 πὶ s"' for 0.3 s in 
the direction of its motion. If its final velocity is 7 m s', what is the force? 


u=4ms"' v=7ms" 
See oo —_— 


Impulse of the force = P x 0.3 


=0.3P Ns pu———+(ia) 


Change of momentum in the direction of the force 
= final momentum — initial momentum 
= 2x7 - 2x4 
=6Ns 


Impulse = change of momentum 
0.3P =6 


giving P= 20 
[Alternatively, we can use: Force = rate of change of momentum 


i 23 ss = 
ie. P= a4 20 as before.] 


Hence the force is 20 N. 
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Example 2 


A body of mass 2 kg travelling at 10 m σ᾿ encounters a constant frictional force of 
5 N. How long does it take for the body to come to rest? 


u=10ms"' v=Oms" 
----------ν- Or 


Fig. 26.3 


Let the time taken be 1 s. 
Impulse of the frictional force = 5t Ns 
Change of momentum in the direction of the force 


=2x0-2~x(-10) 
=20Ns 
therefore 51 = 20 
t=4 


Hence the time taken is 4 5. 


Example 3 


A ball of mass 0.2 kg is dropped from a height of 5 m onto a concrete floor and 
rebounds to a height of 1.8 m. Find the impulse of the floor on the ball. If the contact 
time is 0.05 s, find the average force on the bail. 

Let the velocities on arrival and lift-off be v, and v, πὶ 5. respectively, and the 
impulsive force be P N (Fig. 26.4). 


᾿ down 
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We use the equation νὴ = u? + 2as where a = αὶ ~ 10 ms* to find ν, and v,. 
For the downward motion, 

v? = 0 + 2(10)(5) 
giving v, = 10 
For the upward motion, 

0 = v2 — 2(10)(1.8) 
giving v, = 6 
Impulse = change of momentum in the direction of the force P (upwards) 
= momentum after impact — momentum before impact 


= ().2 x 6 - 0.2 x (-10) 
= 3.2 


Hence the impulse of the floor on the ball is 3.2 N s. 
But impulse = Pr where ¢ = 0.05 

therefore P x 0,05 = 3.2 

giving P = 64 


Hence the average force on the ball is 64 N. 


Example 4 


A hose of cross-section 2 cn? delivers a jet of water horizontally with a speed of 
20 ms‘. With what average force does the water hit a vertical wall? (Assume that the 
water does not rebound and that the mass of 1 m' of water = 10° kg.) 


20m 


Fig. 26.5 


The, impulsive force P N exerted by the wall on the water (which equals the force 
exerted by the water on the wall) = momentum of water destroyed on impact since the 
water does not rebound. 


Consider the momentum destroyed in ] 5. 
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Volume of water issued from the hose in | s 


= length of water issued x area of cross-section 
= 20 mx (2 x 10%) m 
=4x 10° m 


Mass of water = 4 x 10° x 10° 
=4kg 


thus the momentum destroyed in | s = 4 x 20 
=80Ns. 


The impulse lasts for 1 s, 
therefore P x 1 = 80 
ie. P=80 


Hence the average force on the wall is 80 N. 


Exercise 26.1 (Answers on page 653.) 
[Take g = 0 ms*] 


1 Find the momentum of the body in each of the following: 
(a) mass 2 kg, velocity 5 ms"! 
(b) mass 0.25 kg, velocity 2 πὶ s* 
(c) mass 80 g, velocity 1.5 ms* 
(d) mass 300 kg, velocity 20 km h-' 


2 A force of 10 N acts on a body of mass 2 kg for 0.5 s. What is the increase in 
momentum? If the body was originally travelling at 5 m s"', what is its final speed? 
How far will it travel in this time? 


3 A body of mass 1.5 kg travelling at 3 πὶ 5. is acted on by a force ΡΝ for 0.75 s. If 
its velocity at the end of that time is 5 ms", find the value of P. 


4 A ball of putty, mass 0.75 kg, moving at 3 m 5." hits a wall at right angles and stops 
dead. Find the impulse on the ball. 


5 A ball of mass 60 g moving at 4 m 5." hits a wall at right angles. If it rebounds with 
speed 2 πὶ s"', what is the impulse on the ball? 


6 A hammer of mass 5 kg, travelling at 4 m s“', hits a nail directly and does not rebound. 
What is the impulse on the hammer? If the contact effectively lasts 0.5 s, what is the 
average force between the two? 


7 Amass of 1.2 kg travelling at 2 ms" strikes a wall at right angles and rebounds (also 
at right angles) with a velocity of 1.5 πὶ 5.". If the contact lasted 0.25 5, find the force 
on the mass. 


8 A ball of mass 0.25 kg falls freely onto a concrete floor from a height of 20 m and 
rebounds to a vertical height of 5 m. If the ball was in contact with the floor for 
0.8 s, find the average force exerted on the ball. 
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9 A truck of mass 50 kg has its speed reduced from 4 ms"! to 1.5 ms"! in 30 5. Find the 
braking force (assumed constant). After what further time will the truck come to rest 
under this force? 


10 A tennis ball of mass 30 g travelling horizontally at 20 ms"! is hit straight back at 
30 πὶ s"'. If the impact lasted 0.04 s, find the average force on the ball. 


11 A box of mass 10 kg is dragged across a rough floor (coefficient of friction 0.5) by 
a force P N. If the speed of the box is increased from 0.5 ms“! to 1.9 ms in 10 5, 
find P. 


12 A hose (cross-section 4 cm?) delivers water horizontally with a speed of 25 πὶ s*. 
What is the impulse of the water on a vertical wall (assuming no rebound)? What 
average force acts on the wall? 


13 A horizontal jet of water is emitted from a circular pipe of radius 1 cm at a speed of 
12 πὶ 5". Find the mass of water emitted per s and the average force exerted on a 
vertical wall. 


14 A particle of mass 3 kg moves on a rough horizontal surface with coefficient of 
friction 0.4. When it is 3 πὶ from a vertical wall its speed is 7 m s“ and it is moving 
at right angles to the wall. If the impulse on the particle is 24 N s, calculate its speed 
before and after hitting the wall. 


15 A ball of mass 100 g is thrown at a horizontal floor and hits it with speed 6 πὶ s“! at 
an angle of 30° to the floor. Given that the horizontal component of its velocity is 
unchanged by the impact and that the vertical impulse on the ball is 0.5 N s, find the 
components of its velocity after the impact and hence find the velocity in magnitude 
and direction. 


CONSERVATION OF MOMENTUM 


Let us now consider what happens when two bodies A and B coilide. We will only 
consider direct collision, that is, the two bodies are moving in the same straight line. 
Suppose A with mass m, and B with mass m, are moving with velocities u, and u, before 
collision, and v, and v, after collision respectively (Fig. 26.6). 


υ, υ, 
—— —_—— 
Betore (™) (™) 
A B 
ν, ν, 
----ο ae 
~6 © 
Fig. 26.6 τ ΕἾ 


575 


Change in momentum of A = mv, -- mu, (i) 
Change in momentum of B = m,v, — m,u, (ii) 
Now when A and B collide, each will exert an impulse on the other. 


By Newton’s Third Law, A will exert a force P on B and B will exert an equal but 
opposite force P on A. The time of contact, fs, is naturally the same for both. Hence the 
impulse of A on B equals the impulse of B on A (both = Ρὴ) and hence the changes in 
momentum of A and B are equal but opposite in direction. 


Thus, from (i) and (ii) we get 
mv, mu, = m,V, ~ m,u,) 
[negative sign indicates opposite direction} 
ΟΓ mV, + m,v, = mu, + mu, 


This shows that the total momentum after the collision equals the total momentum before 
the collision. This in essence is the principle of conservation of momentum: 


Jn any collision between two bodies, the total momentum in any direction is 
unchanged, provided no external force acts in that direction. 


In Examples 3 and 4, momentum was not conserved as the forces were external forces. 
Gravity is not however an external force in this context. We can also use the principle in 
the form: momentum before collision = momentum after collision (in the same direction). 
As an example of the principle, consider a gun being fired. The gun rests against the 
shoulder of a man. The explosion gives the bullet forward momentum and so the gun 
must acquire an equal amount of momentum backwards, thus producing the recoil of the 
gun against the man’s shoulder. A more sophisticated example is how a spacecraft can 
change direction in space. As there is no resistance to motion in empty space, any object 
will move continually in a straight line. It is impossible to produce an external force to 
change direction or to slow down, as there is no atmosphere or friction to ‘push against’. 
If however a small rocket is fired from the spacecraft, momentum in that direction is 
created and an equal but opposite amount of momentum affects the spacecraft, thus 
changing its direction of motion or its speed. So to increase the speed of a spacecraft, a 
retrorocket is fired backwards, giving the craft additional momentum (and hence in- 
creased speed) forwards. To slow it down, a forward-facing rocket is fired, so reducing 
the momentum of the spacecraft. 


Example 5 


A particle of mass 2 kg is moving at ὃ ms". It collides with a stationary particle of 
mass 3 kg and they move together. Find their common speed. Find also the loss of 


kinetic energy during the collision. 


Let the common speed after collision be ν πὶ 5.". 


Momentum before collision = 2x 8+3x0=16Ns 


Momentum after collision = Sy N 5 
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Adding (i) and (ii), we have 
ὃ Ξ δὶ 
giving t=1 
Substituting 1 = 1 into (i) gives ἢ = 3. 
Hence collision occurs 3 m above the ground. 


Let the velocities of A and B just before collision be vy, ms! and vy, πὶ 51) 
respectively. 


For A, v, = gt = 10 
For B, v, = 8 -- κί Ξ ὃ -- 10=-2 
The negative sign indicates that B is moving downwards just before impact. 


Note: If we use v? = w? + 2as, we would get v,? = 64 -- 2(10)(3) = 4 but we would 
not know if v, = +2 or --2 and it would be incorrect to assume v, = +2. 


Hence the velocities of A and B are 10 πὶ 5." and 2 πὶ 5.) respectively before 
impact and both are in the downward direction. 


Let the common velocity after collision be um 5". 


By conservation of momentum, 


(0.5 + 0.2)u = 0.5 x 10 + 0.2 x 2 
0.7u =5.4 


giving u= 7.71 


Hence the common velocity after collision is 7.71 πὶ ς΄". 


Before After 


1 


0 
0.5 kg | 4 | o7 kg 


0.2 kg 
| 


Fig. 26.12 


(d) With u ms" as the initial speed and distance = 3 πὶ, the final velocity v ms“! on 
reaching the ground is given by 


w= μὖ + 2as 
= 7,71? + 2(10)(3) 
= 119.4 


giving v = 10.9 


Hence the speed on reaching the ground is 10.9 ms". 
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Example 9 


Fig. 26.13(a) shows the particles A and B of masses 0.6 kg and 0.4 kg respectively, 
connected by a light string passing over a smooth pulley. The particle C of mass 
0.5 kg is resting on a table and is attached to B by a string which is slack, A and B are 
held at rest with the connecting string between them taut and then released. Find 
(a) the acceleration of A, 

(b) the distance A descended and its velocity after 1 second. 

At this time, the string connecting B and C becomes taut and C is lifted off the table. 
Calculate 

{c) the velocity and acceleration of A immediately after C is lifted off the table, 
(d) how much lower A will descend. 


Fig. 26.13(a) 


(a) The acceleration a m 5. is found from Fig. 26.13(b). 
C can be neglected at this stage as the string between B and C is slack and hence 
it will not affect the ensuing motion. 


For A, 6 — T = 0.6a 
For B, T —4 = 0.4a 


Solving the two equations gives a= 2 ms”. 


DF 


Fig. 26.13(b) 
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(b) A will descend a distance 5 πὶ given by s = ut + Sar 
ie.s=O0+ 5 x2x = 1m, 
The velocity of A at that time will be v=0+2x1l=2ms". 
When the string connecting B and C becomes taut, the velocities and acceleration 
immediately change. The total momentum is unchanged however, so we can find 


the new velocity. Since the particles are connected by tight strings, we can take 
them as one body (Fig. 26.13(c)). 


0.4 kg 
Fig. 26.13(c) ν, Πὶ 5. 


Momentum of the system before C is lifted = (0.6 + 0.4)x2+0.5x0 
=2Ns 

Momentum of the system after C is lifted = (0.6 + 0.4 + 0.5)y, = 1.5v, where 

v, is the common velocity of the particles immediately after C is lifted. 


By conservation of momentum, 
1.5v, = 2 


giving v, = Ξ 


Hence the new velocity of A is Ξξ ΠῚ 5} 


The new acceleration is found as in (a) by taking B and C as one particle of mass 
0.9 kg. Check that it is 2 m 5.2 in the opposite direction to the previous accelera- 
tion. 


A now has a velocity of ξ ΠΊ 5.) downwards and an acceleration of 2 πὶ s? 
upwards. It will ἀρλοκι Xdunacss given ha (4y +2x(-2)Xsies= 5. 


Hence A will descend a further distance of Ξ πὶ 
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Exercise 26.2 (Answers on page 653.) 
[Take g =10ms"] 


1 Two masses of 30 kg and 20 kg, travelling at 4 m 5." and 1 ms respectively in the 
same direction, collide and continue together. Find their common speed after the 
collision. 


2 A toy railway truck, mass 0.3 kg, travelling at 2 m s“', collides with another stationary 
truck, mass 0.25 kg, and they couple together. Find the common speed after impact 
and the impulse between them. 

3 A gun of mass 450 kg fires a shell of mass 2 kg horizontally at a speed of 300 πὶ 5.". 
Find the initial recoil velocity of the gun. If the gun comes to rest (moving horizon- 
tally) in 10 s, find the average resisting force. 


4 Two masses of 3 kg and 2 kg move towards each other at speeds of 1.5 πὶ 5." and 
2 πὶ 5} respectively. After the collision they move together. Find their common 
velocity. 


5 A mass of 0.1 kg travelling at 10 πὶ s“' overtakes and collides with a mass of 0.5 kg 
moving at 2 m s"'. They move on together. Find their common velocity, 


6 Two billiard balls of equal mass (0.8 kg) are moving in opposite directions (in the 
same line) with speeds of 12 ms“! and 5 ms“. They collide and the slower ball is now 
seen moving at 8 ms“ in the opposite direction. Find the new speed of the other ball 
and the impulse between them. 


7 A body of mass 10 kg is moving horizontally with a speed of 20 πὶ 5". It explodes and 
splits into two parts of masses 6 kg and 4 kg. The 4 kg part continucs to move in the 
original direction but with a speed of 30 πὶ 5". Find the speed of the 6 kg part, 
assuming it moves in the same direction. 


8 A spacecraft of mass 450 kg is moving in space with a speed of 3 x 10° πὶ 5". A rocket 
is fired straight ahead, emitting 1.5 kg of gas at a speed of 2 x 10* ms“. Ignoring the 
slight reduction in mass of the spacecraft, find its new speed. 


9 Two masses of 4 kg and 3 kg are connected by a light string over a smooth pulley. 
After moving for 5 5, the 3 kg mass picks up a third mass of 1 kg instantaneously. Find 
the speed of the 3 masses after the pickup. 


10 Two masses of 5 kg and 2 kg are connected by a light string over a smooth pulley. The 
5 kg mass ἰδ at rest on a horizontal table (below the pulley) and the 2 kg mass is 
released from rest. After it falls freely for 2 s the string is tightened and the 5 kg mass 
is jerked off the table. Find the velocity with which the masses now continue. Also 
find their common acceleration. 


11 Two masses of 5 kg and 2 kg are connected by a light string over a smooth pulley. The 
system is released from rest. Find the common acceleration. After falling for 2 5, the 
5 kg mass hits a horizontal table and does not rebound. Find the velocity of the 2 kg 
mass at this time and find how much higher it will continue to rise before coming to 
rest. Find also the common velocity when the string tightens again. 
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12 


13 


14 


15 


16 


17 


18 


19 


20 


Particle A of mass ἢ kg is let fall from a height of 5 m. 

Simultaneously particle B of mass | kg is thrown vertically upwards from the ground 
with speed 10 ms" so that it collides and coalesces with A. Find 

(a) the height at which they meet, 

(b) their speeds and directions just before impact, 

(c) the common speed after impact, 

(d) how much higher the combined mass will rise. 


A particle A, of mass 4 kg, is travelling in a straight line due north with a speed of 
3 ms"; another particle B, of mass 3 kg, is travelling in the same straight line towards 
A with a speed of 5 ms”. After the collision A is moving south with a speed of 
2 τ 5.᾿. Calculate 

(a) the velocity of B after the collision, 

(b) the impulse between the particles. 


A gun of mass 45 kg fires a shell of mass 0.9 kg at a speed of 100 πὶ s*' horizontally. 
Find the initial recoil velocity of the gun. If this recoil is opposed by a constant force 
of 250 N, how far does the gun recoil? 


A horizontal force of 10 N is applied to a body A of mass 2 kg, initially at rest on a 
smooth surface, for 5 s. What velocity is gained by A? A now collides with another 
body B of mass 4 kg at rest and the two continue together, Find the common velocity. 


A shell of mass 5 kg is travelling horizontally at 200 m 5." when it explodes into two 
parts. One part (of mass 3 kg) continues in the same direction at a speed of 400 πὶ 5.". 
What will be the velocity of the other part? What are the KEs before and after the 
explosion? 


A nail of mass 20 g is driven horizontally into wood by a hammer of mass 3 kg. Just 
before the impact the hammer is moving horizontally at 4 m 5.". Find the common 
velocity of hammer and nail after the impact, if they move together, and if the nail 
penetrates the wood to a depth of 5 cm, find the average resistance of the wood. 


Two masses of 5 kg and 3 kg move directly towards each other and collide. Their 
speeds before impact are 4 πὶ s"' and 3 ms“! respectively. After the collision the 3 kg 
mass reverses at a speed of 2 πὶ s"'. Find the velocity of the 5 kg mass after the 
collision. Also find the percentage loss of KE. 


Two pendulums with light strings each 1 m long carry masses of 1 kg and 2 kg and 
are suspended side by side from the same point. The larger mass is raised until its 
string is horizontal and taut and is then released. If the two masses stick together on 
impact, find the vertical height to which they rise after the impact. 


A pendulum consists of a mass of 8 kg attached to a fixed point by a light string 
50 cm long. The mass is at rest when it is struck a blow lasting 0.05 s by a force of 
200 N, acting horizontally. Find the angle made by the string with the downward 
vertical when the mass first comes to rest. 
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6 Three particles A, B and C of masses 0.3 kg, 0.2 kg and 0.4 kg respectively lie at rest 
in this order inside a horizontal smooth tube. A and B are projected towards one 
another with speeds of vm 5} and 5 ms"! respectively. On impact, A is reduced to rest 
and B returns with speed 4 m s"' to collide and coalesce with C. Calculate 
(i) the value of ν, 

(ii) the final speed of B and C, 
(iii) the loss of kinetic energy caused by the first collision. (C) 


7 A particle A of mass 2 kg is dropped from rest from a height of 75 m above ground 
level. At the same time a particle B of mass | kg is projected vertically upwards from 
the ground so that it collides and coalesces with A after 3 seconds. 

(i) Calculate the speed of projection of B. 
(ii) Determine whether B is travelling upwards or downwards at the point of impact. 
(iii) Find the common speed of A and B immediately after impact. (C) 


8 A railway truck A of mass 4000 kg travelling at 2 m s“' collides with another truck B 
of mass 6000 kg travelling at 1 m s~' in the same direction. The speed of truck A after 
the collision is 1.25 ms“ in the same direction. Calculate the speed of truck B after 
the collision. 

A and B are now brought to rest by frictional forces which are in each case 50 N per 
1000 kg mass. Calculate 

(i) for how long A and B are each in motion after the collision, 

(ii) the final distance between them. (C) 


9 Fig. 26.15 shows three bodies A, B and C of masses 3 kg, 2 kg and 4 kg respectively 
moving in a smooth horizontal straight groove with velocities as shown. As a result 
of the collision between A and B, A is brought to rest and B moves towards C with 
velocity 7 m s-'. Calculate the value of u. 

When B and C collide they coalesce. Calculate 
(a) the final velocity of B and C, 


(b) the total loss of kinetic energy due to both collisions. (C) 
ums" 8ms" ims' 
-----» --.«-- ----»- 


3kg A) 2kg (8) 4 kg (C) 


Fig. 26.15 


10 Two spheres, A and B, of equal size but different masses, m, kg and m, kg respec- 
tively, trave] towards each other along the line of centres with speeds of 8 πὶ 5. and 
6m s" respectively. After the collision A continues to travel in the same direction as 
before with speed 2 πὶ s“', while the direction of motion of B is reversed and its speed 
reduced to 3 πὶ s"'. Given that the loss of energy on collision is 9.36 J, calculate the 
values of m, and m,. (C) 


11 A ball of mass 50 grams dropped from a height of 2 πὶ on to a horizontal floor 
rebounds to a height of 1 m. Calculate the change of momentum due to the impact. If 
the impact between the ball and the floor lasts for 0.04 seconds, calculate the average 
force in newtons exerted by the floor on the ball. (C) 
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12 A particle of mass 1.5 kg is freely suspended from a fixed point by a light inextensible 
string of length 2 m. The particle receives a horizontal blow. When the particle comes 
instantaneously to rest, its horizontal displacement is 1.6 m. Calculate the correspond- 
ing vertical displacement of the particle and its initial velocity. 

Given that the duration of the blow was 0.003 s, calculate the average value of the 
force acting on the particle during impact. (C) 


13 Two spheres A and B of masses 0.5 kg and 2 kg respectively are moving in the same 
straight line on a smooth horizontal surface as shown in Fig. 26.16. Sphere A has a 
speed of 16 πὶ 5." and B has a speed of 4 πὶ 5". On collision, A is brought to rest and 
B continues with speed u m s-', Calculate the value of u. 

Sphere B then hits a vertical wall and rebounds with speed v m s“ along the original 
line of motion. Given that the change in momentum of B on impact with the wall is 
26 Ν s, and that B is in contact with the wall for 0.02 seconds, calculate 

(a) the value οὖν, 

(b) ‘the loss in kinetic energy of B on impact with the wall, 

(c) the average force exerted by the wall on B. (C) 


A B 


Fig.26.16 


14 A ball P of mass m, moving with velocity u collides with — ball Q of mass m, 
which is " rest. After the collision Q moves with velocity iu and P moves with 
velocity ju in the opposite direction. Find the ratio m,:m,. 


15 A particle of mass 100 g is projected with speed 20 πὶ 5.) from a point O on level 
ground at an angle 6 to the ground where tan θ = 2. At the top of its flight it hits a 
vertical wall and the impulse on the particle is 2.8 N s. Calculate 
(4) the height of the point of impact, 

(b) the velocities of the particle before and after impact, 
(c) how far from O it returns to the ground. 


16 Fig.26.17 shows a smooth channel made up of a quarter circle AB, centre P and radius 
0.8 m, a straight section BC and another quarter circle CD, centre Q and radius 1 m. 
PB and QC are vertical. A particle of mass 3 kg is released from rest at A. At C it hits 
and coalesces with another particle of mass 1 kg at rest. Calculate 
(a) the speed of the 3 kg mass before the impact, 

(b) the speed of the combined particles after the impact. 

If the two come to momentary rest at E, find 

(c) the height of E above the level of BC, Goan | 
(d) the angle CQE. a 


Fig.26.17 


17 


18 


19 


20 


A light string passes over a smooth pulley. One end is attached to a particle A of mass 
8 kg. The other end is attached to a particle B of mass 7 kg. A particle C, whose mass 
is greater than 1 kg, is attached to B by another light string. When the particles are 
released from rest, their acceleration is 2 πὶ s~. Calculate 

(4) the mass of C, 

(b) the tension in each string. 

After the particles have moved for | second, the 8 kg mass picks up a stationary 
particle D of mass 4 kg. Find 

(c) the velocity of the particles immediately before this pickup, 

(d) the velocity of the particles immediately after this pickup. 


At a certain instant 3 particles A, B and C of masses 2 kg, 1 kg and 3 kg respectively 
are in a straight line where the distance AB = the distance BC. A is moving at 
u (# 2) ms"! towards B,and C is moving at 2 πὶ 5 ' towards B. At each collision, the 
particles coalesce. If the final velocity of the three particles is 1 ms“! in the direction 
of u, find the value of u. 


Three balls A, B and C of masses 4 kg, 1 kg and 3 kg respectively, lie in that order 
in a straight line. C is initially at rest. A is projected towards B with speed um s"! 
whilst B is projected towards A with speed 4 ms". A is reduced to rest in the first 
collision. If the speed of C is then 1{ ms“, find the value of u and the loss of kinetic 
energy. 


Particles A and B lie on a smooth horizontal table of a height 1.25 m above level 
ground. The mass of A is 2.5 kg and the mass of B is 1.5 kg. The particle A is 
propelled towards B at a speed of 9.6 m 5.". Calculate 

(a) the impulse applied to A. 

On impact A and B coalesce and move towards the edge of the table. Calculate 

(b) the common speed of A and B after the impact, 

(c) the impulse exerted by A on B during the impact, 

(d) the loss of kinetic energy at the impact. 

When the combined particle reaches the edge of the table, it falls to the ground. Find 
(6) the time that this fall takes. 

By considering energy changes, calculate 

(Ὁ the speed of the combined particle when it strikes the ground. (C) 
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7 A ball of mass 60 g travelling horizontally with speed u m 5. is hit by a racket and 
rebounds with speed 30 πὶ 5.". If the impulse between the ball and the racket was 5 N 
s find the value of u. 


8 Anengine of mass 4 tonnes moving at 4 ms" hits a stationary wagon of mass 500 kg 
and is coupled to it. The two then hit a second stationary wagon of the same mass as 
the first and the three are coupled together. Find the final speed of all three. 


9 Acar of mass 750 kg is towing a trailer of mass 100 kg on level ground at a speed of 
24 m 5} and accelerating at 0.8 πὶ s*. Taking the frictional resistances on each vehicle 
to be 2 N per kg of mass, calculate the tension in the tow-bar. 


10 Particles A and B are hanging vertically from the ends of a light string which passes 
over a smooth pulley. When released they move with acceleration 2 m s~*. If the mass 
of A is 5 kg, find the mass of B (two answers). 


PAPER 12 (Answers on page 653.) 


1 Ship A sailing due N at 15 km h"' sees another ship, B, which is sailing at 12 km ἢ ' 
in the direction 300°. Calculate the velocity of B relative to A. 


2 A ball is thrown with speed μ πὶ s* at an angle 6 to the horizontal where tan θ = 2. 
If the greatest height reached is 7.2 m, find the value of wu. 


3 Acar of mass 800 kg is travelling at a steady speed of 40 πὶ 5.' on a level road against 
a constant resistance of 500 N. What power is the engine using? Using this power, 
what would be the acceleration when the car is travelling at 20 m s"'? 


4 In Fig. R10, a body of mass 4 kg is in equilibrium on a rough horizontal plane. Forces 
of 20 N and F N act on the body in opposite directions. If the minimum possible value 
of F is 4, calculate 
(4) the coefficient of friction, 

(b) the maximum possible value of F. 


᾿ 20Ν ΕΝ 
Fig.A10 


5 Fig. R11 shows a sphere of mass 4 kg and diameter 12 cm resting against a smooth 
vertical wall and held in equilibrium by a string AB of length 4 cm. Draw a diagram 
showing the forces acting on the sphere. Hence, by drawing or calculation, find the 
tension in the string. 


Fig.R11 
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6 A body of mass 5 kg is projected with speed 20 m s”' directly up a rough inclined 
plane of length 10 m fixed on horizontal ground and making an angle @ with the 
horizontal where sin 6 = i. The resistance to motion is 33.75 N. With what velocity 
does it reach the top of the plane? 

It then leaves the plane and moves freely under gravity. How long does it take to reach 
the ground? 


7 Particle A is travelling at a constant speed of 10 πὶ 5. ' ina straight line. Particle B, of 
equal mass, is 16 m distant from A on the line and is moving towards A with speed 
5 ms" and uniform acceleration 2 m s*. 
(a) How far has A travelled when the particles collide? 
(b) Find their speeds at that point. 
(c) At the collision the particles join together. Find their speed immediately after the 
collision. 


8 ABCD is a square and E is the midpoint of DC. The forces 3 N, V5 Nand 2 Ν act at 
A in the direction of the lines AB, AE and AD respectively. Find the magnitude of 
their resultant and the angle it makes with AB. 


9 A pump raises 50 kg of water per second at rest from a well 8 m vertically down and 
discharges it with a speed of 4 ms“. Calculate 
(a) the increase in potential energy of the water per second, 
(b) the increase in kinetic energy of the water per second, 
(c) the power of the pump in kW. 


10 Fig. R12 shows two bodies, A of mass 5 kg and B of mass M kg, placed on the faces 


of a double wedge, whose faces make angles of 30° and 45° with the the horizontal. 
The face on which A stands is rough with coefficient of friction 5 while the other 


face is smooth. Calculate the maximum value of M if A is to remain at rest. 


Fig.A12 


PAPER 13 (Answers on page 654.) 


1 A block of mass 3 kg rests on a rough plane inclined at an angle 6 where tan 6 = ὃ, 
It is just prevented from slipping down by a horizontal force of 10 N. Find the 
coefficient of friction between the block and the plane. 

What force, applied parallel to the plane, would be just sufficient to make the block 
move up the plane? 
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2 Two towns A and Β are 500 km apart and the bearing of B from A is 030°. A wind 
is blowing from the direction 345°. A pilot wishes to fly from A to B and the airspeed 
of his aeroplane is 300 km he. If he takes 2 hours over the flight, calculate 
(a) the course he must take, 

(b) the wind speed. 


3 A particle is travelling in a straight line with constant acceleration a m s~. It passes 
a point A with speed u πὶ s"'. Between 3 and 4 seconds after passing A it ‘travels 
11.4 m and between 4 and 5 seconds after passing A it travels 11.8 m. Find the value 
of a and of κ΄. 


4 A particle is projected with speed u m 5} at an angle θ to level ground where tan 8 
= 2. If it reaches its maximum height 30 m horizontally from the point of projection, 
calculate 
(a) the value of u, 

(b) the maximum height reached. 


5 (a) A mass of 10 kg is attached by two strings of lengths 15 πὶ and 20 m to points A 
and B. If A and B are on the same level and AB = 25 m, find by drawing or 
calculation the tensions in the strings. 

(b) The following coplanar forces acting at a point are in equilibrium: P N in 
direction 000°, 2P N in direction 6° (0 < 8 < 90), 3P N in direction 150° and 
20 N in direction 270°. Find the value of θ and of P. 


6 Fig. R13 shows two bodies A and B connected by a light string passing over a smooth 
pulley. A has a mass of 5 kg and lies on a rough plane inclined at angle 6 to the 
horizontal where tan θ = 3, while B hangs vertically. The coefficient of friction 
between A and the plane is 0.4. Calculate the mass of B if 
(a) A moves up the plane with acceleration 1.4 πὶ s*, 

(b) A is just about to slide down the plane. 


Fig.R13 oA 
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7 A rocket consists of three parts, A of mass 6M, Β of mass 3M and C of mass M. The 
rocket is travelling in space with constant velocity V when an internal explosion 
causes part A to separate from the rocket with a backward speed of x. Find 
(a) the new velocity of parts B and C in terms of V, 

(b) the amount of KE generated by the explosion in terms of M and V. 
(c) A second explosion later separates B and C giving B a backward speed of 2V. 
Find the final velocity of C in terms of V. 


8 In Fig. R14, the particles A and B of masses | kg and 2 kg respectively are connected 
by a light string passing over the pulley P. Because the bearing of the pulley is not 
smooth, the tension in string PB is 1.2 x the tension in string PA. If the particles are 
released from rest, calculate 
(a) their acceleration, 

(b) the tension in PB, 
(Ὁ) the force exerted on the pulley. 


“ΓΕ Gs 
Fig.A14 


9 Acar of mass 750 kg has a maximum speed of 40 πὶ 5." on the level when the power 
output of the engine is 20 kW. The car climbs a slope at an angle 6 to the horizontal 
where sin 6 = i If the power output and the frictional resistance are unaltered, 
calculate 
(a) the maximum speed up the slope, 

(b) the acceleration up the slope when the car has a speed of 5 πὶ s"'. 


10 A straight stretch of a motorway has three parallel lanes. Car A is travelling in an 
outside lane at a steady speed of 15 πὶ 5". Ata certain instant, car B is travelling in 
the middle lane with speed 20 πὶ s“, constant acceleration 0.4 πὶ s? and is 30 πὶ 
behind A. Car C is travelling in the third lane and at the same instant has speed 
25 πὶ s"', constant acceleration 1 πὶ s? and is 20 πὶ behind B. After what time will 
(a) B overtake A, 

(b) C overtake B? 
(c) How far ahead is A when C overtakes B? 
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PAPER 14 (Answers on page 654.) 


1 The three coplanar forces shown in Fig. R15 are in equilibrium. Calculate the value 
of θ and of P. 


Fig.R15 


2 A helicopter rises to a height of 240 m. First it accelerates uniformly to a speed of 
8 ms"', maintains this speed for 6 seconds and then decelerates uniformly to rest. The 
magnitude of the acceleration is twice that of the deceleration. Draw a ν--ἰ graph. 
Hence, or otherwise, calculate 
(a) the rate of acceleration, 

(b) the time taken for the ascent. 


3 To a motorcyclist, travelling due N at 25 km hr, the wind appears to be blowing at 
15 km h" from the direction 030°. Calculate the true velocity of the wind. 


4 A police patrol boat receives a report that a suspicious ship is 30 km away on a 
bearing of 135° and sailing at 30 km h"' in the direction 045°. The patrol boat has a 
maximum speed of 50 km h~'. Calculate 
(a) the direction in which the patrol boat should be steered to intercept the ship as 

soon as possible, and 
(Ὁ) the time it would then take to reach the ship, assuming that the ship does not alter 
its velocity. 


5 Two particles P and Q are projected vertically upwards from ground level at the same 
instant. The initial speed of Q is three times that of P. When P has returned to the 
ground, the height of Q is 160 m. Calculate the initial speeds of P and Q. 


6 Ball A of mass 0.5 kg is moving towards ball B with speed 4 ms"! while B, of mass 
0.2 kg, is moving towards A with speed 5 πὶ s"!. They collide and A’s speed is reduced 
to 1 ms". Calculate 
(a) the speed with which B rebounds, 

(Ὁ) the impulse between A and B. 
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7 Fig. R16 shows three bodies A, B and C of masses 2 kg, 1 kg and 0.5 kg respectively, 
moving in a smooth horizontal groove with the velocities shown. The bodies coalesce 
on each impact. Given that the final speed of all three is 14 πὶ ς΄} in the direction 
Α - (6, find the value of v. 


20 πὶ 5." ν πΊ 5. 8 πὶ 5: 
----» ---ν» 


Fig.R16 (+) (1) (5) 
xf A ΕἸ τ 


8 (a) Anelectric motor drives a pump which raises a mass of 5 kg of water per second 
through a vertical height of 15 m and then sends it through a pipe with a speed 
of 8 ms". If the motor is only 65% efficient, calculate the power of the motor. 

(b) A hosepipe of internal diameter 2 cm is held pointing upwards at an angle of 25° 
to the horizontal. Water emerges with a speed of 20 πὶ s" and hits a vertical wall 
at right angles and then drops vertically. Calculate the average force exerted on 
the wall. 


9 Two particles P and Q of masses 3.4 kg and 2.6 kg respectively are connected by a 
light string passing over a smooth pulley. The particles are at rest hanging vertically 
and are released when P is 2 m above the ground. If P remains on the ground after 
impact, calculate 
(a) the speed of Q when P reaches the ground, 

(b) the total distance travelled by Q from the start until it comes to momentary rest. 


10 A body P of mass 2m is projected from a point A on level ground with speed u at an 
angle 6 where tan θ = 3, At the same time another body Q of mass m is projected 
towards A from a point B with speed v at an angle 9 where tan 9 = 3. Given that AB 


= 270 m and that P and Q collide when each is at its maximum height, find (a) the 
value of u and of v. 


If P and Q coalesce on impact, find (b) the distance from A where they reach the 
ground. 


PAPER 15 (Answers on page 654.) 


1 A missile is projected vertically upwards from ground level. Between 1 and 2 seconds 
after leaving the ground it rises 15 m. Calculate 
(a) the speed of projection, 
(b) the maximum height reached, 
(c) the length of time for which the missile is higher than 40 m. 


2 (a) A body of mass 3 kg rests on a rough plane inclined at an angle θ to the horizon- 
tal where tan 8 = 2. The coefficient of friction between the body and the plane 
is 5. What force, applied parallel to the plane, will cause the body to move up the 
plane with acceleration 2 πὶ 5.2) 
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6 The pilot of a fighter aeroplane on patrol, flying horizontally at 400 km hr! in the 
direction 045°, sees another aeroplane at the same height and due east of him flying 
horizontally with relative velocity 100 km h~' due west. Calculate the true velocity of 
this aeroplane. The fighter pilot immediately alters course to due north with the same 
speed as before. Calculate the new relative velocity of the second aeroplane. 


7 (a) A bullet of mass 50 g is fired horizontally from a gun of mass 15 kg, which is free 
to recoil. If the bullet has a speed of 300 m s* on leaving the gun, calculate the 
speed with which the gun recoils. 

If the average force exerted by the gun on the the bullet is 3750 N, find how long 
the bullet was in the gun after firing. 

(b) A body of mass 50 kg is moved from rest through a distance of 30 m in a straight 
line in 20 seconds by a constant force P N. Calculate (i) the final kinetic energy 
of the body, (ii) the value of P. 


8 A car accelerates uniformly from rest to reach a speed of 24 πὶ 5", continues at this 
speéd for 20 seconds and then decelerates uniformly to stop at traffic lights. The total 
time from start to stop was 35 seconds. Given that the magnitude of the deceleration 
was twice that of the acceleration, calculate 
{a) the total distance travelled, 

(Ὁ) the rate of acceleration, 
(c) the time taken to travel the first half of the journey. 


9 (a) A tennis ball of mass 60 g moving in a straight line with speed 20 ΠῚ 5. is hit by 
a racket and returned along the same line with speed 35 πὶ s~. Calculate the 
impulse on the ball. 

If the ball is in contact with the racket for 0.005 seconds, with what average force 
does the racket hit the ball? 

(b) A nail of mass 30 g is driven horizontally into a wooden fence by a hammer of 
mass | kg. Just before hitting the nail the hammer is moving with a speed of 
10 ms“. If the hammer does not rebound, find the common speed of the hammer 
and nail after the blow. If the nail is driven 1.5 cm into the wood, calculate the 
average resistance of the wood. 


10 Two balls A and B, of masses 1 kg and 0.5 kg respectively, lie in a straight line 
perpendicular to a wall with B 9 πὶ from the wall. A is projected with speed 6 πὶ s' 
towards B which is at rest. After the collision, A continues in the same direction with 
speed 3 πὶ s while B moves to hit the wall and rebound to meet A again. If the 
impulse of the wall on B is 3.5 N s, calculate 
(a) the speed of B after the first collision, 

(b) the distance of A from the wall at the moment B hits the wall, 
(c) the speed of B after hitting the wall, 
(d) the time between the first and second collisions. 


PAPER 17 (Answers on page 654.) 


1 Fig. R20 shows three particles A, B and C of masses | kg, 3 kg and 3 kg respectively. 
A and B are at rest on a rough horizontal surface with coefficient of friction 0.6 and 
are connected by a slack light string. C is held at rest and is connected to B by a light 
string passing over a smooth pulley. When C is released, the string AB will tighten 
after 0.7 seconds. Calculate 
(4) the initial acceleration of B, 

(b) the velocity of B just before and after 0.7 seconds, 
(c) the acceleration of B and the tension in the string AB, when AB is taut. 


Fig.R20 


2 The pilot of an aeroplane whose airspeed is 200 km ἢ" sets a course of 020°. 
(a) What is his position after a flight of 1 hour if there is a wind of 40 km h" blowing 
from the north? 
He then decides to return to his starting point. 
(b) What course should he take, the wind being unchanged in velocity? 
(c) Calculate the time for the return flight. 


3 Two small spheres of masses 4 kg and 2 kg are each attached by light strings of length 
40 cm to the same point A and rest side by side. The 2 kg sphere is then held with its 
string taut and making an angle of 60° with the downward vertical through A. It is re- 
leased from this position. Calculate 
(a) its speed just before it hits the other sphere. 

If the two spheres stick together on impact, calculate 
(b) their common speed and 
(c) the vertical height they will reach, after the impact. 


4 (a) Two bodies, A, of mass 3 kg, and B, of mass 4 kg, are moving towards each other 
on the same straight line with speeds 6 m s' and 2 m ς΄ respectively. They 
collide and after the collision the relative velocity of B to A is 6 ms" in the 
direction A — B. Find their speeds after the impact and the loss of kinetic energy. 
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6 In Fig. R24, particles A and B lie on a smooth horizontal table of height 0.8 m above 
the ground. The masses of A and B are 1.5 kg and 0.9 kg respectively. A is pushed 
towards B with speed 2 ms"! and A and B stick together on impact. Find 
(a) the impulse given to A at the start, 

(b) the speed of the combined particle after impact, 
(c) the impulse of A on B at the impact, 
(d) the horizontal distance from the edge of the table of the point where the com- 
bined particle hits the ground. 
1.5 kg 0.9 kg 


Fig.A24 


7 A ferryman wishes to cross a river 300 m wide flowing at 4 ms! between parallel 
straight banks. He can sail his boat at 6 m 5.' relative to the water. At what angle 
should he set out so as to cross 
(4) in the shortest time, 

(b) by the shortest distance? 

(c) Find the times taken to cross the river in each of these cases. 

(4) If however he sails at an angle of 60° upstream to the bank, how long will he take 
to cross the river? 


8 A ball is hit at 20 πὶ 5.' from floor level in a sports hall whose ceiling is 8 m high. 
(a) What is the maximum angle to the horizontal at which it can be hit if it is not to 
touch the ceiling? 
(b) At what angle should it be projected with the same speed so as to reach a point 
on the floor 25 m distant and not to touch the ceiling? 
(c) If the ball is hit at an angle 6° where sin 6 = 0.7, again with the same speed, where 
would it hit the ceiling? 7 


9 A train takes 5 minutes to travel from rest at one station to rest at the next station 
5.25 km distant. For the first 500 m, it accelerates uniformly at the rate of a ms? to 
reach a speed of ν m s“'. It continues with this speed before decelerating at the rate of 
2am s*. Find the value of ἃ and ν. 

10 An engine with a power of 1000 kW can pull a train of mass 300 tonnes (including 
the engine) up a slope making an angle of θ to the horizontal where sin @ = ot ata 
maximum speed of 25 πὶ s"!. Calculate the frictional resistance to motion. 

What would be the acceleration up this slope if the speed of the train was 20 m s"', the 
power and resistance being the same? 
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Answers 


EXERCISE 1.1 


1 (a) (13,1) Ὁ) (-3,2) (©) (-1,3:) (4) (2.22 (6) (4:,-1:) (ἢ (0,0) (g) (2p,-p) 
(h) (aa+b) (i) (41,4 Ὁ 1) (Ὁ (5,3) 2 (23,18), 4-2), (54-54) 3 (1-24); 2.- 
4 (5,,) 52,7 6 -1,10 7 (1,1) 8 (5,0), (-1,-3) 9 (3,5); (15,7) 10 (2,1), (-1,-2) 
11 (a) (4.5) (Ὁ) (5.2), (7,-4) 12 [Use coordinates of midpoint of diagonals] 

13 No; (4,-1) 


EXERCISE 1.2 


1 (a) 5 (Ὁ) 5 (c) 13 (ἀ) 5 (ε) 2.2 (ἢ 61 (g) 4.5 (ἢ) 5.1 (i) V2a (j) γα α μ᾽ 
2 Sunits 3 (a) Υε5, αἱ Β (Ὁ) (-1,2) [midpoint of AC] (c) Sunits 4 (a) AB? = 25, 

BC? = 25, AC? =50 (Ὁ) Right-angled isosceles (c) 12.5 units? 5 (a) Isosceles [PQ = QR] 
(b) (5,4) (ὦ 4 units, 8 units? 6 V41 = 6.4, γ65 -- 8.1, ¥122= 11.0 7 (a) (1,0) 

(b) 100, 68, 58,26 8 (a) (3,4), (6,1:) (Ὁ) 15.25,61 (c) ; 9 5 units 

10 [Fig.Al.1 circles touch internally] 12 x7 + y?=9 13 (a) Perpendicular bisector of AB 
(b) [AP? = ΡΒ] (ὦ 7x+y=6 


Fig. A1.1 


OPTIONAL EXERCISE 
(a) 4: (Ὁ) 114 (ὦ) 63 (d) 33 (e) 37: 


EXERCISE 1.3 


1 (a) -2 (b)-1 (ΟἹ ()2 (0 (ἢ undefined (g) 2 () 3 ΟἹ (Gj) -1 
(k) p+q 2(a)0 ()-3 ὦ ξ ὦ -! 3 Ὁ, (ὦ, (ἢ; ὦ), ©) 4 (a) 45° Ο 135° 
(c) 639 5 Yes 7a+2b=4 821 10 () -5 (Ὁ) 7 11 (b) 14 12 30r-6 
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XERCISE 1.4 


1 (a), (€); ὦ), d) 2 ἕω -2 Φ) Σ iia) 1 ὦ) -Ἰ Gitta) Σ ὦ) -Ξ 
(iva) -} Φ) 7 3 Yes 44 5.0) -4,2,-3 6 26.69: 116.6° 7 4 
8 (a) ὦ (35,5) (ii) -3 (ἡ 6p + 8q=61 9 (b) 4 10 (a) (-5,0), (5,0), (0,5) 
11 (ὧὦὁ +, * (© 3,2 


hel? b-6 


XERCISE 1.5 


1 (a) γξχ εὶ (ὃ) 3x-4y=1 (0) x+5y=16 (d) x+y=1 (e) 2x+y=1 (ἢ y=-2 
g) x=-2 (h) y=2x (i) y=3x4+8 (j) x=-1 (k) x=0 2 (@) (1,0), (0,1) (b) (4.0), 
(0-4) ©) (16,0), (0, 2) (ὦ (1,0), 0,1) (ἡ (4,0), 0.1) (Ὁ does not cut x-axis, (0-2) 
(g) (-2,0), does not cut y-axis (ἢ) (0,0) (i) (- 4.0), (0,8) (ἢ (-1,0), does not cut y-axis 
(k) (0.0) 3 2x-3y=6 4 3y-2r=0 5 (a) 3y+2x=-14 (Ὁ) 2ν -- 3χ Ξ -- 

6 y=2x+3,(-11,0) 7 y-x=5,y+2x=5,5y+4x=7 8 (a) 5x—-2y= 12, 7y=x+2, 
4x+5y=14 (Ὁ) 4x-y=12 9x+y=7 10 (a) (63-13), (Ὁ) (7-5) (ὦ x + 9y = -7, 
Ix+y=44 11 (a) (1,3) (Ὁ) Σ (Ὁ y+ 2 =5 


EXERCISE 1.6 


1(a)-1 (b) 1 ©) 2 (ὦ - ὦ -ξ (HF ΟΘοὸ Hs ὡ-ξ MF ὦ F 
() = (mt ὦ -ὁ (0) -§ 2 (a) x-y=-l (b) 2k+y=) (© 2νεχ-3 
(d) x-3y=1 (e) y=1 (ἢ 3x+y=-9 (g) γΞ3 3. (a) x+yslx-y=-3 
(b) 2x-y=-3,x4+2y=6 (c) 4x4 3y=-6,3x-d4y=8 (d) x-3y=2,3x+y=-4 
4 y+5x=-3;Sy-x=11 5 3x+2y=12 


EXERCISE 1.7 


1 Sunits 2 4y-x=3 3 (a) x+y=5,y=2x-1 (Ὁ) Β(5,0), C(-1-3) 4 3x+y=-5 

5 (2,0), ¥13 units 6 (a) x-2y=1 (δ) (1,0) 7 (1,-1), (4-1), 1,3) 8 (a) (6,1), 2-1, 
(0,6) (Ὁ) 6x-Sy=17 9 Α(3.6). ((2.1) 10 (a) (1,1), (5,1), (2.4) (Ὁ) x= 2, y =x, 
3y+x=8 (c) (2,2) 11 (a) Sy—3x=30 (Ὁ) (-10,0) (c) 34 units? 12 (a) 2. -- 5. Ξ -27, 
$x+2y=5 (b) (-11,1), (1,0). 13 (a) (-3,0), (2,0) (Ὁ) 3y+x=-3,x-2y=2 (ὦ) (0-1) 
(d) ¥2:1 14 (a) y-x=1y+x=9 (b) (4,5), (2,1) (c) 6 units? 15 (a) 21 :γ5 15 
(Ὁ) (4,7) (ὦ (0,5) (d) 10 units? 16 (a) 3x+2y=11 (Ὁ) (%5*, 25%) [Substitute in 
2x -3y=3) (c) 1,4 


REVISION EXERCISE 1 


1 (a) x+2y=4 (b) 7x+2y=-17 (c) 2v+3y=-5 2 (a) 3x+y= 13 
(Ὁ) y=x+1; (3,4) (c) 10 units? 3 6units 4 (a) x+2y=11 (Ὁ) (1.5) (c) (2,7) 
5 (a) (2-14); 5 (Ὁ) 4x+3y=25 6 (a) Σ (b) (5,7) 7 (a) 2v+x=5, y = 3χ-- 22 
(b) (7,-1), (-6,-5) 8 (a) x+2y=5 (Ὁ) y=7; (-9,7) 9 (a) 2v=x+2 
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(Ὁ) (0, 1); 20 units? 10 (a) (2,4) (Ὁ) \8 units 11 (a) 3y-—x=22 (Ὁ) (14, 12) 
(c) (16, 6) (d) 80 units? 12 3x +2y = 22; (0,11), (8-1); 6.45 units 
13 (2, 3); y + Sx = 13; 2y=3x-13 (i) (3,-2) (ii) (1,8) (iii) 26 units? 
14 (a) (4,4), (-2,-3) (Ὁ) (0,1), (2,0) 15 (a) y=3x4+2 (Ὁ) (0,2) (c) y=3x-8 
(d) (2 .--2); 40 units? 16 (a) y=x+3; (6,9) (Ὁ) (-1,0) (c) 24 units? 17 (a) 4 
(Ὁ) x + 2y = 20; (0,10) (c) [perp bisector is y = 2x + 5; OC is y + 3x = 0] (- 1,3) 
(d) 25 units? 18 (a) y=x+1,2y+x=5,3x-y=1 (Ὁ) (1,2) (c) 5 units 
19 (a) 2y-x=1 (b) (4,21) (ὦ 2.5 units 20 3 21 -3,-1 22 (b) 3, 2 
23 (a) (0, 2-—3m), (2m τ 3,0) (Ὁ) +2 2414+2;6 
25 yap oe 1 = m(x -- 3) ie. y — mx = 1 -- 3m; 

A is (5: , 0), B is (0, 1 -- 3m) 

AC is y=-2 ᾳ- #- =!) so C is (0, a) 

BD is ν -- (1 -- 3m) = ΜΝ so D is (m(1 — 3m), 0) 

3m -1 

Gradient of CD is ae =< 
26 (a) [consider point of intersection of diagonals] (Ὁ) [diagonals perpendicular] 
(c) [AB perp to Ad so ἘΞ x 4-4 =-1 
multiply out to get y,y, + χὰ, = = x,(x,+ x,) πα εν, Ἐν — y? and substitute from (a)] 


EXERCISE 2.1 


1 @) 3, ἘΠῚ 4 (Ὁ) 3,1;-3,-5 (c) 3,-lorl,3 (4) -Ξ »τῷξ ord, 1 (Ὁ 4,-1, -Ξ.2 
τ. δ. τῷ *or3,1 () 5,8or2,-1 (8) -, Ξ or 4, Ἐπ (i) 2, -Ἰ ογ 4, τῇ 

Ὁ 3,2 or 3, = (k) 1, -Ξ or 6, 2 ὦ 8 30r ἢ, -| (m) 3, -1 or --ξΞ, -6 2 (2,4) 

3 (3,3) 4 (3,0) 5 Tangent at (2,1) 6 7on,40m 7 (4,9) 8 (0,-5) 9 8,6 or-6, -8 


10 5,20 ογ 10,10 11 (33-34) 12 (4455) 
REVISION EXERCISE 2 


1 2,-lor-2,-10 2 (-5-2) 3 (23,43) 4 (4,2),(4,3) 5 -3,40r ¥,? 

6 10cm, 5cmorScm, 10cm 7 (a) 4 (Ὁ) (3,1) 8 3,20r-2,43 9 5,7 

10 33,5 or 3i,3 11 3,-lor ἔξ, - ἴδ 12 (b) 2,9 ογ 8,3 13 (a) 4x (0) 1,3 or 3, 2 
14 2,4 0r21,-15 15 9,3 0r-11,-7 16 (a) [From (x - 4)? + (y -- 2)? = 5] (Ὁ) (2,1), (6,3) 
(c) (5,0), (3,4) 


EXERCISE 3.1 


1 (a) 7, -3,-5,-5,-3-7 (Ὁ) 4,0, 1,4,9,25 (c) 2, undefined, -1, 0, 1, ὃ 

(d) 10, 0, -2,-2,0,10 2-1 3 (a) 2 (Ὁ) 1: (c)-1,2 (d) 3 4 (a) f(x) = +2 
(b) 3,3,2 (c) +5 5 (Ὁ) Fix) =(x +2" (©) 9.1.4 (d) 3,-7 (ὦ No 62 75,5,5 
8 (a) 2,4,32 (Ὁ) 4 9 (a) 1 (b) 3 10 -2.19,0.69 11 -1,6 12 (a) 1,4 (b) -1,3 
13 -2,3 14 7;2,-3 15 3,-1,4 165,-3 171,2} 18 3, ΟἹ (ὦ -1, 1} 


6 
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10 [Fig.A3.8] 


τ) 


Fig. Α3.8 


11 [Fig.A3.9] self-inverse function 
12 (a) £5 (γὼ [Fig. A3.10] 


13 [Fig.A3.11) 
14 [Fig.A3.12] 


Fig. A3.9 Fig. A3.10 
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Fig. Α3.12 


Fig. Α3.11 
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Fig. A9.13 


EXERCISE 3.5 


1 (a) x-1 


(Ὁ x+4 (d) x-6 2 (a) 0.64 (Ὁ) 0.68 3 (a) 3x+1 


(b) x-1 


~ 
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= 
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ee ie 
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2g 
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ae ee 
—_~ 
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Cr 
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(b) τις sig x 4-3 (c) ! ΞΞ 22x40 (d) τΞ ΧῈ2 (e) = 5: . (Ὁ -ἀἡ Wxxg,f 
13 (b) x 14 (a) 3a=b+3 (Ὁ) 5,12 15 [fg is 3 τὰ, gf is 11 -- αὶ 

16 (a) ἐξέ, χα πὶ, Σ (b)5 17 τι (e#-2,-1), $22 ἀκ -2,-α, τ); τὶ 18 x+1 
19 x-2 20 (a) gh (Ὁ) hg (c) gg (d) hgg (6) hh (ἢ ghh (g) g' (h) hg" 

21 (a) fg (Ὁ) gf (©) ff (d) eff (e) gf (ἢ f'g 22 (a) fg (Ὁ) gf (ὦ) gg 

(d) fgg ©) fg' (Ὁ f'g (g) fig’ (h) fgg 23 χ᾽ ῈἘ1 24 2% 


25 (a) πὸ α 53. ἢ ὦ πέρ ἃ 43,3. 5) © airy FRE 9. 8) 
G23 9 27 it 243 
7 243 93? 20" 1 


REVISION EXERCISE 3 

1-lsxs3 

2 (a) 14 (b) 3,2 

3 (ai) xs torx2 3 (ii) 4<x<2 0) 2,3 


4 (Fig. A3.14] 


y=2ix-2I 


y=2-Ix-2l 
Fig. A3.14 
5 [Fig.A3.15] 1 
6 [Fig.A3.16] 
7 1; 2,-3 


9 (a) 427+ 12x45 (Ὁ) 22-5 (©) -1,-5 
10 (0, 1,2}; no 

Maer  «-,-2.-}}. wer #1 -$,-4.-2) ΓΓΤΤΤΤΤΤΤῚ 
12 x -- 2; gf! d 
13 (a) -11;5 (δ)() ἘΞ (#0), 4, ΞΞΞ αὶ #3) 
(ii) 7 (ὦ f2-3; ff2-11 

14 3, -5, 24, 25 [f(y Ξ αὶ 

15 (a)(i) 9x-8 (ii) F-4Geo ci) τς wt) 
(b) -18,30 16 (a) 6-4 α 0) ὦ) -"- #3) 

(c) S* (ὦ 2(¢#0) (ὦ 4 α 56) 

17 (a) fg (Ὁ) g' (c) gg (d) βρῇ (e) ef! 

18 (a) 24,36 (0) +. (x #4, 12) (c) 2 
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19 (a) 5 (b) 1 (Ὁ ξξξ #7) (δ -1,5 
20 (a) 2,3 (b) 6 (ὦ ΞΞ α τὸ) "- 
21 (ai) 5 - 5. 50) (ὦ 4, (ἀπ ξ); ξ OW) SO) (ὦ 4; ὦ τ -ἰ2) 
(c) -5 

22 [Fig. A.3.17] 

23 [Fig. A3.18] 

24 (a) 153 (x 0); ἐξ (x #23); 2,3 (0) 3,-7 
25 [Fig. A3.19] (0,1,2,3} 

26 [Fig. A3.20] 

27 (Fig. A3.21] 


Fig. A3.17 


Fig. A3.20 
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28 (a) fgh (Ὁ) gfth (c) g'f'h (4) hg"f# 

29 (Ὁ) [(7n + x) + 7 = Tn? + 2nx, remainder =]; g(5n + x) = g(x) 

30 (a) (3, 0), (3,3) (b) (3, -2) (©) (1,2) (ὦ (yy) —> (24, 44) 
31 (a) -lto4 (b) 0 ἰὸ 5 ; 


EXERCISE 4.1 


1 (a) equal (Ὁ) not real (c) real (d) not real (e) real (ἢ equal (g) real (ἢ) not real 
(i) real (ἢ) notreal 2+6 3 9 42,-1 508 744 8k=-§ 9 (a) m>4orm<-4 
(b) y = 4x + 5, (2,13); y = —4x + 5, (-2,13) 10 -1,4 11 £12 12 (a) 2me=1 

(Ὁ) 2y=2xr4+1,4y=x+8 13-6<c<6 4 ps} 150,4 16 4,-1,x=4,x=-1 

17 +4 


EXERCISE 4.2 


1 (a) -10,x=3 (b) 4,x=-1 (0) 3,x=-1 @3i,x=-} (©) -4i,x=4 (ἢ 3,x=0 
ῳ) -ἶξ χε 3 ὦ Si,x=-f ὦ 2i,x=-} @c-bix=-b 2 [Fig. A4.1) 


re) 


(i τ) 


616 


5 (i) -4,-12 (ii) r<-16 

6 9-(x-1);0t09 

7 (a) -$<x<2; (Ὁ) (15,6) [Fig. A4.7] 

8 -3ito7 

9 (i) k>4 (ii) K<-2;-2<k<} 

10 (a) 5 (Ὁ) g280rgs-8 

ll x<-1,0<x<2,x>3 Fig. A4.7 
12 (a) k= ἦς (b) pS-} 

13 -1 or -2 

14 [Fig. A4.8] 0 to 6: 

15 -2, 8, 10 

16 4<x<6 

17 (i) xS-torx224 (ii) (1,-9); (1,9) [Fig. A4.9] 
18 τάχει 

19 (a) -} Fig. A4.8 
20 (ὦ -7, 10 (ii) 3,4. (b) -2, 1,6 


y 
21 dsxs2 
22 -1<xS-i,1sxs1} 
23 -2<x<-l,}<x<l} 49 
24 k<-Gork22 (Ὁ 1 (ii) -3 
25 2,-4,7 Fig. A4.9 
27 (a) -6,8 (Ὁ) 4<x<-1,7¢x<10 ᾿ 
28 (a) το τας () a<ora>} "Ἐν ar 


29 [(x- α)ὰ -- B) =.° - (α + B)x + OB = 0 is identical to x° + 2x + £ = 0: compare coefficients. 
αὐ + B? = (0. + BY -- 2aB; (a -- BY = (α + BY - 408) 


EXERCISE 5.1 


1 (a) χ' - 8χ' + 242 - 32x +16 (Ὁ) 8x — 36x + 54χ - 27 

(c) 32x° + 80x‘ + 80x° + 402 + 10x+ 1 (ὦ) x5 - ἔχ᾽ + ξχ - SP + 5χ- τ 

(ὦ) + 6x44 15420454544 (ἢ τ - απ YL - 8x4 16 

2 (a) 1 -- 10x + 40x? -- 80x + 80x4 - 32χ (0) 16 -- 96x + 216χ -- 216° + 81x 

(c) 64-96x+ 602 -200+ SF - 224 2 d) 1-32 1 3χ'--χό 3 (a) 32 - 80x + 80x - 40x 
(Ὁ) 1 -- 14x + 84x7- 2808 (c) 1-4x4+ 72-78 (d) 1024 -- 640χ - 1602 -- 20° 

4 (a) 81χ - 216x'y + 216x°y* -- 96xy° + 16y* (Ὁ) χ' - Sx + 10x- B+ 5. - 41 
5 αὐ + Sa‘h + 10a°b? + 10a°b? + Sab‘ + δ΄ οὐ. 6 0.941 480 

7 (a) 1.1 3χ τ 3χ3 « χ', 1 -- 3χ 4 3χ2-- αὐ (Ὁ) 2 τ ἀχ;; 14 8 194 

9 (a) 1 1 4χ τ ἀχ τ 4χ᾽ τ χ΄, 1 -- ἀχ τ 6χ -- 4χ' τ χ' (Ὁ) 8χ + 8; 0.080 008 


10 (a) χ' τ δχ' εἰόχε © + 5. 4,8-5e4+10x- 2+ 5- 1 


(b) Ιοχ τ 2+ 2 (c) 90. 


x 


x 


y 
0 1+ 
y 
6 
LY) 3 
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EXERCISE 5.2 


11-4x+62-48 4x451-444+82e 2 1+%-% 3 (a) 16 -- 32χ + 24x 

(b) 81 - 54x + 22x; -3456; 3888 (c) 8-4x-6x° (d) 3 4 (a) 1+ 5x + 10x + 10x 
(Ὁ) 1+5x+5x7-10x 5 (a) 1+ 8x+ 24χ +320 + 16x* (Ὁ) 1-3x4+3xr-x;14+5x+3r 
6 1 + 6x + 12x + 8x; 16 - 16x + 67 - x + X; 102 7-2 


8 14+ 5x + 10x? + 10x; 32 — 80x + 80 -- 40r;-120 9 2,-3 102 ae 
11 (a) 1 + 3ax + 32x? + a’; δ' + 4ρ'χ + 6b? + 4b + χ' (Ὁ) 2, -2 12 2,-- τς Ὁ 


13 (a) 1 + 4px + 6p2x?; 1 + 34χ + 342χ32 (Ὁ) 3,-2or-1,2 14 (a)i) 1 + 3αχ + 3α᾽χὶ + ax" 
(ii) 1+ 4bx + 6b2x2 + 4b 3x9 + bot (Ὁ) "΄, - ἢ or-1,2 15 (a) -70, 168 (Ὁ) 350 

16 - 12, Ὡς Δ 17 (a) - 8x +242 - 328 (Ὁ) 1- 8x + 28) -π 

18 1 + 4x + G2; 1 + 4ax + (46+ 6a); 2, -32. 19 0.1 20 1 -- 8x + 282; 0.99203 


EXERCISE 5.3 


1 (a) 6 (b) 12 (c) 504 (d) 495 2 (a) 15 (Ὁ) 36 (c) 495 (d) 455 33 
41+10x+45x2 (Ὁ) x!?- Gx! + 2 (c) χ" - 9x7 + 36χ' 5 (a) 7920 (Ὁ) -3240 (c) 126 
620 79,2 86.3 9 ἴουπῃ, - 107 


REVISION EXERCISE 5 


1 (i) 1 - 15x + 90x? - 270x° (1) 1 + 35x + 525x7 + 4375x°; 90 

2 αὐ +6a°s + 155" 12, £3, 64x 3 1 - 10x + 40x; 2, 7, -13 

4 (a) 1 + 10x + 40° + 80x + 80x + 320°, 1 — 10x + 407 -- 80 + 80x -- 320° 

(Ὁ) 20x + 160x° + 64χ (ὁ) 0.020 000 160 000 064 5 (i) 1 + Sar+ 10027 

(ii) 1 -- 8Br + 288"; 1002 - 4008 + 288? 6 10, 10 

7 1—Sp + 10p? -- 10p + Sp* — οἷ! 1 — 5x + 5x + Ι0χ 0.01 8 sixth 

9 (i) 64+ 1922 +240 + 160x° (ii) 48 10 ἐ or αὶ 1 F.-%;-7 12 -},12 
13 1 + 6ax + 15a*x*; $,-30r-4,3 14 28:5 153,-2 16 8 17 fourth; 280 18 7,-1 


19 (a) 1+ 5x+ 10x? + 100 + 5χ" Ὁ χ᾽, 14+ 5x2 + 1008 + 100° + St tx'? (0) 1 + 5x + 15χ2 + 35° 
20 7: 


EXERCISE 6.1 


1 (a) 60° (ὃ) 18° (c) 120° (d) 720° (e) 30° (ἢ 20° (g) 135° (h) 330° (i) 225° 
(j) 2215 (k) 114.6° (1) 85.9° 2 (Δ) ξ (Ὁ) ¥ (c) ¥ (ἀ) 3π (ὦ ὦ (f) ¥ ἢ B 
(h) = ὦ % ᾧ ¥ 3 (a) 05 (&) 05 (1 (4) -0.7071 (©) 1 (ἢ 0.9093 (g) 0.8776 
4 (a) 5 (b) 0.93 (c) 0.98 (d) 1.32 5 0.068 6 Values tend to | 


EXERCISE 6.2 


11.2rad 2 1.67 rad 3 O5rad,3cm 4 (a) 10cm (Ὁ) 0.3 rad 5 (a) 5.2, 10.4 
(Ὁ) 10,40 (c) 0.5,4 (d) 12,0.25 (e) 6,24 6 (a) 9.6cm? (Ὁ) 12.8cm 7 (a) 4.47 
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(Ὁ) 0.841 (0) 11.5 (ἀ) 11.0% 84cm 9 (a) 1.85rad (Ὁ) 9.27cm 10 40cm, 1.2 rad; 
24 οπι, 3}rad 11 2.7 πι 5.) 12 (a) ἘΣ (0) 0.52 πι 5) 13 (a) 1.85 rad (Ὁ) 22.1 πὶ 
14 (a) 3730 οπι (Ὁ) 256cm 15 (a) 2.46 rad (Ὁ) 0.292 16 (a) Scm (Ὁ) 0.4 rad 

(c) 4.8 οπι 17 (a) 1.85 (Ὁ) 11.2 οπι (0) 0.28 18 2.5 19 (0) 3Srs4 20 (0) 3 οπὶ 
(d) 2 rad 


REVISION EXERCISE 6 


1 (a) 3 (1.05) rad (Ὁ) 209cm? 2 44cm? 3 12.93cm 4 (i) FO (ii) P(e 4 Δ sin 20) 
(iii) 2 (π sin? 8 - 20+ sin 26) 5 18.82cm* 6 (i) 2.02 rad (ii) 10:1 cm (iii) 14. 8 cm? 
7 (i) 42, 15cm? (ii) 0.57 8 48.33 cm? 9 (i) 51.6cm (ii) 4763 cm? (iii) 94.7% 

10 (i) ἘΞ cm? (ii) 2 cm? (iii) 0.8 rad (iv) 26cm 11 (a) 4.44 πὶ (V2 π᾿) 

(b) 4.57 cm? (4π -- 8) 12 6.17 cm’ 13 43.2 οπι 14 3;2rad 15 (a) Ξ ταῦ 


(b) 1.63 cm? 16 [total area of sectors = 2 x + $x £O0+2x $ x= (π-- cen αὐ denier αν 
x sin θ] 0.77,2.37 17 10:1 


EXERCISE 7.1 


1 (a) 19.5°, 160.5° (Ὁ) 40.4°, 319.6° (ὦ) 49.0°, 229.0° (d) 110.5°, 249.5° 

(e) 194.5°, 345.55 (ἢ 141.0°, 321.0° (g) 186.8°, 353.2° (ἢ) 220.5°, 319.5° 

(i) 76.7°, 283.3° (j) 123.7°, 303.7° (Ὁ) 34.9°, 145.2° (I) 98.0°, 262.0° 

(m) 150.4°, 209.6° (n) 61.6°, 241.6° (0) 61.1°, 298.9° 

2 (a) 0°, 23.6°, 156.4°, 180°, 3605 (Ὁ) 18.4°, 198.4°, 161.6°, 341.6° 

(c) 18.3°, 116.6°, 198.3°, 296.6° (d) 90°, 138.6°, 221.4°, 270° 

(e) 39.2°, 140.8°, 219.2°, 320.8° (ἢ 210°, 221.8°, 318.2°, 330° 

(g) 117.7°, 202.3° (8) 170.5°, 350.5° (i) 0°, 19.5°, 160.5°, 180°, 360° 

(j) 36.9°, 143.1°, 216.9°, 323.1°  (k) 39.2°, 140.8°, 219.2°, 320.8° 

(1) 210°, 41.8°, 138.2°, 3305 (m) 109,5°, 250.5° (πη) 112.3°, 347.7° 

(0) 168.6°, 251.4° 3 35.3°, 144.7°, 215.3°, 324.7° 4 158.2°, 338.2° 

5 39.2°, 140.8°, 219.2°, 320. 85 6 (a) 26.7°, 153.3° (Ὁ) 129.1° (c) 65.1° 7 (a) -0.5 
(b) 3 (c) -0.36 (d) Ζ (ὦ) 0.58. (Ὁ ¥ (5) -1.05 9 (a) 200.5°, 339.5° 


12 


(Ὁ) 15.7°, 164.3° (0) 129.8°, 230.2° (d) 126.7°, 306.7° 


EXERCISE 7.2 
1 120° [Fig.A7.1] 2 [Fig.A7.2] 3 4 (Fig.A7.3] 


y y 


y= sin 30 y= cos 38 


Fig. A7.1 
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y y γ 
=1+2sin0 y=|1+2 sin 0 y= 1+ [2 sin 9] 
θ θ ϑ 


Fig. Α7.8 


6 (Fig. A7.9] 7 (Fig. A7.10] 8 [Εἰρ. A7.11] 9 (Fig. A7.12]3 10 (Fig. Α7.13] 4 
11 [Fig. A7.14] 6; 12 12 (Fig. A7.15] 2 


y=12c0s 91 
2 on y=20030 


y 
y = |2 cos x y 
yet ¥ = |tan 9] 
8 
x 2: 
‘ x 8 
δε yet-12c0s0! 


Fig. A7.9 Fig. A7.10 Fig. A7.11 


Fig. A7.12 


Fig. A7.13 . Fig. A7.14 Fig. A7.15 


EXERCISE 7.5 


1 70.5°, 289.5° 2 90°, 228.6°, 311.4° 3 19.5°, 160.5° 4 30°, 150°, 210°, 330° 

5.30", 1505 6 45°, 71.6°, 225°, 251.6° 7 54.7°, 125,3°, 234.7°, 305.3° 8 30°, 90°, 150° 
9 19.5°, 41.8°, 138.2°, 160.5° 10 48.2°, 270°, 311.8° 11 0°, 101.5°, 258.5° 

12 60°, 120°, 240°, 300° 
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EXERCISE 8.1 


1 (Fig.A8.1] 2 -2a, $a,$a 3 (a) 3a (Ὁ) a (c)-4a 4 (a)-a, (&)-b, (ὦ -ς, 
(d) 2c, (e) 2b 5 Collinear 6 5 7 13 8 (V5,2) or (-V5,2) 


BEE aan 
ΞΕΞΕΒΞΙΒΘΕΒΕΞΕ 
Pert rer 
ΓΗ ΓΡΓΓΗ 
Sanz 
SBE: 
See 
nnn 

Fig. A8.1 Ee ae 

EXERCISE 8.2 


1 [Fig.A8.2] 2 (a) a+b (δ) -a-—b 3 [Fig.A8.3] 4 The parallelogram is a rhombus 


ENS 
(Δ a he 
Pal het TY 

PITT | 
ΕἸ | Se = 
EDGHEER 
OS st | 


At 


PErT et" 
PEPE EEE eee 


Fig. A8.2 


Fig. A8.3 


EXERCISE 9.2 
1 (a) Gx (Ὁ) 6x (Ὁ) 2.Ε1 (ὦ -2x (6) - (ἢ 3° -2e () τὶς 


2 (i) (ii) (iii) 
(a) 8 -4 0 
(b) 12 τό 0 
(c) 3 -3 -1 
qd) «4 2 0 
(e) -| -l undefined 
(f) 8 5 0 
8 -ἰ τὶ -ἰ 


3 (a) ἄχ - 6 (b) 1 (ὦ -1 4 (@) 3x - τὴ (b) 0, 3 (c) 0, - ὦ 
5 [gradient function = —4 -- 2Χ] max 6 -- - +4;+4$ 7 2axr+b 


EXERCISE 9.3 


1 (a) 6x (Ὁ) -8x (c) 1212 (4)11 ὁ (ὁ x-1 (ἢ χα 20 3 (a) 4x-4 
(b)(i) (1-1) (ii) (1,7 4 (ἃ) 2x τὰ (Ὁ) -4 


EXERCISE 9.4 
1 (a) 5 (Ὁ) 8x (c) Ὁ (d) 6x (ὁ) 6x-1 (ἢ 3χ -2e-1 (g) -6r (h) 2x-2 


(i) -4 ἐπε (k) 31 -Ἰ2. 12 (Ὁ 2e- 5 (πὶ 4h t etx 

(n) 2.-Ξ2ὲ 5 (0) 5- (p)-24+3+5 261-4 39," -4ἀγ Ἐ1 4 Ι8ι-- 12 
56 42 7-4 8 (2,2), (3,5 ἫΝ 9 ὦ-5.0 7) 101. - 11 (2.-38) 12 1,-3 
131, -ὰ 14 8s—12;2 15 2,-1;6 16 3,-2 17 10,-13 18 x<-lorx22 

19 3,-2 20 4mp’ + 2np; 4, -2 


EXERCISE 9.5 
1 (a) S(x—3)* (Ὁ) 21(ὅχ -- 1) (ὦ -6(5 -- 2x)? (d) 40(4x- 5)’ (ὁ) 16(4x -- 3)" 


12 -8 


() 3(2x- IGP -α 1} (g) 5 -43-x-2r¥ ἡ πος ὦ ar O se 
(Ὁ 41+ :)]ὰ - 1} ὦ = αὐ) a Ὁ (n) na(ax + by"-' (0) = ay 


+3 
ie + x-1" ἢ 


©) FAABy @ 32+ ζε)ζ - EP 2 ὦ 621-1? (0) 13. -2 3 -96 
4t+ 31-1 = 33ΞΞ55. 1-3 5s: } Σίστ τιν τῇ (r=5) 6 (a) 24 4 
(Ὁ) 3 7-6 8 (I, 4),(-3,-4) 9 (2,1) 10 @™ Sy © -4,2 IL (@) 3- ar 


ὦ) 1-3 12 -2, -4: 134-3 14 1,-2 


EXERCISE 9.6 


1 (a) 12x? - 10x, 24x- 10 (b) 6(2x- 7); 24(2x-7) (Ὁ) -16(1 - 4x)?; 192(1 -- 4x)? 
(ὦ - ἀ: 2 © 2+4;2-3 © Sa: cs 4. - r+ 8:12.- 2-§ 

2 6+ $;6- 7 343 41,-2 53,-20r-3,2 6-44 7545; as 8 2,63) 
9x2? 
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REVISION EXERCISE 9 


1 (a) 36 - 5 (b) -101 -2x)* (©) TAS (ὦ 12x" - 17 


( 3(-3 = 4))0 --3χ - 2. ( AE ) 32+ τ) - ἢ 4-4 Gites 


Ὁ -3- πὸ 20sxs2 3:8 4 -Ξ (b) 2x+3y=12 (©) (0,4),(6,0) 
(ἃ) ¥52 5 -80r8 64- wag} ap 7 6-4, 12,4 8 5ογ1: 9 -2,-5 


10 (a) 2,-3 (Ὁ) [gradient =-34] 11 (b) y=3x-6,y=-3x-3 12 -3,5 
13 2,-2;26,-26 143,-1 15 -3<x<1 16 2<x<4 18 (a) 2i-j (b) 1 


EXERCISE 10.1 


Lr<-lort>$ 2x<d 3x<—orx>2;(-2-1),(21) 4 :«χεὶ 

5 -2 «χε!; εὖ.3),, (2,24) 61<3 7 (a) y+ 6x =-11, 6y- ἘΣ 45 

(Ὁ) y- 6x =-4,6y+x=13 (c) y-Sx=4,5y+x=-6 (d) y=5x4+3,5y+x=-11 
(e) xt y=-4,x-y=0 (ἢ 3y+x=5,y-3x=-5 (g) y—2e=-3,2y+x=1 

(h) y-x=-4,y+x=-8 (i) y=8x-11,8y+x=42 (j) y=2e4+2,2y4+x=-1 
(k) y= 8x4 11, 8y+x=55; (I) 2y=2v4+3,2y+2v=1 8 4y—4x=3; (-3,0) 

9 (a) (1,2) (b) 4y=x+9 10 (a) y=x (Ὁ) (2,2) 11 (a) ytx=7 ὦ) (8) 
(c) y+7x=15 12 [Normal is 18ν + 8x=35]- 3 13 γ- 8χ -- Ἰ2, 3ν = 8x 12 (3,0) 
15 -3<a<3 16 (ai) 2y+x=3 (ii) (44) Ὁ) (42 


EXERCISE 10.2 


1 (i) (ii) 
(4) max at x =-3 16 
(0) minatx=1! -ἰ 
(c) max atu Ξ -- 0 

min atv = 1 -4 
(d) pt of inf atv τ -2 
(6) max atv = -3 85 

min atv = 2 -40 
(f) max atx=0 

min at x= ἢ Ξ 
(8) pt of inf atx=0 1 

min atx = 1 0 
(ἢ) max atx =-5 -10 

min atx=5 10 
() none 
(i) pt of inf at.v=2 10 
(k) none 


() minatx=2 8 
min at x = -2 8 
(m) max atx = | 0 
min at.x = 3 4 
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EXERCISE 10.6 


1 20.kcm?s' 2 0.106 οπὶ 5. 3 (a) 314 οπι 5.) (Ὁ) 62.8cm’s"' 4 1.59 ςπὶ 5. 
5 2 οπιὲ 5.) 6 54ποπιξ 5. 74.77cms' 8 2400 904 100.75 11 41.89cm3s"! 
12 96cm’? 5.) 13 0.637cms"'! 141.59cms-! 15 -0.125 16 0.018 units s“! 


17 1.02 cms" (increasing) 18 (a) 56x-4x? (Ὁ) 2 (c)-10cm?s!' 19 Bcms" 
20 (c) 2.39cms“! 21 (c)'2.5cm?s' 22 (4) (¥ = 4x) (ὦ χ; - δχ 25 (ἀ) 1] 
(ce) tems! 


REVISION EXERCISE 10 


Ix<-lorx>S5 21; 30.05 4 (i) $;¥ (ii) 24 5 0.012 cms"; 5 km 

6 ®=%=": 8.40; maximum 7 %% 8 V=x, Actes se 

(i) 300 οπι 5) (ii) 0.12cm? 9 17.3 10 “=; 18.83 minimum 11 + 

12 y= τ [A=4x2P +4 4 (4χ - ne?) + ne + 2π0} ὦ 3 ὦ 54, §; minimum 
13 (a) a See 2») πὸ 1: 14 ψ{00 - "ἢ; 2 158 16 @) i= 4r, θ = 2, max 

312 [m = -2] 18 (a) 30cms", 42cms? (Ὁ) 63cm 

19 10 μὰ τὶ cm,4cm 20 -4% 21 (i) 9ms! (ii) 12ms" (iii) 8 ms 22 8cm 
23 1,-2,-7,-3 24 x=-l, min; x=0, pt of inf. 25 (Ὁ) m°(22 - 37) (c) “[r = 5] 


26 (b) -2% 27 (Ὁ) 2.11 cms" 28 (a) [2s = 9] (γώ 2.78 cms" (ii) lems" 
(c) - 220 cms" [If PQ = ah, Po Dx 4 29 (a) © (0) 2+ 4 _ 80; 


415 (89). 405 30 (44); 18 x— 2) [Ais 2, vB), Bis αν 22 b= 2081 


EXERCISE 11.1 
1 (a) 2+c (b) +e (ὦ -ῖχες (ὦ) +e (0) 3, -α- τς (ἢ # το 


(g) ξτε ὦ ὶ -3χες ΡΣ τῆς ᾧ 2-#4e &® x- = ie -# +c 

() z-v+e (m) -4+e (n) = 242 tax te (0) fee ary (p) χες τι 
(q) ἀετοὺς κα κε (r) S44 +c (s) Ate mad ( €-14c 

ἀπ ate ω ς- παλ- ax τς 2 (a) 1 -ὅἄχες Ὁ) -ρες (ἡ Ete 

(d) 2Ζεῖες (©) “' -2ίες (f) © “Ἐς (g) -ἑςς Qh) -1-4 4c 

3 (a) meee ὦ 3." - Sindee (c) p>- ‘UE + 6p +e (ὦ x- B48- ας 
ὦ ¥-t+ ite (f) S-s-Lte (g) s-¥-4s' +e (hy E+ H+ ite 


ὦ £-f£4e Gj) y-2+ Pee ὦ  -Ὥβεέίες ὦ ae 


(m) 21 -τ 5 τς (n) ΞΡ - 3p ες 
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REVISION EXERCISE 11 


1-4,y=£-4r411 2 (a) -2 () 2 3 1:7 4 (Ὁ 20ms' (ii) 32m 

5 (i) (-1,5), (2,2) (ii) 4:3 6 (a) (2,9) (Ὁ) y= Ξ (c) 27 units? 7 1:7 

8 8:5 [volumes are os about y-axis, & about x-axis] 9 (a) (1,4), (4,,) (Ὁ) 92 units? 
10 4,-3;4m 11 (ἡ -ἢ τ +c (b) ἃ units’ 12 5:9: 13 % units’ 14 3 
15 (a) (1,0) (Ὁ) Ἐπ units? 16 (a) (0,4), (2,0), (1,3) (Ὁ) 15:28 

17 (a) Area above x-axis = area below (b)(i) 18 (ii) 2 (iii) 4 18 (a) (12,6) 

(b) 36 units? [Use fx dy] 19 (i) 4y=Sx-3 (ii) (4,0) (iii) (1,0) (iv) = units? 
(v) 9:49 20 (i) [area of P = ie, area of Q = 36] (ii) [Both = πα 21 0; 3,-1 
22 (a) 12 (Ὁ) 2 23 : 24 8 25 (a) = units’ (b) munits? 27 Ξ 

28 [Fig. Α11.1; gradients both -- 2] Ξ’Ξ [parts give 4, 515 and 4π] 


Fig. A.11.1 


PAPER 1 


1 (a) 2x- oro (b) 9 2x=2,y=-lorx =-9,y=-3 4 (a) x+4y=7 

(Ὁ) y=4x-18 5 [Fig. AR.I] x <-} 6 (a) (-1,3) (Ὁ) 77.5° 

7 (b) 103.9°, 166.1°, 283.9°, 346.1° 8 4: 9 (a) 1.5 (b) 14cm (c) 4.02 cm 
10 -¥5 «κε V5 ὦ 6+4x-2e 


Fig. AR.1 


PAPER 2 


1 (a) 2rad (Ὁ) 4cm 2 (a) 101.8°, 168.2°, 281.8°, 348.2° (Ὁ) 45.5°, 254.5° 
3 (a) -6ms~ (b) 4m 4 (a) 6048 (0) 2,-1 5 (4,3), (-16,-37) 6 Sunits® 
7 2,-3; 2y + 25x=28 89% 9 (a)(i) 5 (ii) -1,4 

(b) =}, 4[g"':x —> +] 10 (a) i+7j (Ὁ) 109.4° 


[ΕΣ 
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EXERCISE 12.1 


1 (a) 1 (b) 1 (ὦ 41 (δ) -29 (ἡ) - (ἢ Z (ἡ 51 Ο) + 2 εἰ - 
2 (a) 15 (δ) 60 (c) 171] 3 (a) -ἰ5 (Ὁ) -2 (c) -18 (d) 33 (e) - 4 (f) 33 
4-21 535 6-a+b-c+d 7 9-53 81 9-10 102,-4 11 p-2¢=6;4,-1 


12 -2,-2 13 3,lor-1,5 14 -3,-2 155,+4 16 2,-4 17 -3,2 


EXERCISE 12.2 


1 (a) (α τ )γ6 --Ἴἰ Ἐ1) (Ὁ) ἃ -- )ἃὰ -- Ι)γα -- 2 (ὦ) + )(ἃ -- 2) -- 3) 

(4) (x + Iie - Ἥ 22 +3) (ὦ ἃ - Ἰαῇ - 2) (Ὁ &+ Iw -- 2) τ 4) 

(9) ἃ + D+ Ι)γὺδχ Ὁ 3) (8) ἃ -- ᾿)ὰ + Ι)0ᾶχ - 2) (ὃ ἃ - αὖ Ἐχ τ 1 

() ἃ -- 2)γ + Ἥ 3), - 3) (Ὁ ἃ τ 2) -- 2)ῦχ -- 3) 6 ἃ -- 1)(2e -- 1)(3x -- 2) 

2 -7; α -- Ι)γα - 3)ἃ --2 4-1,-2;x-1 5 -6:χ-2,χ-- ἰ 

6 -4, -3; (x - IGP --α --3) 7 4, 2; ( -- 2) -- 2χ -- 2) 

8 -4, 6; (χ -- 3) -- 22 Ἐ1) 9-1, Ἰ;ΧῈ],χῸ 1 10 -3,-2; ἃ -- 2) --α - 4) 11 -2,0 
122 133:χ- 1 4 χΧῈ],χΧῈ2 15 3,1; 3χ -- αὶ + 15x + 26; (x + 1)(3χ3 -- 11x + 26) 


EXERCISE 12.3 


1 (a) 1,-1,-1 (δ) 1,-1,-2 (ὦ -1-3,-2 (d) 1,1, 
(g) 2,3.4 (ἢ) -1, 2.79,-1.79 (i) -1,2,3 (Ὁ 2,-3.3 ὦ 2, 4,-3 

2 -2,-11;x-4;1,-3,4 3 -1,-5;2e+I,x+ 1; -1, -4, 2 4 (a) 1,-2,-7 (Ὁ) 3, -2,-5 
(c) 3,-4,-2 (d) 4,-3,0 (ὁ) 2,-5,6 (ἢ 2,-1,-3 5 (a) 1,-3, 2;3,-1,4 

(b) 42,3 “6 4,-11; 1, 1,-6 7 (a) -3,-4;2,-2,3 (ὃ) -2;1,-1,2 8 4,1,-2 

9 (-1,-1), (-2,-8), (3,27) 10 [Values of B inconsistent] -6 [A = 2,B=3,C Ξ -4} 111, 
-2, -2; double value atx=-2 12 x= 1, min; x= 2, max;x=3,min 13 (a) y=3x+3 
(b) (2,9) (ὦ 6} 14 (a) y=3x—2 (Ὁ) (-2,-8) (c) 62 units? 


2 (ὁ) -3 (ἢ -1,-3,4 
3 
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REVISION EXERCISE 12 


1 3,2;23 2 (a) 2 (b) [b= 2] 3 (a) -2p-38;p=-19 (b) 2,2, -4 (0) 1 

4 1,2,3 5 (a) -3 (Ὁ) -1,-4,2 (©) 33,1} 6 (a) 12;-2,2,3  (b) -2, -0.78, 1.28 
(c) 4,-3,-2 7 (a)(i) 3,-6 (ii) Yes for firstexpression (b)(i) -33 (ii) 2 8 2,-3.4 
9 y=x-6¢ + 12x-7; (1,0) 10 1,-1,2 1] (a) -16 (b) 4 (c)(ii) -2, 6,3 

12 (a) y=2x+1 (ii) (-2,-3) (iii) 6} 13 1,1), (1,3), (2,10); P 23,0 ἑ 
141,1, --2; -1, -1, +4 [equation is (x + 2)? -- 3Χ τ 2) ὁ 2 Ξ 0] 15 [Find f(3)] 

16 1,2,-3 17 0°, 60°, 109.5°, 250.5°, 300°, 3605 18 (x-1)(2-2px-—q) 19 b= SS 
21 x <-l and 2 <x < 4; [equivalent τὸ χ᾽ -- 5S + 2x +8 = (x + I(x -- 2)ἃ - 4) < 0] : 


EXERCISE 13.1 
1 (a) 2, 4; 26,58 (Ὁ) -3,3; 15,39 (c) 4, 4514,22 (ὦ 1.7,-0.3;-0.1, -2.5 


2 (a) 19 (b) 31 (©) 3η-.5 3 (a) -Ι8 (b) -59 (c) 14th (ὦ 21 - 4π 

4 (a) 3n- 13 (b) 2,-3 S$ (a) 5 (b) 61 62: 7 (a) 2: (b) ἐ(2η Ὁ 1) 861 
9 144; in +7) 10 (a) 4,3 (b) 3» - 7 11] (a) 22cm (b) 3n+1 cm 

12 ὦ -37 (ii) 102 (b) -2 (c) -5 13 (avi) 8: (δ 18} (b) 2 14 14,-1 
152! 166,4 17-184: 18 5,3 19 1(7—n) 20 -3,2,70r7,2,-3 

21 q—d,q+d;12,7,2 22 (0) ἀπά (4) 23 (a)a+2d=0 244 25 -lorl} 


EXERCISE 13.2 


1 (a) -300 (Ὁ) 330 (c) -17$ (d) 3.3 (6) 104 (ἢ -710 (g) 45: 2 8: 

3-555 431 5644 68 710 8 30;1710 9 -33,-14,1 

10 [7, =a + 74 -- 5. = 4(2a + 7d) givesa+3d=0] 11 11: 127: 12 -$;208 13 7; 15 
14 19:5 156 16 Ilcm 17 (a) 43cm (Ὁ) 0 [a=45,d=-3] 18 54 19 (a) 2 
(Ὁ) 12 (c) 25 20 (a) 9 (0) 9 21 57:7 


EXERCISE 13.3 


1ὦ ἡ ὦ TF © ἢ 229 Bf 4.1.2. 5-2 6 ὦ, (ὦ, (ὦ), (ἢ, (ὦ) 


ἸΩ3 ὦ αὶ ἡ ξ 8(ὼ 3. ὦ) 1 (ὦ 1 49 αἱ, αἰ 2 10 12,18. 11 27,3 


12 (a) -1$ ὦ) #14 (a) ξογ3 (0) -lor2 15 18 16 Sth 17 (a) } or-3 
(b) for δ! 18 (a) -$or$ (Ὁ) -2 or} 19 2 209 21 26cm 22 2, -3 


EXERCISE 13.4 


1 485 285.3 23.97 3 (a) -3 (Ὁ) 243 (c) 133 4 (a) 2 (c)3 5 (a) 8 (0): 
(c) 8 6 (a) 15 (b) 3 (c) BE (d) 116 7 (a) 3 (Ὁ) 510 8 (a) Ἐ: (ὃ) 81] 
(c) 5, 2 cm 9 7] οπὶ 108 [11 (a) 2 (Ὁ) 252 12 27, 18, 12 or -27, 18, -12; 
105! or 27} 13 467cm 14 (a) % (Ὁ) ᾧ (c) 5 (d) ! 15 (a) 2" =256 (0) ἢ 
(0) 511 169. 17 18; 2 400 000 barrels 
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EXERCISE 13.5 


1 (a) : (b) 36 (c) not possible (d) 216 (6) not possible (ἢ 62 (g) 36 (h) ; 
(i) not possible Φ 2. 21 3486cm 4 9 52 6 60 7 (a) 60r3 (ὃ) 4 or ἢ 
8.3. 9 ΕΣ (a) te (Ὁ) 0.39% (c) 11 104 11 4 12 120F6; 4 or 2 13 4 

14 (a) -! (Ὁ) 3 (c) ξ 15 5:27 16 360° 17 (a) ἢ (0) 24 (ο) 36 

18 (a) -ἰ ογ ξ (b) 28 or3 19 Σ 20 (a) 10 055 ὦ) 30.000 21 (a) 1 300 000 
(Ὁ) 920000 (c) 29% 22 1 23 (a) ‘[areas are 1, ὦ times AABC] (Ὁ) : 


> 


24 (a) -3,  Ο) ξ 25 (a) τς ὦ ael+r 


᾿ 15: δὲν 


REVISION EXERCISE 13 


1 (a) 14 (0) 370 2 -8,3 32,2 48 5 1392 67,-30r1,3 7 3,3 8 (a) 4 
(b) = 9 (a) 116 (b) 3, 4 or 2,-2;44 10 (api) 2 (ii) 20 (iii) 30: (by) $ 
(ii) 1 (iii) 2 11 (a) 15.2cm (b)(i) -ξ (ii) 54 12 6,-3 13 (i) 20000 (ii) 17 
(iii) 16665 (iv) 16.7% 14 89.3%,n=18 15 -1,+2 16 4,9; 14 

17 1,3,5,... 18 (a) 0.905 (Ὁ) 0.786 19 -1,4,12 204 21 1<x<2or-l<x<0 
22 [In Fig. AIBA, tan 6 = = =r-l,tan@=7%-—2 = “#=r—1] (Ὁ) 225° 

23 16 [A(1.05)"~ ' = 2A so 1.05" = 2.1] 24 11 


Fig. A13.1 


EXERCISE 14.1 


1 (a) 2sinAsinB (Ὁ) 2cosAsinB 3 (a) ξ6 (b) 8 (Ὁ & 4 0[=cos 2] 
5 cos(40° + x); 5.6°, 274.4° 6 (a) -2 (Ὁ) - io (c) - “20 7° 1 8 ie ᾿ 

9 [Find tan(A + B)] 10 0.7071 [=sin =] 11 “booms bog, shes 

12 (a) 30°, 210° (b) 18.4°, 198.4° (c) 165.0°, 345.0° (d) 169.1°, 349.1° 

(e) 79.1°, 259.1° 13 (a) 405 (Ὁ) 80°, 260° 14 (a) 1 (Ὁ) Ξ (c) $ 15 (a) x 
ὦ) *# OF @E b6U@a-E ὦ) 5. (ὦ -ἰς @ 15 

18 -ἰ 5, 99.65, 33.6°; 66.6°, 33.0° 19 [Expand and divide by cos θ]; 48.5°, 228.5° 


21 (Ὁ) cos 6 cos ¢ + sin 6 sin @ [lal = [Ὁ] = 1] 
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Fig. Α15.1 


EXERCISE 16.1 = (Answers from graphs are approximate) 
1 3.0,0.22 2 y=20x% 3 100,04 425 ox+ i, Y=2,X=x,4.6,2 5 15, 2.8; 330 


6y= 3 +2 72,10 8 yy¥x =ax+b; ts Ye siete x; 2, 4.5 
9 Plot Y against X where Y = 4,X= 4; 20, 80 10 y= £ τα; take Y=y, X= 4; 30, -2 


REVISION EXERCISE 16 = (Answers from ie are approximate) 


1 Take Y = y’, plot ¥ against x;a=-1,b=2;0.5 2 (a) y= 845 (Ὁ) (i) y=10x9 

(c) convert to Σ = ax -- b and plot x against x. 32 2=-% ext 73 plot Y= 2 against x 
gradient = -%, inercegt = = 4 a=2, bu =-5 4 (a) ae = iy - ξ; ok y against X = xy. 
Gradient = i, intercept = τε (b) [xy = ax + b; gradient = a, intercept = δ] 

(i) a=-0.7,b=7.5 (ii) 5.4 5 (a) 144,055 (Ὁ) (i) +3 (ii) y= 4(3x? - 4x -- 7) 

(iii) -1, 2 6 (a) 0.1, $[y= 4] 0.224 (b) += (-p)4 +; plot + against +, gradient = -ρ, 
1 —imercept=q 7 5.7,20 8 (a) 25,1 ὦ) [Convert to γ᾽ = ~ 53° + 815,3 

9 [lg a+ lg y = δΊρ( να -- 1); plot ¥ = 1g y against X = ἱρί νὰ - Di 4, 0.7 10 1.5, 10 


EXERCISE 17.1 


1 (a) Ae (b) 2.1 © 24x-3y! ὦ χε χὶ E)(e- 4n(e-6r 3 (Ὁ Ἀεὶ 
(g) -2. τ (h) 6x°(4x2 - 3.8 ὦ (4x - 1} - 2. + ary 2 (a) ἐχί ες (b) 2xi τὸ 
(c) βχὶ - xi te (d) Ξχὶ te (e) axi - fiite (Ὁ 3x3+c (g) Pen (h) τὶ +c 
(i) iy} - late 3 (a) } (b) - (c) 2 (ἃ) 1 © 64 ἴω ἐπ +c 

(b) ᾿ Laxt 5) +c (ς Me 2γ2:πε ὡ Ξα - 3: πε (ὦ - Lax 2." τε 

(f) ὧι Ἐ3:Ὲς (g) (x + 3: τὲ (h) =1G- μὰ +c (i) -G- 2,Σ Ἐς 

(j) 4x + 2 πὸ (k) 2 34x - ὉΣ Ἐς a) ‘pee 5)} Ἐς (m) A(4x - Di+e 


(n) 3(| - 2)" +e 5.) 1 (Ὁ) 2 (2 (ὦ) 14 ὦ) -ὁ (85 9) 2 ὦ) Καὶ 


6 ἢ 7.8 80.0075 9 -0.024 100.24 11] 2% 12 -0.06 


EXERCISE 17.2 

1 (a) ἃ -- 2)ὃχ -- 2) (Ὁ) 2x(2e-1) (c) x(Sx°+3x-2) (d) (x + Dr -- 2)(5x- 1) 
(e) x4(1 -- 2x)(5 - 14.) (ἢ -{ -- (3 - (9 — 5x) (5) x0 — x - 1)°(8x? - 5x - 2) 
(h) 2x(x? -- 3,343 -- 3) (i) 2(3x -- 2.12.3 -- 4x -- 2) (j) 263 + 1)(2e -- 1)°(7x -- 2x + 3) 
(k) bat οὐ - 1)(13x° - 1) () Wx -1)Q@V¥x-1) (πὴ 2(1 -- 2x)(1 -- 8x) 

(n) $(x-1)? τ 1)}0χ -- 7) (0) ἃ τ IAS? -- 2χ -- 7) = (x + 1)}(δχ - 7) 

(p) 6(3x — 1)(2x + 3)°(5x+2) 2 γε5χ--7 32 4 (4x4 1) τ 1); 6(x + ᾿)γ2χ τ 1) 
5 (2x -- 1)(10x — 1); 16(2x — 1)*(5x-1) 60,1, ξ 7 2 + )ἃ - 2228. + 5x - 1) 


EXERCISE 17.3 


2 1 5 (τ-λιῖ + 4... ἢ) x -2ι- 2 (τὸ + 2x) 
1 (a) (χα τ 2) 0) (τ τ 2) (c) Qr+1F (d) (e+ (e) (r= πὸ ( 4 -- αὐ 


(g) ese (h) 2. τὸ (i) αἰαῖ «- ἢ (j) 2 -- (k) jc? + 2s (I) 1 (m) Gas 


γα - 2 ατευὶ ΠῈΣ α - 2) Per: Gan, 
n) Cope) 2 -πἰ- ,-2χ ε1)} 34 4 35,4 5 132 6 —2;3 
sa! {ὙΠ ety ' : τ 43 35 2a + pi Gi+3 ἢ 
7 —— 80,4 9 (a) 3 (0) lor-3 10 —G+2_ + xy=-2 
(x + 1x = IP Yet xe IP 


EXERCISE 17.4 


1 ὦ - )-2 © 22 (ὦ =, © 2 4 ᾧ -Σ 


(ay 5 2) (x - 2y) (τ x) 
(χ - y aa Pee ee Ἐ 2-2 6 -- 2ιν - y’) χ - 2 4 - ») 
(h) mie (i) Ps GQ) rife (k) 1 Ms = = (m) (αὐ « 29+ D (n) as (0) (x + 2y) 
OS? @ FF Oe OF 2@-} ΟἹ ὦ -ὶ ὦ -4 OF O1 


Zyaxtlxty=3 4 ϑγεχε,βγεχε-5 S4y=xt+l4 6 ἘΦ 7 3,-1 
8 Sy = 4x4 12 


EXERCISE 17.5 

1 (a) 15. Ὁ Ste 1 (b) 3x! (©) 18rQx- 17 (ὦ) EY (0) (Ζχ - 228 - 4x4 373 
ὦ κάτ; ὦ -24r- 3. } dy 14 ped ὦ 26. - 0+ 3) 28 - 5) O πὲν 
ὦ SB) Qe + Nett 2x4 DF (τ) τἀν’ ὦ ἃ - ΠΡ - 20/013 - 100 

(0) $+ Wat —3x4 (p) 6(x- NOP - 21 - 3) (ῳ 26 -- γῶν - ἀχ τ 53 

ὦ θχίϑι᾽ - 45. 2 (a) ἀχξ τς (b) (ἀν τ 3) (ὦ -LU- 40! +e (ὦ -ἰϑχ Ὁ 4) 
(e) (ἀα- 3: +c 3) 5 Οἡ 5 (Ο + 4x4+4y=13 5 42 

6 y+5x=12,y=8x-12 7 


10 15y = 108x— 422 12 -12 


| - 4 8 w(x +4). 22 9 3L.- Χ.-2. 
a Se ). 2 —; 24-4: max atx=0 
a= 2? 15 ( « 2) 15 alex” 4 -- αὐ 
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EXERCISE 17.6 


1 (a) 3 οοβ 3χ (Ὁ) Σ cos $ (Ὁ) -1 sin 5 (d) 3 sec? 3x (e) -cos x cosec? x 

(Ὁ sinx+xcosx (g) 2xcos2x-2x sin 2x (ἢ) 4x sin(2x?- 1) (i) —cos( # -x) 

(j) 5 sec? ἃ (k) xcosx (Ὁ ae (m) -6 sin 2xcos*2x (n) cos x—x sin χ -- 2 cos 2x 

(0) 3 cos 3x cos 2x -- 2 sin 3x sin 2x (p) 2 sin 2x cos 2x(4 + sin? 2x) ἢ 

(4) 18x cos*(1 -- 3x2) sin(1 -- 3.) (ἡ sec? == 2xy! 2 (a) —3sin3x Ὁ) 4 cos : 

(c) -- 4x sin(2x?- 1) (d) 6 sin? 2x cos 2x (e) 4 sec? ΓΞ - 2) 

() 5 + cos 3 cos 2x—2sin 5 sin 2x (8) z= cae (h) δι tan $+ ie sec? = 5 

(i) ae (j) cos 2x — sin x -- x(2 sin 2x + cos.x) 3 Weng ox. Ain eed 4 -π 

: [Σ Ξ -(Α cos 2x +B sin 2x); —3,2 6 1.11,4.25 7 2(sin x + cos 2x)(cos x -- 2 sin 2x) 
8 δ᾿ ES (0.52, 2.62) 9 TE! 10 (a) 2.03,5.18 ὦ) ξ, 5: 3, -13 

ll y=x,x+y=n 12 xtysi Ξ 


ΕΧΕΒΟΙΘΕ 17.7 


I (a) - οοβϑ 2. Ἐς (Ὁ) tsin4dx+e (0) -2οο5 Ἐς (d) -cos3x+e (6) 4 tan3x+ce 
(f) + sin 2x + cos x+ce (g) cosx+sinx+c (ἢ) ΞΕ το (i) ances 

(Ὁ cos(—x)+c (Ὁ 2tanet+e (ἢ) + sin 2x +cosx+c (m) x+ $ cos 2v+c 

(n) -2cosx-jcos2xt+c 2 (a) 1 (Ὁ) 1 (0) = @)1 (©) O (ἢ 1: (g) 0.47 
th) 2 ὦ2 GO (kh) S =(0.78) 3-L4+4sin20+1+2 4@2 Ο) = 

5 —#~34 6 2πὲ 104 (b) 0.59 (c) = 8 1:1.560 9 : 1 sindyt+c 
10 (a) = (b) = 1 (b) 1-2 12 2 


‘REVISION EXERCISE 17 


1: ἀπὸ; 2 2 2cosx—xsinx 3 2n(3n +8) 42 5 (ai) 12(4x + 1)? 
(ii) tan 3x + 3x sec? 3χ (Ὁ) a (c) 3y = 8χ - 29 6 Z| 8 (a) Seetasnn 
(Ὁ) εἶξε © a tel (@) 2654 - (2x Ὁ 

i eth y=-3x-10 10 (a) 4(1 — cos 2x); m+ 2 (b) 2 (ὦ Ξ 11 -0,0058 
12 4 4 134. 15.) [% = sin 2x(1 -- 4 sin?x)] 0, 5,5, %, π (Ὁ) 0, ΓΝ 31,0 16 0.01 
17 [2 = S= <0] 18 Φ π- εξ, -αο 1 21 0, # 22 ἜΣ, x2 + xy} = 


ἀνε! 14° 7 


[product =-1] 23 (a) [ν =8 cos 2¢= 8 (i -*), a=-16 sin 2t = --45] 

(Ὁ) +4 units from O [max and min values of 4 sin 21] 

24 (a) 450 min [max A when 1 = 0, min ἡ when τς u = π] (b) “a0 & ee sin 215] 
(c) 150 min [2 + 2 οο5  =3] 25 (a) -cosec* δ (b) [V=-4nrh τ -- inrr cot @] 


(c) 2n% [ & x 100% = “suc x 0.04 x = x 100%] 
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